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Diffuse interface analysis of crystal nucleation in hard-sphere liquid
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We show that the increase of the interface free energy with deviation from equilibrium seen in recent
Monte Carlo simulationgS. Auer and D. Frenkel, Naturdondon 413 711 (2001)] can be
recovered if the molecular scale diffuseness of the crystal-liquid interface is considered. We
compare two models, Gnasy’s phenomenological diffuse interface theory, and a density functional
theory that relies on the type of Ginzburg—Landau expansion for fcc nucleation, thaetSilih
introduced for bcc crystal. It is shown that, in the range of Monte Carlo simulations, the nucleation
rate of the stable fcc phase is by several orders of magnitude higher than for the metastable bcc
phase, seen to nucleate first in other fcc systems. The nucleation barrier that the diffuse interface
theories predict for small deviations from equilibrium is in far better agreement with the simulations
than the classical droplet model. The behavior expected at high densities is model dependent.
Granasy's phenomenological diffuse interface theory indicates a spinodal point close to glass
transition, while a nonsingular behavior is predicted by the density functional theory with constant
Ginzburg—Landau coefficients. Remarkably, a minimum of the nucleation barrier, similar to the one
seen in polydisperse systems, occurs if the known density dependence of the Ginzburg—Landau
coefficients is considered. @002 American Institute of Physic§DOI: 10.1063/1.1519862

Crystallization of nonequilibrium liquids starts with interface free energy is expected above the range of volume
nucleation during which crystal-like fluctuations appear,fraction (¢<0.5343) MC simulations cover so far, whereas
whose formation is governed by the free-energy gain whethe density functional theory with constant Ginzburg—
transferring molecules from liquid to the crystal and the extra_andau coefficients predicts a monotonic behavior without
free energyy needed to create the crystal-liquid interface.spinodal. An increasingly steeper dependence of the interface
The fluctuations larger than a critical size have a goodree energy is found, however, that leads to a minimum in the
chance to reach macroscopic dimensions, while the smalldreight of the nucleation barrier, if the density dependence of

ones dissolve with a high probability. Since the critical sizethe Ginzburg—Landau coefficients is taken into account.

is normally in the nanometer range, direct observation of

We present two nonclassical approaches to model crystal

nucleation is very difficult. Recent experiments on colloidalnucleation in the HS system:

suspensions, where the constituent particles are in the mh)
crometer ranggavailable for light scattering/microscopy
and their interaction closely mimics the hard-sphérsS)
behavior, revolutionize our understanding of crystal nucle-
ation and growth:? The nucleation rate, the features of criti-
cal fluctuationgnucle), and their time evolution can be ob-
served directly. Further essential knowledge is gained from
computer simulations that use the exact hard-sphere
potential®=° In a recent paper, Auer and Frerfkehow that,
according to Monte CarldMC) simulations, nucleation in
the hard-sphere system is suppressed by an increase of the
interface free energy with deviation from equilibrium. So far
no theoretical explanation has been put forward to account
for this behavior.

In this paper we show that considering a diffuse crystal—
liquid interface seen in computer simulatidhtye increase
of the interface free energy with increasing driving force for
crystallization can be recovered. We find, however, that the
predictions in the high-density limit depend on the choice of
model. In Grazsy’s diffuse interface theory, due to spinodal
nucleation predicted at high densities, a maximum of the
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The phenomenological diffuse interface thedB}T)
relies on the assumptions that bulk properties exist at
least at the center of critical fluctuations and that the
distance of surfaces of zero excess enthalpy and en-
tropy is independent of cluster siz&he height of the
nucleation barrier reads as

4
W*:—?W§3Agzp, 1)

where 6= yvg/AHs, vg is the molar volume of the
solid, AH; (>0) the molar heat of fusiony=2(1
+q)¢ - (B+2q)¢ ¢ q=(1-9" and ¢
=Ag/Ah, while Ag andAh (<0) are, respectively,
the volumetric Gibbs free energy and enthalpy differ-
ences between the solid and liquid. This model has
been tested extensivély.It is in a considerably better
agreement with vapor condensation experiments than
the classical theo§,and in the range of interest, it
reproducedV* predicted by density functional theory
to a high accuraclf Besides the Cahn—Hilliard ap-
proach, the DIT is the only other approach that proved
consistent with crystal nucleation experiments on a
broad variety of substances including liquid metals,
oxide glasses, and hydrocarbdhBrovided that the
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interface free energy and the thermodynamic proper-
ties (Ag and Ah) are known, the nucleation barrier
can be calculated without adjustable parameters.

We develop a density functional approach based on a
Ginzburg—Landau expanded free energy that Shih
et al* proposed for bcc structure. The excess free
energy of the crystal is expanded in terms of the Fou-
rier amplitudes of the crystal density. Retaining only
the dominant (110) density wavéBearest-neighbor
approximation in the reciprocal spagcthe excess free
energy of the inhomogeneous system reads\as
=a,m?+azm’+a,m*, where the structural order pa-
rameterm=u/uge[0,1] is the (110) Fourier ampli-
tude normalized with its value in the crystal. We gen-
eralize this for first-order phase transitions via
prescribing Aw(1)=Ag and JAw/dm|,=0, where
Ag is the volumetric Gibbs free energy difference be-
tween the bulk liquid and crystal. Considering these,
we obtain  Aw=a,(m?—2m+m*)+Ag(4m?
—3m*). Relying on the square-gradient approxima-

tion the excess free energy of the inhomogeneous sys-

tem reads as

WDFTzf dr3{Aw[m(r)]+c(Vm)2. 2

L. Granasy and T. Pusztai

show negligible bec fractioATherefore, the main vir-
tue of this model is that it delivers information on the
nucleation of the metastable bcc phase.

To address fcc solidification, we introduce an
analogous single-order-parameter density functional
theory, which relies on the nearest-neighbor approxi-
mation in reciprocal space. Since the (111) reciprocal
lattice vectors cannot form an equilateral triangle, the
coefficient of them® term is zerd! and only second-
and fourth-order terms occur. To obtain a first-order
phase transition, one needs to incorporate higher order
terms allowed by fcc symmetry, of which the lowest
order is the sixth-order term. Making the same as-
sumptions as in deriving the theory for bcc structure,
one finds that the local grand potential density has the
form  Aw=a,(m?>—2m*+mb)+Ag(3m*—2m°).
Apart from the explicit form ofA w, the formulation
and solution of the problem is the same as for the bcc
structure.

Application to hard sphered~or the fcc structure, the
Gibbs free-energy difference between the solid and liquid
(the driving force of crystallizationhas been obtained by
integrating the equations of state by Hdlktarting from the

volume fractions of the coexisting solid and liquil.c coex
Provided that the interface free energy and the 10%— 0.546 and e coe=0.494 at pressur@=12kT/a®. The

90% thickness of the interfacd, are known in equi-

corresponding enthalpy density difference can be expressed

librium, the remaiping 2two parameters .of the model g5 Ah=p ()[vs(ds)—v (d)/vs(bs), wherev, is the
(a, andc) can be fixed” and the calculation be made mojar volume of the liquid. For the bcc solid, we used the
without adjustable parameters. As pointed out by Shihyqation of statep,.v/kT=2.337 31/(0.720 47 ¢), ob-

etal !

sity changen=(¢— ¢ )/(¢s— ¢1), whered and ¢
are the local volume fraction and the volume fraction
of the initial liquid, respectively, whilepg is the vol-
ume fraction of the solid that is in mechanical equi-
librium with the initial liquid [p (¢)=ps(¢s),
p.(#), and pg(p) are the respective equations of
statd. Furthermore, the square-gradient term for the
density change is negligible in the free-energy expan-

sion; therefore zocm?,** while the respective coeffi-

cient has to be chosen so that the bulk density changlt€€-€Mner ) _
with y.0°/kT=0.58. Mainly due to the smaller entropy of

fusion, the free energy of the bcc crystal-liquid interface is
smaller y,..03/kT=0.47, as predicted by the density func-

tional theory'® Unfortunately, the density functional theory

overestimates the bcc entropy of fusion (&k9&rsus the

is recovered. The critical fluctuatiamucleu$ repre-
sents a saddle point of th&pr functional. The re-
spectivem(r) emerges as a nontrivial solution of the
Euler—Lagrange equation=09A w/dm—2cV?m un-
der boundary conditionsi—mj for [r|—~ andVm

+

,~ this approach implicitly incorporates other (4ineq by least-square fitting to the simulation data of
Fourier components to lower order, including the den-\yyoqcock!®

The coexisting bcc and liquid volume fractions

at equilibrium pressur@=14.%T/c® are Phec,coe= 0.551
and ¢ coex=0.517, respectively.

The free energy of the HS fcc crystal—liquid interface is
known for several orientations from the molecular dynamics
simulations of Davidchack and Laifd: yi..c%/kT=0.58
0.01, 0.62-0.01, and 0.640.01 for the (111), (100),
and (110) interfaces, respectively (s the HS diameter
Considering that the nuclei tend to minimize their interfacial

gy contribution, we perform isotropic calculations

—0 for |r|—0, wheremy=0 is the order parameter €xact 0.%), and thus the interfacial free energy. Utilizing
of the supersaturated liquid. Assuming spherical symthat y=AS;,'* we use here a corrected valugyo*/kT
metry (reasonable approximation considering the=0.43.

weak anisotropy ofy'®), the Euler—Lagrange equa-

The order-parameter profiles at the equilibrium hard-

tion reduces to an ordinary differential equation, Sphere crystal-liquid interface have been studied by David-
which has been solved here by a variable fourth/fifth-chack and Laird using molecular dynamics simulatibis.
order Runge—Kutta method. While the work of Alex- agreement with DF¥ it is found that for the orientational

ander and McTagdé and recent analysksindicate

order, diffusion, and coarse-grained density profiles the

that in simple liquids the bcc phase is a precursor tol0%—90% thickness is about 3.1-3.8 We adopt here
fce solidification, as confirmed for the Lennard-Jonesds..=3.20. The bce—liquid interface is considerably broader,
systemt® even the smallest hard-sphere crystallitesdy.=5.30.1°
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FIG. 1. Height of the nucleation barrier vs initial volume fraction of liquid DFT. bee
for fcc and bcc phases as predicted by the diffuse interface ttipéFy and 1.0 ! ]
the classical nucleation theo@NT). For comparison, results from MC 0.8
simulations(Ref. 4 are also showiisquares & 0.6
B 04 W\'W\ -
Utilizing these, the DIT and the DFT predictions for the 0.2 (b) T
nucleation barrier®\}.. and Wy, are free of adjustable pa- 0.0 .
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rameters. I'z/oo
The nucleation barriers predicted for fcc and bcc struc-

tures by the DIT and DFT are shown as a function of volumer g, 3. Radial order parametemj and fractional density changgprofiles

fraction in Figs. 1 and 2. For comparison, the predictionsfor the critical fluctuations(nuclej predicted by the density functional

of the classical nucleation theory(CNT) WENT theory with constant Ginzburg—Landau coefficientdat 0.5207, 0.5277,

—(16m/3)y3Ag~2 and the exact results from Monte Carlo 2"d 0-5343(a fcc phase(b) bee phase.

simulation$ are also presented. TM&* values predicted by

the DIT and the DFT for the fcc structure are in remarkable It is thus demonstrated that for fcc nucleation, the mod-

agreemenL W'thr;[heb MChresuI_ts. Unlike the Lfepnard;%qfne@s which incorporate a diffuse crystal—liquid interface are
s_yste_m,k\:v ere the bee F;] af]_e Ihs a plrecgrsogo fcc So:j_' ICa&ble to quantitatively predict the height of the nucleation
tion, in the HS system the high nucleation barrier predicteq,, rier at small supersaturation. Considering the crudeness of
for the pcc phase prevents bcc_soI|d|f|cat|()The rate gf bcc the single-order-parameter model, the agreement with MC
nucleation is further reduced if the uncorrecteglo”/KT — gjn jations is rather satisfactory. We mention that a different

=0.47 is used.This finding is in full agreement with MC o 40 hqion of the Ginzburg—Landau model by lwamatsu and
simulations and experiment. While the classical nucleatlorhoriizl breaks down at medium supersaturations when

theory predicts similar relationship between the bameradopted for fcc structure: A spinodal-like behavior is pre-

heights for fcc and bee nucleatioltic, is too low, while  giceq for bspinodal.ice= 0-565. While no simulation data are
Wi is far too high when compared to the MC results. Since, '

X X ! available for this range, experiments on colloidal suspen-
the hucleation rate is proportional to exp(\/*_/k'l'), these  gigng clearly rule out the presence of a spinodal point at this
differences amount to several orders of magnitude. Note th

_ ) . lume fraction. The nonclassical predictions are in conflict
the MC data foW*/kT were obtained directly by “umbrella o4 high supersaturations: The DIT displays a spinodal-like

sampling;” therefore, possible uncertainties associated Wiﬂfbehavior alhe, ~0.629 andp., ~0.631. whi

. . spinodal,fcc™ VY- spinodal,bcc™ Y- y W ich
the nucleation prefact8t do not plague them. The radial fa15 petween the volume fractions for glass transitiah,
order parameter and density profiles corresponding to the:O_58)22 and dense random packing gge=0.644). In con-
volume fractions used in MC simulation8.5207, 0.5277, ot the DFT predicts a monotonically increasing interfacial
and 0.534Bare shown for fcc and bee structures in Fig. 3'free energy(Fig. 4) for all physically achievable densities.

While the fcc profiles are in reasonable agreement with th?:or polydisperse HS systems Auer and Frenkel obséraed
respective critical fluctuation from MC simulatidfig. 3 of

Ref. 3, the corresponding bcc nucleus is far too large.
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FIG. 4. Interface free energy of fcc and bcc critical fluctuations vs volume

fraction predicted by the diffuse interface and density functional theories
FIG. 2. Height of the nucleation barrier vs initial volume fraction of liquid (with constant and density dependent Ginzburg—Landau coeffitidfis
for fcc and bcc phases as predicted by the density functional tHEstY) comparison, the results from MC simulatiofRef. 4 (squarep and the
and the classical nucleation thedNT). For comparison, results from MC  equilibrium values used in the classical nucleation thédashed are also
simulations(Ref. 4 are also showiisquares shown.
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