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Abstract. We consider the generation of harmonics during b e scaRering of laser radiation f"
a metal surface. The metal will be described by Sommerfeld's freeeleman model and we
artificially assume the metal to have an infinitely large work function. Contrq to what has
been observed for a real metal, in our model the evaluated harmonic rates show the formation
of a plateau. if plolted as a function of the harmonic order n . Apparently, the depth of the
potential well has some influence 00 the plateau-formation.

1. Introduction

The generation of higher harmonics by irradiating atoms with powerful lasers has become
a field of very active research. Surveys can be found in the book of Gavrila [l] and in the
reviews by Eberly er al [2], Mainfray and Manus [3], L'Huillier er al [4] and Burnett er
al [5]. Two particular features have been observed in this process: (i) the formation of a
plateau and (ii) the existence of a cut-off frequency of the harmonics. Very recent papers
on these phenomena are those by L'Huillier and Balcou [6],Macklin er al [7], Krause et
al [8] and L'Huillier et al [9].
In a previous work [IO] we considered harmonic production from a metal surface,
describing the metal by the Sommerfeld free-electron model [111. We treated the
Schrodinger equation of this problem in the Kramers-Henneberger frame of reference
[12,13] and derived a simple expression for the harmonic production rates, taking the laser
polarization perpendicular to the metal surface. This rather elementary theory permitted us
to reproduce quite successfully the experimental data of harmonic generation from a gold
surface obtained by Farkas el al [ 141, who used ps-pulses of a N ~ Y Alaser
G (hw = 1. I7 eV)
of some 2-5 x lo9 W cm-' intensity output. In this experiment, the highest harmonic
produced turned out to be the 5th corresponding to a photon energy hw' = 5.85 eV, which
is close to the work function of gold, W = 4.6792 eV [ 141. This cut-off behaviour agrees
quite well with the formula of Krause et al [SI, according to which hcu- = I 3Up.
In our case, the ionization energy I has to be replaced by the work function W and the
ponderomotive energy U p is very small at the above laser field intensity. In the mean
time this cut-off behaviour of the harmonics produced at metal surfaces has been confirmed
by Farkas and co-workers in a series of new experiments with different metals and laser
frequencies but even higher field intensities, taking fs laser pulses in order to prevent the
formation of a surface plasma [15].
In all these experiments, however, no indication of a plateau-formation of the harmonic
rates, plotted as a function of the harmonic order n, was found. Therefore, we had the
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idea to investigate what happens if we artificially increase the work function of the metal
(taking the extreme case W + CO for simplifying the treatment) and consider at the same
time higher laser field intensities, in order to somehow mimic the situation of harmonic
generation from an atom having a large ionization energy, and, consequently, having the
ionization probability strongly suppressed. As we shall show in the present work, in this
case a plateau actually appears.
In this somewhat artificial model calculation we keep in mind that the laser field, while
interacting with the metal surface, penetrates within a thin layer into the metal. Here the
field can only interact with the electrons during their reflection from thiis particular wall
of the potential well to which the Fermi-gas of quasi-free electrons is bound. During
this reflection process only, the electrons can emit radiation spontaneously. Since in the
Sommerfeld model the potential well is essentially assumed to be of macroscopic size, it
will be sufficient, to consider only the reflection process in the laser field from this one
particular (infinitely high) potential wall. As we have discussed in our earlier work [lo],
only those electrons will essentially be involved in the reflection process, whose energy E is
close the the Fermi-energy EF. During the electron reflection in the laser field the electrons
can be excited to energies E,, = E nhw by absorbing n photons from the field and, at
the same time can fall back to a state of energy E’ which is again close to EF.In the ideal
case, apparently realized experimentally [ 141, we find E’ = E = EF,which will be true,
in particular, at absolute temperature T = 0 [lo]. Hence, during this de-excitation process
the electrons can emit the harmonic frequencies w’ = no(n = 2.3, . . .). In accordance
with the experimental set-up 1141, we choose the vector of linear polarization of the laser
field to be oriented perpendicular to the infinitely high potential wall. As it turns our,
the laser-induced non-linear processes during electron reflection from the wall are strongly
aligned along the vector of polarization of the field, whereas the free motion of the electrons
along the other two space-directions is of minor importance [IO].Hence, we finally obtain
a one-dimensional-model problem.

+

2. The model of harmonic production
With reference to the above discussion, we investigate a very elementary process of
harmonic production, much simpler than the one considered by Sacks and Szoke [16]. An
impenetrable potential wall is located in the ( x , y)-plane such that V ( z ) = 0 for z 0 and
V ( z ) = w for z > 0. Electrons impinge from the left in thee,-direction and are reflected by
the wall at z = 0. During this process the electrons are embedded in a powerful laser field,
represented by a plane wave of frequency o and polarization e,. The wave is taken in the
dipole approximation and the process is described non-relativistically. This essentially onedimensional laser-modified scattering process has been investigated by Berson and Bondars
[I71 many years ago. We consider, in addition, the radiation spontaneously emitted during
the scattering. If the total-, initial- and final-electron states are the same, as discussed
in the introduction, the emitted radiation will correspond to harmonic production which,
as will be illustrated below, shows plateau formation. Describing the radiation field by
A @ )= ( c F / o ) e , cosot, the Schrodinger equation for an electron in this field has the
Gordon-Volkov solution [ 18,191

<
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with p being the intensity parameter. The on-shell relation for the momentum p reads
p = [2m(E - u ) ] " ~

U

= mc2 p 2/4

(3)

where U is the laser-induced AC-Stark shift. Apart from U , the A* part of the interaction is
neglected, since it does not contribute.
To fulfil the boundary conditions

@ ( z = 0, t ) = 0

(4)

at the wall, the exact total solution @ ( z , t ) of the scattering problem has to be a linear
superposition of ingoing and reflected waves of the form (1). Hence, with reference to
Berson and Bondars [17] and to our earlier work [20], we make the Floquet-type ansatz

with
=exp[-(i/h)(Eot

- poz)]exp[-i~sinwt]

(6)

= exp( -(i/h)[(Eo

+ nhw)t + pnz]}exp[ia, sin wt]

(7)

where
pn=[2m(Eo+nAo-u)]

Ii2

a, = p.Or/h

(8)

represents an incoming electron of energy Eo and momentum po = poe,, while J)$;
are the components of the reflected electron wave of energies EO nhw and momenta
p, = -prier. For EO nhw - U c 0; p. is purely imaginary (irr,) and these components
belong to closed channels, which nevertheless contribute appreciably. Hence, there will be
a smallest integer number no 2 0 for which pnois real, while pno-l is imaginary (irno-,).
Hence, if n < no we obtain evanescent waves.
Applying to (5) the matching condition (4) and expanding (6) and (7) in terms of
ordinary Bessel functions J,, we find for the reflection coefficients R. the matrix relation

) :@

+
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which, in general, has complex matrix elements and has to be solved numerically for
the reflection coefficients R,. Moreover, this matrix equation represents a complicated,
multi-channel interference problem. Therefore, certain sharp irregularities in the electron
reflection probability currents presented below in figure 1 for higher laser field intensities
are hard to explain by some analytic considerations. In the low frequency and low intensity
approximation only, we get R. ir J.(a.
ao), which is the first Born amplitude. Having
evaluated the reflection coefficients R", the renormalized components of the probability
current associated with the different n-photon back-scattering processes are given by
j(n) = p,,(lR.l2)/po and satisfy the sum rule

+

E.

I ( n ) = 1.

n 4 0
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Turning next to the emission of harmonic photons of polarization E’ and wavevector IC’
produced during the scattering in the laser field, the responsible interaction term in dipole
approximation (in the E . z-gauge) is given by
- ie(2nho’/L3)(e’.

z)exp(iw‘t)

(11)

where V = L3 is the normalization volume. Hence, for calculating the production of higher
harmonics we have to evaluate the expectation value (@le-xl@)
= ei(@lz[@).Fortunately,
by using the total wavefunction @ from ( 3 4 7 ) a necessary gauge factor (relating the p . dgauge with the E . x-gauge) drops out so that we find by means of the Fourier expansion
of the expectation value
+m

( ~ t l r =) (ZKO

z.exp(-inot)

=
“=-CO

the following representation for zn with n

>2

In deriving (13), we used the relation fmdzexp(ikz) = xS(k) - iP(1jk) and it
tumed out that the terms proportional to the &function do not contribute to the harmonic
generation. We should observe that of the total real expectation value in (12) only those
Fourier components zn are essential, which yield generation of harmonics. These are found
by combining (1 1) and (12) and integrating overt, in which case a term S(o’-no) appears,
being equal to zero for n 0.
Introducing the dimensionless quantities 2, = Lk&, with ko = po/h being the
wavenumber of the incoming electron, we obtain from (11) and (13) for the transition
probability per unit time and unit solid angle for the nth harmonic production

<

azP,iamt = (6;)’ (e2pc) ( 0 3 / 2 ~ ~( ~2 k) ; ) - * n1% ~I’

(14)

where the n-dependence of the production rates for emission by a single electron is governed
by the quantity [I]

w(n) = n 3 lznl
-

n=2,3,

....

(15)

We should observe that due to the lack of symmetry even and odd harmonics are produced.
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3. Numerical example

In the following figures we display on a logarithmic scale the probability currents j(n) of
electron back scattering with the stimulated emission or absorption of n photons for n 2 no.
We also present the loglo of j(n)/j(Z), to be compared with the corresponding logarithm
of the relative hannonic production rates w ( n ) / w ( 2 )as a function of the harmonic order
n. As initial electron energy we choose the Fermi-energy of gold E = EF = 5.51 eV and
we assume irradiation with an Nd:YAG laser with hw = 1.17 eV in accordance with the
experiment of Farkas et a1 [14]. The laser field intensities considered are: (a) Z = 2 x lo9
W cm-', (b) I = 5 x 10" W cm-', (c) I = 5 x 10" W cm-' and (d) I = 10" W
which is within the limits of intensities used by Farkas and co-workers in their more recent
experiments [U]. In all four cases the lowest open channel is no = 4. Therefore, electron
waves with n -4 and thus real momenta p n can propagate, whereas those with n i-4
have imaginary momenta p . = ilr, and correspond to evanescent waves. In figure 1 we
show loglo[j(n)] as a function of n for the above laser intensities (a), (b), (c) and (d) and
in figure 2 we present on the left-hand side for the same intensities loglo[j(n)/j(2)] with
n 2 2, which data should be compared with the corresponding values of loglo[w(n)/w(2)]
on theright-hand side, where in the cases (a): w(2) = 1.71 x
(b) w(2) = 1 . 1 1 x
(c) w(2) = 1.11 x IO-* and (d) w(2) = 4.67 x lo-'. For the lowest laser intensities, the
data in all these figures roughly follow the power law Z"(n 2). but this is evidently no
more the case for the higher intensities, indicating the necessity of exactly evaluating the
reflection coefficients R, by a numerical inversion of (9) and by then using these data in
(13). The most prominent feature of the calculated data, however, is the formation of a
plateau of the harmonic production rates, plotted as a function of the harmonic order n,
displayed on the right-hand side of figure 2. These findings are in contrast to what has
been obtained in the work of Sacks and Szoke [16], who considered harmonic production
during scattering of electrons by a one-dimensional, piece-wise constant potential, where
no plateaux showed up in the harmonic rates.
We conclude that the confined motion of electrons in a deep potential well has some
influence on the plateau formation of the rates of the harmonics produced during the
reflection of these electrons from one of the walls of the well in a laser field. In OUT
artificial model metal, the Fermi-energy EF takes the role of the ground-state energy of
the system to which the electrons fall back after their excitation by the laser field to emit
the harmonic frequencies 0' = nw (n = 2,3, . . .). For higher laser field intensities, the
distribution of the harmonic rates, shown on the right-hand side of figure 2, has a cut-off
which roughly increases linearly with the laser intensity Z. For an intensity of about 2 x IO9
W
when the plateau starts to develop, this cut-off is nearly at n = 5. This corresponds
to an emitted photon energy hw' = 5.85 eV being nearly equal to the Fermi-energy of gold
EF = 5.51 eV and also close to the work function of gold W = 4.6792 eV. This is in
agreement with the cut-off frequency observed by Farkas and co-workers [I41 at the above
laser field intensity and appears to be independent of the fact that our model metal cannot be
ionized. For real metals, of course, the concomitant laser-induced multiphoton photo effect
has been observed by several research groups [21-231, but no satisfactory explanation has
yet been found for the rather high energy electrons of some 300-500 eV emitted during this
process at moderate laser field intensities [22,24]. For atoms as well as for real metals, it is
quite clear from simple unitarity considerations of the scattering operator S that multiphonon
ionization and harmonic generation should be competing processes [25].
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4. Concluding remarks
In the foregoing sections we considered the generation of harmonics irradiating a metal
surface with laser light. Our metal has the rather artificial property of having an infinitely
large work function W . Describing the metal by Sommerfeld's free electron model, this
means that the free electron gas, obeying the Fermi-Dirac statistics, is enclosed in a potential
well of infinitely high walls. Since the laser field can only penetrate into the metal within
a thin layer, the interaction of the electrons with the field can only take place during their
reflection from one of the walls of the well, fulfilling the proper boundary condition at the
wall. The dipole moment of the corresponding total wavefunction is then responsible for
the generation of harmonics. Moreover, on account of the properties of the Fermi-Dirac
probability distribution, only those electrons will be involved in the harmonic generation
process, whose energy is close to the Fermi-energy Ep (to simplify the calculation we took
EF(T = 0). EF then acts as the ground-state energy of the system to which the electrons,
excited by the laser field, return and emit the harmonic frequencies w' = nw (n = 2,3, .. .).
In section 2 we found that for this model of a metal the hannonic rates, plotted as a function
of the harmonic order n , show at higher laser intensities the formation of a plateau, as can
be seen on the right-hand side of figure 2. On the other hand, for real metals no plateau
formation has been observed experimentally 114,151. In these experiments, however, rather
high laser frequencies have been used such that nhw e W , where n is a small positive
integer. Contrary to these findings, we expect on the basis of our considerations that for
much lower laser frequencies with hw < W , the formation of a plateau will appear in the
rates of harmonic generation as obtained from laser irradiation of a metal surface. So we
essentially predict that the plateau formation for a metal depends on the ratio hw/ W. Of
course, in all such experiments the laser pulses would have to be sufficiently short in order
to prevent the formation of a surface plasma
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