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FIG. 1. (color online) (a),(b) Néel and striped AFM phases
used as magnetically ordered backgrounds in LSWT. Pink and
blue bullets correspond to up and down arrangement of spins.
(c),(d),(e),(f) Canditates of non-magnetic cluster orderings as
a ground state background, used in COA. The case of (f)
corresponds to string-VBS of ! = 6. Solid and dashed lines
are J1 and J2 bonds, respectively.

J2/J1 = 0.5.
Moreover, the 2D TFI model is a prototype frustrated

magnetic model, which received much attention, to ex-
plore novel emergent phases [26–28]. The ground state of
2D TFI model at the highly-frustrated point, to the best
of our knowledge, is not known. It is challenging to find
a ground state, which is a result of quantum fluctuations
on an extensive degenerate ground space.
In this paper, we therefore examine the spin- 12 trans-

verse field Ising model on the J1 − J2 square lattice,
Hamiltonian 1, by resorting to different analytical and
numerical techniques such as linear spin-wave theory
(LSWT) [29], cluster operator approach (COA) [30, 31]
and tree tensor network (TTN) simulation [32]. We found
that harmonic quantum fluctuations in LSWT based on
single-spin flip excitations are incapable of lifting the ex-
tensive degeneracy of the classical system. However, con-
sidering anharmonic fluctuations with multi-spin flip ex-
citations via COA certifies the existence of global-loop-
type of quantum fluctuations, which are able to lift the
extensive degeneracy of the system at J2/J1 = 0.5 toward
a string-VBS phase with broken lattice rotational sym-
metry, leading to an order by disorder transition. The

string-VBS state is a manifestation of macroscopic quan-
tum superposition [33, 34]. These findings are further
confirmed by numerical (TTN) simulations.

The paper is organized as follows. In Sec. II, we intro-
duce the model and some of its classical features. Next,
in Sec. III we present LSWT and COA used for determin-
ing the true nature of quantum ground state by introduc-
ing different type of quantum fluctuations. We compare
the results obtained from two approaches with each other
and also with the TTN results. Details of our approaches
are presented in Appendices. We argue that string-type
quantum fluctuations can cast the ground state of highly
frustrated point J2/J1 = 0.5 to a string-VBS phase at
low fields with broken rotational symmetry. Sec. IV dis-
cusses the existence of a quantum phase transition from
string-VBS phase of low fields to a quantum paramagnet
phase of high fields at Γ/J1 ∼= 0.5, where the critical ex-
ponents are extracted. Finally, the paper is summarized
and concluded in Sec. V.

II. MODEL

In this section, we introduce the spin-1/2 transverse
field Ising model on the square lattice with J1−J2 inter-
actions. We consider a square lattice, where spin-1/2 par-
ticles are placed at the vertices of the lattice and the an-
tiferromagnetic exchange coupling J1 (J2) are tuned be-
tween the nearest neighbor (next-nearest neighbor) spins
(see Fig. 1). Hamiltonian of the model in the presence of
a transverse magnetic field Γ is given by

H = J1
∑

〈i,j〉

Sz
i S

z
j + J2

∑

〈〈i,j〉〉

Sz
i S

z
j − Γ

∑

i

Sx
i , (1)

where Si ≡ (Sx
i , S

y
i , S

z
i ) are the usual quantum spin-1/2

operators with Si
2 = S(S + 1).

In the extreme case, where J2 = 0 and Γ = 0, the clas-
sical ground state of the system is given by a Néel state
(Fig. 1-(a)), which persists as the frustration is increased
up to a critical point at J2/J1 = 0.5, where it breaks to a
collinear anti-ferromagnetic phase with striped AFM or-
der (Fig. 1-(b)) for J2/J1 > 0.5, through a first-order
quantum phase transition [27, 35, 36]. The classical
ground state of the system further displays an exponen-
tial degeneracy at the highly frustrated point J2/J1 = 0.5
in which the ground state is described by two-up-two-
down configurations for spins on every crossed square of
the lattice. Our aim in this paper is to study the effects
of quantum fluctuations to lift this extensive degeneracy
toward a unique quantum ground state. Hence, we con-
sider J2/J1 = 0.5 with Γ $= 0, which induces zero-point
quantum fluctuations to the system due to Sx that does
not commute with other terms in the Hamiltonian 1.

Introduc)on to Frustrated Magne)sm: Materials, Experiments, Theory, Editors: F Mila, C Lacroix, P Mendels, Springer, (2011)

Frustration:
§ Geometric frustration: Antiferromagnetic Couplings + Odd Loops (Triangular, Kagome lattices) 

§ Exchange frustration: Competition between different exchange paths

§ Total energy of the system does not correspond to minimum of each interaction term in the 
Hamiltonian
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ter perspective since it was suggested that the ground state of
the system is a QSL [1]. The Hamiltonian of the Kitaev model
is given by

HKitaev =
∑

〈i, j〉,γ
Kγ Sγ

i Sγ
j , (1)

where the sum runs over three subclasses of bonds labeled
by γ = x, y, z, denoting the three Ising-like interactions on
the corresponding link. While the original Kitaev model was
introduced using spin-1/2 Pauli operators, our definition here
is based on generic spin operators.

The Kitaev model is exactly solvable on trivalent lattices,
i.e., lattices with three links connected to each site. Using the
local transformation Sγ

i = i
2 bγ

i ci, the original spin operators
can be represented by four Majorana fermions. The original
interacting spin model takes then the bilinear form:

Hmf = i
4

∑

〈i, j〉
Ai jcic j, (2)

Ai j = Kγ

2
uγ

i j,

where ûγ
i j = −ûγ

ji = ibγ
i bγ

j are bond operators obtained from
grouping Majoranas bγ along nearest-neighbor links 〈i, j〉.
The bond operators commute with each other and with the
Hamiltonian (2). They are, therefore, conserved integrals of
motion, which square to identity and their eigenvalues are
given by ui j = ±1. Within this parton construction, the new
degrees of freedom are now the noninteracting Majorana
fermions ci coupled to a static Z2 gauge field ui j .

Given a fixed gauge configuration {ui j}, the spectrum of the
system can be readily extracted by diagonalizing the skew-
symmetry matrix iA. Its eigenvalues come in pairs ±εµ as a
result of the inherent particle-hole symmetry of the (single-
particle) Majorana Hamiltonian (2). The ground state of the
system is thus given by a configuration of gauge fields, which
minimizes the energy. According to Lieb’s theorem, depend-
ing on the lattice structure, its symmetry, and dimensionality,
the ground state is generically given by 0- or π -flux configu-
ration of gauge fields.

While Lieb’s theorem is valid for 2D trivalent lattices, its
extension to 3D trivalent structures is hampered since the
symmetry requirement for the theorem is not fulfilled in gen-
eral, except for hyperhoneycomb lattice. One may therefore
use numerically exact QMC simulations to unambiguously
determine the ground-state gauge pattern. A careful analysis
in this regard shows that all bipartite trivalent 3D lattices still
follow the general conclusions of Lieb’s theorem (in spite of
not being applicable) in the absence of additional geometrical
constraints leading to “gauge frustration” (see Refs. [42] for
details).

The zero-temperature phase diagram of the Kitaev model
on the 2D honeycomb lattice is known to host two QSL
phases. The first one is gapless and emerges near the isotropic
point of Hamiltonian (1), i.e., K ≡ Kx = Ky = Kz. The sec-
ond one is actually three equivalent gapped phases that arise
whenever one of the couplings dominates the other two. The
low-energy effective theory of the three gapped phases is
given by an Abelian topological phase known as the toric
code [5]. The gapless phase is also known to become gapped

by applying time-reversal symmetry (TRS) breaking perturba-
tions to the Hamiltonian (1) such as a uniform magnetic field,
−

∑
i
%B. Si along the [111] direction. When the field strength

B is small compared to the vison gap $, one can derive
a low-energy effective model using third-order perturbation
theory in the ground-state flux sector, yielding

He f f =
∑

〈i, j〉,γ
Kγ Sγ

i Sγ
j − κ

∑

i, j,k

Sα
i Sβ

j Sγ
k , (3)

where the three-spin coupling constant κ ∼ BxByBz/$
2 en-

codes the strength of the effective magnetic field, and triples
i, j, k indicate three neighboring sites with strictly different
bond-type α, β, and γ .

In the effective Majorana representation (3), the three-spin
interaction turns into a next-nearest-neighbour hopping term
between sites i and k connected by site j. In the 2D Kitaev
models, such a hopping term opens a gap at the Dirac points
of the bulk spectrum and yields a chiral edge mode with a
nonvanishing Chern number ν (other third-order terms are
irrelevant to the Dirac-gap opening in the renormalization
group sense). The resulting gapped state is Z2 topologically
ordered with non-Abelian anyon excitations.

In the low-temperature regime, the thermal Hall conduc-
tance of the 2D Kitaev model shows a quantized value with
respect to the field strength κ , i.e., Ixy = π

12νT , which is
exactly half of the two-dimensional thermal Hall conductance
in the integer QHE. Such a half-integer quantization is a
signature of a topologically-protected chiral edge mode of
charge-neutral Majorana fermions, which have half the de-
grees of freedom of conventional fermions.

The Kitaev model on 3D lattices still shares some of the
properties of the 2D honeycomb version, including a rich
variety of gapless Z2 QSL phases. The main difference with
the 2D version though is that, according to the symmetry
classification of free-fermion systems [65], breaking the TRS
will not give rise to topologically protected gapped phases
for 3D Kitaev models. Despite not being topological in a
strict sense, these models, however, exhibit a finite but non-
quantized thermal quantum Hall effect in the presence of a
magnetic field (see Sec. IV B). Moreover, the nodal structure
of the Majorana fermions on different 3D Kitaev lattices have
distinct properties such as nodal lines with a flat surface band,
topologically protected Weyl points with the so-called surface
Fermi arcs, and a Majorana semimetal with a Majorana Fermi
surface characterized by a finite Majorana density of states at
lowest-lying energy levels [24].

In this paper we focus on two specific examples of 3D
Kitaev structures, namely the hyperhoneycomb and hyperoc-
tagon lattices, illustrated in Fig. 1. Both lattices are among
the most studied examples of 3D Kitaev materials. While
the hyperoctagon lattice is the 3D extension of the square-
octagon lattice, the hyperhoneycomb is the natural extension
of the honeycomb lattice to 3D. The latter has a experimental
realization in β−Li2IrO3 compounds [28,31]. Besides, both
hyperhoneycomb and hyperoctagon lattices contain two in-
dependent types of loop operators of length 10 around their
plaquettes, which guarantee a ground state with vanishing
total flux [24,42].
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is impossible, even if we introduce new terms in the Hamiltonian. On the other hand, the
eight copies of each phase (corresponding to different sign combinations of Jx,Jy,Jz) have
the same translational properties. It is unknown whether the eight copies of the gapless
phase are algebraically different.

We now consider the zeros of the spectrum that exist in the gapless phase. The momen-
tum q is defined modulo the reciprocal lattice, i.e., it belongs to a torus. We represent the
momentum space by the parallelogram spanned by (q1,q2)—the basis dual to (n1,n2). In
the symmetric case (Jx = Jy = Jz) the zeros of the spectrum are given by

ð34Þ

If |Jx| and |Jy| decrease while |Jz| remains constant, q* and #q* move toward each other
(within the parallelogram) until they fuse and disappear. This happens when
|Jx| + |Jy| = |Jz|. The points q* and #q* can also effectively fuse at opposite sides of the par-
allelogram. (Note that the equation q* = #q* has three nonzero solutions on the torus.)

At the points ±q* the spectrum has conic singularities (assuming that q* „ #q*)

ð35Þ

7. Properties of the gapped phases

In a gapped phase, spin correlations decay exponentially with distance, therefore spa-
tially separated quasiparticles cannot interact directly. That is, a small displacement or
another local action on one particle does not influence the other. However, the particles

Jx Jz= =0Jy Jz= =0

=1,Jx =1,Jy

=1,Jz Jx Jy= =0

gapless

gappedAz

Ax Ay

B

Fig. 5. Phase diagram of the model. The triangle is the section of the positive octant (Jx, Jy, Jz P 0) by the plane
Jx + Jy + Jz = 1. The diagrams for the other octants are similar.
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New Physics and Phase Diagram?

§ What is the phase diagram of the Kitaev-Heisenberg model on bilayer honeycomb la:ce?

§ Can we observe any new phase not present in the monolayer?

Geometrical Challenges for Tensor Network Algorithms:

§ How to simulate bilayer systems with tensor networks?
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To this end, we study a bilayer model where spin-79

1/2 degrees of freedom reside on the sites of the honey-80

comb lattices on each layer. Within each layer, nearest-81

neighbor spins interact through the Kitaev-Heisenberg82

(KH) interactions, while the nearest-neighbor spins be-83

tween the layers are coupled via Heisenberg interactions.84

We use a state-of-the-art tensor network (TN) method85

[21–23] to simulate the ground state of the model in86

the thermodynamic limit. The method is based on the87

iPEPS formalism, a variational tensor network ansatz88

for ground states in the thermodynamic limit [24–26].89

To complement the TN approach, we carry out high-90

order series expansions about the limit of decoupled rung91

dimers, where the system is in a non-magnetic rung-92

singlet phase. In this limit, the interalayer couplings93

are treated as perturbative interactions and we aim to94

recover the original model at a specific strength of the95

perturbative interaction. To this end, we compute the96

one-triplon excitation gap above the rung-singlet ground97

state as a function of the perturbation strength. This al-98

lows us to determine the extent of the dimerized phase by99

determining the closing of the gap which signals a quan-100

tum phase transition. From the critical gap momentum101

at which the gap closes, we can determine the magneti-102

cally ordered phases on the other side of the transition.103

Such an analysis provides a quantum phase diagram con-104

sistent with the TN calculations.105

Our findings reveal that similar to the monolayer106

model, the competition between Kitaev and Heisenberg107

interactions gives rise to various magnetically ordered108

phases, including zigzag, stripy, ferromagnetic (FM), and109

antiferromagnetic phases, as well as two extended QSL110

states close to the pure Kitaev limit. Furthermore, our111

results unveil the presence of a VBS phase sandwiched112

between the AFM and stripy ordered phases, arising from113

the presence of interlayer Heisenberg interactions. This114

VBS phase is shown to be adiabatically connected to iso-115

lated rung singlets which break no translational symme-116

try.117

The paper is organized as follows: In Section II, we118

introduce the bilayer Kitaev-Heisenberg model and re-119

view some of its relevant properties. Section III provides120

information on the tensor network algorithm, including121

details of the implementation of the iPEPS ansatz for122

layered models and high-order series expansion. In Sec-123

tion IV, we present our results and characterize the phase124

diagram of the model. Finally, Section V is devoted to125

conclusions and discussions.126

II. MODEL127

We study the spin-1/2 Kitaev-Heisenberg model on the128

bilayer honeycomb lattice where two honeycomb layers129

are coupled with Heisenberg interactions. The Hamilto-130

nian is given by131

H = H
u
KH

+ H
d
KH

+ HH, (1)

FIG. 1. (Color online) Kitaev-Heisenberg bilayer model where
spin-1/2 degrees of freedom reside on vertices of the honey-
comb lattices. Bond-directional interactions, denoted by x, y,
and z, are distinguished through color-coding in blue, green,
and red, respectively. Interlayer interactions, governed by
the Heisenberg Hamiltonian HH, are represented by dashed
lines. Within each layer, spin degrees of freedom interact
via the Kitaev-Heisenberg Hamiltonian denoted by H

ω
KH with

ω → {u, d}.

where H
u
KH

and H
d
KH

describe the intralayer couplings in132

the up and down layer given by the Kitaev-Heisenberg133

Hamiltonian and HH is the Heisenberg interlayer cou-134

plings. The Kitaev-Heisenberg Hamiltonian is given by135

H
ω
KH

= K

∑

→ij↑ω

S
ε
i,ωS

ε
j,ω + J

∑

→ij↑

Si,ω.Sj,ω, (2)

where S
ε
i,ω represent the ω → {x, y, z} components of spin136

operators on layer ε → {u, d}, where u refers to the up and137

d to the down layer. The Kitaev interactions are given by138

the first term, where ↑ij↓ε denotes the nearest-neighbor139

bonds of type ω with coupling strength K (see Fig. 1).140

For the Heisenberg couplings with coupling strength J ,141

we denote ↑ij↓ since the couplings are isotropic in all142

directions. The honeycomb layers are coupled through143

the Heisenberg Hamiltonian defined as144

HH = J↓
∑

i

Siu.Sid, (3)

where Siu(id) denotes the spin-1/2 operator at site i of145

the up (down) layer, respectively. The coupling J↓ refers146

to the strength of the on-site interlayer Heisenberg inter-147

action. For J = K = 0, the model reduces to isolated148

rung dimers and for J↓ = 0 the system is given by two149

isolated Kitaev-Heisenberg monolayers.150

In this paper, we aim at obtaining the phase diagram151

for ‘isotropic’ Heisenberg interactions, where we set J↓ =152

J . We parameterize the couplings as K = cos ϑ and J =153

sin ϑ and vary ϑ from 0 to 2ϖ and extract the quantum154

phase diagram as a function of ϑ.155

In the limiting case ϑ = 0↔ (180↔), the model reduces156

to two decoupled honeycomb layers, each of which is157
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for ground states in the thermodynamic limit [24–26].89

To complement the TN approach, we carry out high-90

order series expansions about the limit of decoupled rung91

dimers, where the system is in a non-magnetic rung-92

singlet phase. In this limit, the interalayer couplings93

are treated as perturbative interactions and we aim to94

recover the original model at a specific strength of the95

perturbative interaction. To this end, we compute the96

one-triplon excitation gap above the rung-singlet ground97

state as a function of the perturbation strength. This al-98

lows us to determine the extent of the dimerized phase by99

determining the closing of the gap which signals a quan-100

tum phase transition. From the critical gap momentum101

at which the gap closes, we can determine the magneti-102

cally ordered phases on the other side of the transition.103

Such an analysis provides a quantum phase diagram con-104

sistent with the TN calculations.105

Our findings reveal that similar to the monolayer106

model, the competition between Kitaev and Heisenberg107

interactions gives rise to various magnetically ordered108

phases, including zigzag, stripy, ferromagnetic (FM), and109

antiferromagnetic phases, as well as two extended QSL110

states close to the pure Kitaev limit. Furthermore, our111

results unveil the presence of a VBS phase sandwiched112

between the AFM and stripy ordered phases, arising from113

the presence of interlayer Heisenberg interactions. This114

VBS phase is shown to be adiabatically connected to iso-115

lated rung singlets which break no translational symme-116

try.117

The paper is organized as follows: In Section II, we118

introduce the bilayer Kitaev-Heisenberg model and re-119

view some of its relevant properties. Section III provides120

information on the tensor network algorithm, including121

details of the implementation of the iPEPS ansatz for122

layered models and high-order series expansion. In Sec-123

tion IV, we present our results and characterize the phase124

diagram of the model. Finally, Section V is devoted to125

conclusions and discussions.126

II. MODEL127

We study the spin-1/2 Kitaev-Heisenberg model on the128

bilayer honeycomb lattice where two honeycomb layers129

are coupled with Heisenberg interactions. The Hamilto-130

nian is given by131

H = H
u
KH

+ H
d
KH

+ HH, (1)

FIG. 1. (Color online) Kitaev-Heisenberg bilayer model where
spin-1/2 degrees of freedom reside on vertices of the honey-
comb lattices. Bond-directional interactions, denoted by x, y,
and z, are distinguished through color-coding in blue, green,
and red, respectively. Interlayer interactions, governed by
the Heisenberg Hamiltonian HH, are represented by dashed
lines. Within each layer, spin degrees of freedom interact
via the Kitaev-Heisenberg Hamiltonian denoted by H

ω
KH with

ω → {u, d}.

where H
u
KH

and H
d
KH

describe the intralayer couplings in132

the up and down layer given by the Kitaev-Heisenberg133

Hamiltonian and HH is the Heisenberg interlayer cou-134

plings. The Kitaev-Heisenberg Hamiltonian is given by135

H
ω
KH

= K

∑

→ij↑ω

S
ε
i,ωS

ε
j,ω + J

∑

→ij↑

Si,ω.Sj,ω, (2)

where S
ε
i,ω represent the ω → {x, y, z} components of spin136

operators on layer ε → {u, d}, where u refers to the up and137

d to the down layer. The Kitaev interactions are given by138

the first term, where ↑ij↓ε denotes the nearest-neighbor139

bonds of type ω with coupling strength K (see Fig. 1).140

For the Heisenberg couplings with coupling strength J ,141

we denote ↑ij↓ since the couplings are isotropic in all142

directions. The honeycomb layers are coupled through143

the Heisenberg Hamiltonian defined as144

HH = J↓
∑

i

Siu.Sid, (3)

where Siu(id) denotes the spin-1/2 operator at site i of145

the up (down) layer, respectively. The coupling J↓ refers146

to the strength of the on-site interlayer Heisenberg inter-147

action. For J = K = 0, the model reduces to isolated148

rung dimers and for J↓ = 0 the system is given by two149

isolated Kitaev-Heisenberg monolayers.150

In this paper, we aim at obtaining the phase diagram151

for ‘isotropic’ Heisenberg interactions, where we set J↓ =152

J . We parameterize the couplings as K = cos ϑ and J =153

sin ϑ and vary ϑ from 0 to 2ϖ and extract the quantum154

phase diagram as a function of ϑ.155

In the limiting case ϑ = 0↔ (180↔), the model reduces156

to two decoupled honeycomb layers, each of which is157

Intralayer interactions:

Interlayer interacQons:
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@Rs j@3w ,�N $3 nc30 jR 03c,aC$3 \n�NjnL cj�j3c R8 L�NwA$R0w cwcA
j3LcY 7Ra j@�j s3 ,RNcC03a � cwcj3L s@C,@ ,RNj�CNc 1 U�ajC,I3c sCj@CN
� GAI3q3I cwcj3LY i@nc. j@3 s�q3 8nN,jCRN ,�N $3 saCjj3N CN j@3 CN0CqC0A
n�I $�cCc R8 j@3 cCN<I3 U�ajC,I3c |LU〉 (LU = 1, . . . , G) �N0 j�G3c j@3 <3N3a�I
8RaL

|ȥ〉 = ∑
L1

∑
L2
· · ·∑

L1
&L1L2···L1 |L1〉 |L2〉 · · · |L1〉 . VЕYЕW

i@3 ,R3|,C3Njc &L1L2···L1 ,�N $3 c33N �c 3NjaC3c CN � I�a<3 1AI3<<30 j3NcRa
&Y i@Cc Cc � q3aw $C< j3NcRa sCj@ O(G1) 3NjaC3c �N0 a�NG 1Y 7Ra ,RLUnA
j�jCRN�I UnaURc3c j@Cc Cc � q3aw CN3|,C3Nj 03c,aCUjCRN R8 j@3 \n�NjnL
cj�j3. $nj sCj@ j@3 @3IU R8 iM cj�j3c RN3 ,�N a30n,3 j@3 ,RLUI3uCjw $w
<CqCN< �N �,,na�j3 03c,aCUjCRN R8 j@3 3Nj�N<I3L3Nj UaRU3ajC3c R8 j@3
cj�j3Y i@3a38Ra3 RN3 03,RLURc3c j@Cc RN3 $C< j3NcRa CNjR � iM R8 L�Nw
cL�II3a j3NcRac sCj@ � cL�II3a a�NG Vc33 ~<Y ЕYЎWY

L1 L2 L1· · ·

&L1L2···L1 $1 $2 $1· · ·

L1 L2 L1· · ·

7C<na3 ЕYЎ- i@3 a3Ua3c3Nj�jCRN R8 j@3 ,R3|,C3Njc R8 � \n�NjnL cj�j3 j@aRn<@
� j3NcRa N3jsRaGY i@Cc U�ajC,nI�a 8RaL R8 � iM Cc � cRA,�II30 L�jaCu
UaR0n,j cj�j3 VKTbW

i@Cc N3s iM a3Ua3c3Nj�jCRN R8 j@3 \n�NjnL cj�j3 |ȥ〉 Cc � LRa3 3|A
,C3Nj 03c,aCUjCRN 8aRL � ,RLUnj�jCRN�I URCNj R8 qC3sY i@3 �LRnNj R8
U�a�L3j3ac 0R3c NR IRN<3a c,�I3 3uURN3NjC�IIw. $nj a�j@3a URIwNRLC�I
CN j@3 NnL$3a R8 U�ajC,I3cY
iR 03j3aLCN3 j@3 NnL$3a R8 U�a�L3j3ac QWRW. RN3 @�c jR ~acj j@CNG �$Rnj
j@3 NnL$3a R8 U�a�L3j3ac U3a j3NcRa 7Y i@Cc Cc <Cq3N $w

Q(W) = O
(

UDQN(7)

∏
Į7

'(Į7)

)
, VЕYϊW

s@3a3 j@3 UaR0n,j anNc Rq3a �II CN0C,3c Į7 = 1, . . . , UDQN(7) R8 7. �N0
'(Į7) Cc j@3 cCy3 R8 j@3 0CL3NcCRN s@C,@ Cc ,Raa3cURN0CN< jR Į7Y
B8 j@3 L�uCLnL R8 '(Į7) Cc <Cq3N $w '7 j@3N j@Cc Q(W) Cc <Cq3N $w

Q(W) = O
(
'UDQN(7)
7

)
. VЕYχW

i@Cc Cc j@3 �LRnNj R8 U�a�L3j3ac U3a j3NcRa CN j@3 iMY i@nc j@3 jRj�I
�LRnNj R8 U�a�L3j3ac Cc

QWRW =
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7C<na3 ЕYϺϺ- iM 0C�<a�L R8 j@3 cCLUI3 nU0�j3Y 7Cacj RN3 ,RNja�,jc �II j3NcRac
CNjR RN3 I�a<3 j3NcRaY �8j3as�a0c RN3 @�c jR U3a8RaL � bp/ jR 03A
,RLURc3 j@Cc I�a<3 j3NcRa $�,G CNjR cL�II3a j3NcRacY i@3 I�cj cj3U
Cc jR janN,�j3 CN j@3 I�a<3cj cCN<nI�a q�In3c jR 3Ncna3 j@�j j@3 $RN0
0CL3NcCRN 0R3c NRj <aRs sCj@ 3�,@ cj3UY i@3 Ȝȕc j@3a38Ra3 ,�aaw
�II j@3 cCN<nI�a q�In3c ,Raa3cURN0CN< jR RN3 cU3,C~, ICNGY bCN,3 �II
Ȝȕc <3j �$cRa$30 CN j@3 ~acj cj3U RN3 @�c jR 3uja�,j j@3L �<�CN CN
j@3 3N0 8aRL j@3 N3s ī′ȕc $w LnIjCUIwCN< sCj@ j@3 ,Raa3cURN0CN<
CNq3ac3Y

q�In3 03,RLURcCjCRN $3js33N j@3 CN0C,3c ,Raa3cURN0CN< jR ī$ �N0 ī%Y
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?Rs3q3a 8Ra �N CN~NCj3 T2Tb �N 3u�,j ,RNja�,jCRN Cc NRj URccC$I3 �N0
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From Honeycomb to Square Geometry:

§ Reshape the Honeycomb lattice to Brick-Wall structure and add dummy link to obtain a Square lattice

§ From Bilayer to Monolayer:

§ Course-grain the two spins of a rung dimer at each site and replace it with a block-site with local Hilbert 
space dimension 22 = 4. Then assign a rank-5 iPEPS tensor to each site with one dummy virtual leg 
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To this end, we study a bilayer model where spin-79

1/2 degrees of freedom reside on the sites of the honey-80

comb lattices on each layer. Within each layer, nearest-81

neighbor spins interact through the Kitaev-Heisenberg82

(KH) interactions, while the nearest-neighbor spins be-83

tween the layers are coupled via Heisenberg interactions.84

We use a state-of-the-art tensor network (TN) method85

[21–23] to simulate the ground state of the model in86

the thermodynamic limit. The method is based on the87

iPEPS formalism, a variational tensor network ansatz88

for ground states in the thermodynamic limit [24–26].89

To complement the TN approach, we carry out high-90

order series expansions about the limit of decoupled rung91

dimers, where the system is in a non-magnetic rung-92

singlet phase. In this limit, the interalayer couplings93

are treated as perturbative interactions and we aim to94

recover the original model at a specific strength of the95

perturbative interaction. To this end, we compute the96

one-triplon excitation gap above the rung-singlet ground97

state as a function of the perturbation strength. This al-98

lows us to determine the extent of the dimerized phase by99

determining the closing of the gap which signals a quan-100

tum phase transition. From the critical gap momentum101

at which the gap closes, we can determine the magneti-102

cally ordered phases on the other side of the transition.103

Such an analysis provides a quantum phase diagram con-104

sistent with the TN calculations.105

Our findings reveal that similar to the monolayer106

model, the competition between Kitaev and Heisenberg107

interactions gives rise to various magnetically ordered108

phases, including zigzag, stripy, ferromagnetic (FM), and109

antiferromagnetic phases, as well as two extended QSL110

states close to the pure Kitaev limit. Furthermore, our111

results unveil the presence of a VBS phase sandwiched112

between the AFM and stripy ordered phases, arising from113

the presence of interlayer Heisenberg interactions. This114

VBS phase is shown to be adiabatically connected to iso-115

lated rung singlets which break no translational symme-116

try.117

The paper is organized as follows: In Section II, we118

introduce the bilayer Kitaev-Heisenberg model and re-119

view some of its relevant properties. Section III provides120

information on the tensor network algorithm, including121

details of the implementation of the iPEPS ansatz for122

layered models and high-order series expansion. In Sec-123

tion IV, we present our results and characterize the phase124

diagram of the model. Finally, Section V is devoted to125

conclusions and discussions.126

II. MODEL127

We study the spin-1/2 Kitaev-Heisenberg model on the128

bilayer honeycomb lattice where two honeycomb layers129

are coupled with Heisenberg interactions. The Hamilto-130

nian is given by131

H = H
u
KH

+ H
d
KH

+ HH, (1)

x
y

z

FIG. 1. (Color online) Kitaev-Heisenberg bilayer model where
spin-1/2 degrees of freedom reside on vertices of the honey-
comb lattices. Bond-directional interactions, denoted by x, y,
and z, are distinguished through color-coding in blue, green,
and red, respectively. Interlayer interactions, governed by
the Heisenberg Hamiltonian HH, are represented by dashed
lines. Within each layer, spin degrees of freedom interact
via the Kitaev-Heisenberg Hamiltonian denoted by H

ω
KH with

ω → {u, d}.

where H
u
KH

and H
d
KH

describe the intralayer couplings in132

the up and down layer given by the Kitaev-Heisenberg133

Hamiltonian and HH is the Heisenberg interlayer cou-134

plings. The Kitaev-Heisenberg Hamiltonian is given by135

H
ω
KH

= K

∑

→ij↑ω

S
ε
i,ωS

ε
j,ω + J

∑

→ij↑

Si,ω.Sj,ω, (2)

where S
ε
i,ω represent the ω → {x, y, z} components of spin136

operators on layer ε → {u, d}, where u refers to the up and137

d to the down layer. The Kitaev interactions are given by138

the first term, where ↑ij↓ε denotes the nearest-neighbor139

bonds of type ω with coupling strength K (see Fig. 1).140

For the Heisenberg couplings with coupling strength J ,141

we denote ↑ij↓ since the couplings are isotropic in all142

directions. The honeycomb layers are coupled through143

the Heisenberg Hamiltonian defined as144

HH = J↓
∑

i

Siu.Sid, (3)

where Siu(id) denotes the spin-1/2 operator at site i of145

the up (down) layer, respectively. The coupling J↓ refers146

to the strength of the on-site interlayer Heisenberg inter-147

action. For J = K = 0, the model reduces to isolated148

rung dimers and for J↓ = 0 the system is given by two149

isolated Kitaev-Heisenberg monolayers.150

In this paper, we aim at obtaining the phase diagram151

for ‘isotropic’ Heisenberg interactions, where we set J↓ =152

J . We parameterize the couplings as K = cos ϑ and J =153

sin ϑ and vary ϑ from 0 to 2ϖ and extract the quantum154

phase diagram as a function of ϑ.155

In the limiting case ϑ = 0↔ (180↔), the model reduces156

to two decoupled honeycomb layers, each of which is157

S. S. Jahromi, R. Orus, M. Kargarian, 
A. Langari, PRB 97, 115161 (2018)
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FM ZigzagAFM Stripy

VBS(θ=138o) QSL(θ=0o)

(a)

-0.556

-0.197 -0.127

FIG. 5. (Color online) (a) The ground-state phase diagram of the spin-1/2 Kitaev-Heisenberg model on the bilayer honeycomb
lattice obtained from iPEPS and pCUT. Striped regions indicate the uncertainty of pCUT in the determination of the phase
boundaries. The black solid line refers to ω = 135→ signaling the change of gap momentum between AFM and VBS orders. (b)
Magnetization patterns of various ordered phases of the bilayer model as well as the correlation patterns of the non-magnetized
phases, i. e. , VBS and QSL phases. Within the AFM and stripy ordered phases, upper and lower layers exhibit antiparallel
magnetic orientation, whereas in the FM and zigzag phases upper and lower layers have parallel orientation. The VBS phase is
characterized by strong interlayer and weak intralayer correlations. Hence, we illustrate the VBS phase by thick purple links on
the rungs. In the QSL regions, the correlation components →Sω

i Sω
j ↑ are non-zero only on the corresponding ε-bonds (ε = x, y, z

depicted by thick blue, green and red bonds) while they vanish on all other bonds. Moreover, all non-zero correlations have
the same magnitude.

respectively (see the stripy order along the z-interaction501

axis illustrated in Fig. 5-(b)). As expected for isotropic502

Kitaev interactions, all three excitations have an identi-503

cal dispersion up to rotations of 120→ and it is su!cient504

to consider only one flavor. We stress that the change of505

gap momentum from ω = 135→ to 136→ perfectly coincides506

with the change from AFM order to the VBS phase at507

ω = 135→ from iPEPS.508

Next we investigate the closing of the one-triplon exci-509

tation gap ”(ε) at a critical εc. A critical point εc < εiso510

implies a phase transition for J < J↑ to a magnetically511

ordered phase which we expect to be stable up to J = J↑.512

In contrast, for εc > εiso, one has a VBS phase adiabati-513

cally connected to the rung-singlet product state for the514

isotropic case. Here we assume that there is no first-order515

phase transition which we checked explicitly by compar-516

ing the ground-state energies of iPEPS and pCUT as a517

function of ε (see Appendix B).518

For the regime with kc = (0, 0), we find εc < εiso for519

ω → 127→ ↑ 135→. This implies that for εiso depicted in520

Fig. 5-(a) we find an antiferromagnetically ordered phase,521

coinciding with the AFM phase found by iPEPS. The un-522

certainty in the critical ω originates from the uncertainty523

of the series extrapolation to locate the gap closing at εc524

(see also Sec. III B). For the other regime with kc = (ϑ,ϑ)525

for t
z, we find εc < εiso for ω ↓ [146→, 165→]. In con-526

trast, for ω ↭ 165→, the extrapolation of the one-triplon527

gap does not indicate a closing of the gap. However, we528

stress that εiso shifts to larger values when increasing ω529

towards 180→ so that the extrapolation of the gap series530

becomes unreliable when approaching the QSL phase de-531

tected by iPEPS. Finally, for ω ↓ [136→, 145→], we find532

a critical momentum corresponding to a stripy magnetic533

order but no closing of the one-triplon gap before εiso.534

This is in line with the presence of a VBS phase at εiso535

which is adiabatically connected to the limit of isolated536

rung singlets. We show a representative plot of the gap537

for all three cases in Appendix C.538

V. CONCLUSIONS AND DISCUSSION539

Real Kitaev materials frequently manifest deviations540

from the pure Kitaev model. The Kitaev-Heisenberg541

model emerges as an anisotropic spin-orbital model which542

can describe the low-energy physics of quasi-2D com-543

pounds such as Na2IrO3, Li2IrO3 and ϖ-RuCl3. How-544

ever, the layered structure of such materials may a#ect545

the overall magnetic behavior. In this regard, we studied546

the phase diagram of spin-1/2 Kitaev-Heisenberg model547

on an infinite bilayer honeycomb lattice, where layers are548

coupled via Heisenberg interactions.549

We used the infinite projected entangled pair state ten-550

sor network algorithm to simulate the ground state of551
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FIG. 1. (Color online) Kitaev-Heisenberg bilayer model where
spin-1/2 degrees of freedom reside on vertices of the honey-
comb lattices. Bond-directional interactions, denoted by x, y,
and z, are distinguished through color-coding in blue, green,
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ω
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where S
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i,ω represent the ω → {x, y, z} components of spin136

operators on layer ε → {u, d}, where u refers to the up and137

d to the down layer. The Kitaev interactions are given by138

the first term, where ↑ij↓ε denotes the nearest-neighbor139

bonds of type ω with coupling strength K (see Fig. 1).140

For the Heisenberg couplings with coupling strength J ,141

we denote ↑ij↓ since the couplings are isotropic in all142

directions. The honeycomb layers are coupled through143

the Heisenberg Hamiltonian defined as144

HH = J↓
∑
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Siu.Sid, (3)

where Siu(id) denotes the spin-1/2 operator at site i of145
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to the strength of the on-site interlayer Heisenberg inter-147
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rung dimers and for J↓ = 0 the system is given by two149
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J . We parameterize the couplings as K = cos ϑ and J =153

sin ϑ and vary ϑ from 0 to 2ϖ and extract the quantum154

phase diagram as a function of ϑ.155

In the limiting case ϑ = 0↔ (180↔), the model reduces156

to two decoupled honeycomb layers, each of which is157
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FIG. 5. (Color online) (a) The ground-state phase diagram of the spin-1/2 Kitaev-Heisenberg model on the bilayer honeycomb
lattice obtained from iPEPS and pCUT. Striped regions indicate the uncertainty of pCUT in the determination of the phase
boundaries. The black solid line refers to ω = 135→ signaling the change of gap momentum between AFM and VBS orders. (b)
Magnetization patterns of various ordered phases of the bilayer model as well as the correlation patterns of the non-magnetized
phases, i. e. , VBS and QSL phases. Within the AFM and stripy ordered phases, upper and lower layers exhibit antiparallel
magnetic orientation, whereas in the FM and zigzag phases upper and lower layers have parallel orientation. The VBS phase is
characterized by strong interlayer and weak intralayer correlations. Hence, we illustrate the VBS phase by thick purple links on
the rungs. In the QSL regions, the correlation components →Sω

i Sω
j ↑ are non-zero only on the corresponding ε-bonds (ε = x, y, z

depicted by thick blue, green and red bonds) while they vanish on all other bonds. Moreover, all non-zero correlations have
the same magnitude.
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This is in line with the presence of a VBS phase at εiso535

which is adiabatically connected to the limit of isolated536

rung singlets. We show a representative plot of the gap537

for all three cases in Appendix C.538

V. CONCLUSIONS AND DISCUSSION539

Real Kitaev materials frequently manifest deviations540

from the pure Kitaev model. The Kitaev-Heisenberg541

model emerges as an anisotropic spin-orbital model which542

can describe the low-energy physics of quasi-2D com-543

pounds such as Na2IrO3, Li2IrO3 and ϖ-RuCl3. How-544
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lines. Within each layer, spin degrees of freedom interact
via the Kitaev-Heisenberg Hamiltonian denoted by H

ω
KH with

ω → {u, d}.

where H
u
KH

and H
d
KH

describe the intralayer couplings in132

the up and down layer given by the Kitaev-Heisenberg133

Hamiltonian and HH is the Heisenberg interlayer cou-134

plings. The Kitaev-Heisenberg Hamiltonian is given by135

H
ω
KH

= K

∑

→ij↑ω

S
ε
i,ωS

ε
j,ω + J

∑

→ij↑

Si,ω.Sj,ω, (2)

where S
ε
i,ω represent the ω → {x, y, z} components of spin136

operators on layer ε → {u, d}, where u refers to the up and137

d to the down layer. The Kitaev interactions are given by138

the first term, where ↑ij↓ε denotes the nearest-neighbor139

bonds of type ω with coupling strength K (see Fig. 1).140

For the Heisenberg couplings with coupling strength J ,141

we denote ↑ij↓ since the couplings are isotropic in all142

directions. The honeycomb layers are coupled through143

the Heisenberg Hamiltonian defined as144

HH = J↓
∑

i

Siu.Sid, (3)

where Siu(id) denotes the spin-1/2 operator at site i of145

the up (down) layer, respectively. The coupling J↓ refers146

to the strength of the on-site interlayer Heisenberg inter-147

action. For J = K = 0, the model reduces to isolated148

rung dimers and for J↓ = 0 the system is given by two149

isolated Kitaev-Heisenberg monolayers.150

In this paper, we aim at obtaining the phase diagram151

for ‘isotropic’ J↓ = J . We parameterize the couplings as152

K = cos ϑ and J = sin ϑ and vary ϑ from 0 to 2ϖ and153

extract the quantum phase diagram as a function of ϑ.154

In the limiting case ϑ = 0↔ (180↔), the model reduces155

to two decoupled honeycomb layers, each of which is156

governed by an AFM (FM) isotropic Kitaev exchange157
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Series Expansion for the VBS Phase

§ We performed series expansion around the isolated rung dimers limit.

§ We rescale the Hamiltonian by where the ground-state energy is given by and expand in powers of 
                  and

§ We break the assumption of `isotropic' Heisenberg allowing     to perform series expansions

§ The isotropic Heisenberg interactions is recovered in the end for                  i.e.,

§ The triplon gap stays finite at the physically relevant 𝜆iso with no transition à  The VBS phase  is adiabatically 
connected to the isolated-dimer limit.
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1/2 degrees of freedom reside on the sites of the honey-80

comb lattices on each layer. Within each layer, nearest-81

neighbor spins interact through the Kitaev-Heisenberg82

(KH) interactions, while the nearest-neighbor spins be-83

tween the layers are coupled via Heisenberg interactions.84

We use a state-of-the-art tensor network (TN) method85

[21–23] to simulate the ground state of the model in86

the thermodynamic limit. The method is based on the87

iPEPS formalism, a variational tensor network ansatz88

for ground states in the thermodynamic limit [24–26].89

To complement the TN approach, we carry out high-90

order series expansions about the limit of decoupled rung91

dimers, where the system is in a non-magnetic rung-92

singlet phase. In this limit, the interalayer couplings93

are treated as perturbative interactions and we aim to94

recover the original model at a specific strength of the95

perturbative interaction. To this end, we compute the96

one-triplon excitation gap above the rung-singlet ground97

state as a function of the perturbation strength. This al-98

lows us to determine the extent of the dimerized phase by99

determining the closing of the gap which signals a quan-100

tum phase transition. From the critical gap momentum101

at which the gap closes, we can determine the magneti-102

cally ordered phases on the other side of the transition.103

Such an analysis provides a quantum phase diagram con-104

sistent with the TN calculations.105

Our findings reveal that similar to the monolayer106

model, the competition between Kitaev and Heisenberg107

interactions gives rise to various magnetically ordered108

phases, including zigzag, stripy, ferromagnetic (FM), and109

antiferromagnetic phases, as well as two extended QSL110

states close to the pure Kitaev limit. Furthermore, our111

results unveil the presence of a VBS phase sandwiched112

between the AFM and stripy ordered phases, arising from113

the presence of interlayer Heisenberg interactions. This114

VBS phase is shown to be adiabatically connected to iso-115

lated rung singlets which break no translational symme-116

try.117

The paper is organized as follows: In Section II, we118

introduce the bilayer Kitaev-Heisenberg model and re-119

view some of its relevant properties. Section III provides120

information on the tensor network algorithm, including121

details of the implementation of the iPEPS ansatz for122

layered models and high-order series expansion. In Sec-123

tion IV, we present our results and characterize the phase124

diagram of the model. Finally, Section V is devoted to125

conclusions and discussions.126
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We study the spin-1/2 Kitaev-Heisenberg model on the128
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are coupled with Heisenberg interactions. The Hamilto-130
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ω
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FIG. 3. (Color online) (a) The ground-state energy per site ω0 for the Kiatev-Heisenberg bilayer honeycomb lattice model versus
ε as obtained by iPEPS simulations in the thermodynamic limit for bond dimensions D = 10, 11 and boundary dimension
ϑ = 64. (b) The negative of the second-order derivative of the ω0 with respect to ε (c) Convergence of ω0 within all phases with
increasing bond dimension. The CTMRG boundary dimension is ϑ = D2. For D → 8, we set ϑ = 64. Values above dashed
lines (linear fitting) mark the extrapolation of ω0 as D ↑ ↓.

ating rank-5 tensors to each block site, an iPEPS ansatz244

for the square lattice emerges, e!ectively representing the245

bilayer honeycomb lattice. The local two-body terms of246

the KH model on the e!ective square lattice are defined247

as explained in Appendix A. These gates are later used248

in the simple update for simulating the ground state of249

the system in the thermodynamic limit.250

B. Series expansions251

To complement the iPEPS technique, we perform high-252

order series expansions about the limit of isolated rung253

dimers. For this we rescale the Hamiltonian by J→254

and expand in powers of ωK → K/J→ = ω cos ε and255

ωJ → J/J→ = ω sin ε. Here, we break the assump-256

tion of ‘isotropic’ Heisenberg interactions and allow for257

J ↑= J→ in order to perform series expansions. The case of258

isotropic – equally strong inter- and intralayer – Heisen-259

berg interactions is recovered in the end for ωJ = 1, i. e.,260

ωiso → 1/ sin ε.261

The unperturbed limit ω = 0 corresponds to isolated262

Heisenberg dimers so that the product state of singlets263

on all rungs is the exact ground state and the excitations264

are spin-one triplets. At finite perturbation parameter265

the elementary excitations of this dimer phase are then266

given by spin-one triplons (dressed triplets) [31].267

We calculate the ground-state energy and the one-268

triplon dispersions as a perturbative series in ωJ,K up269

to high orders. Technically, the series expansion is im-270

plemented using perturbative continuous unitary trans-271

formations (pCUTs) [32, 33] which we describe in the272

following.273

The eigenstates of each rung dimer, composed of two274

antiferromagnetically coupled spins, are given by a sin-275

glet276

|s↓ =
1

↔
2
(| ↗↘↓ ≃ | ↘↗↓) (4)

as its lowest lying state and three degenerate triplet ex-277

citation.278

|t
x
↓ = ≃

1
↔

2
(| ↗↗↓ ≃ | ↘↘↓), (5)

|t
y
↓ =

i
↔

2
(| ↗↗↓ + | ↘↘↓), (6)

|t
z
↓ =

1
↔

2
(| ↗↘↓ + | ↘↗↓). (7)

Thus, the unperturbed Hamiltonian can be written as279

H0 = E0 + Q , (8)

where the ground-state energy is given by E0 =280

≃(3/4)Nd with Nd being the number of rung dimers and281

the operator Q =
∑

i,ω t
ω†
i t

ω
i with |t

ω
i ↓ = t

ω†
i |si↓ counts282

the number of triplet excitations. The perturbation is283

given by nearest-neighbor rung dimers interacting via the284

intralayer couplings corresponding to ωJ and ωK . Us-285

ing triplet operators, we can rewrite the bilayer Kitaev-286

Heisenberg model exactly as287

H = H0 +
2∑

n=↑2

T̂n , (9)

with [Q, T̂n] = nT̂n and n ⇐ {0,±2}. Physically, the288

operator T̂n →
∑

ε↓{J,K} ωεT̂
(ε)
n corresponds to all pro-289

cesses where the change of energy quanta with respect to290

H0 is exactly n. Note that, due to the exact reflection291

symmetry corresponding to exchanging the two layers of292

the bilayer, we have T±1 = 0. Further, all Tn with |n| > 2293

are zero as no more than two triplets can be created on294

neighboring dimers.295

The first part of pCUTs is a model-independent map-296

ping of a Hamiltonian of the form (9) to an e!ective297

Hamiltonian He! with [He! ,Q] = 0 up to high orders298

in perturbation theory. The general structure of He! is299

a weighted sum of operator products T̂
(ε1)
n1 · · · T̂

(εr)
nr in300
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FIG. 3. (Color online) (a) The ground-state energy per site ω0 for the Kiatev-Heisenberg bilayer honeycomb lattice model versus
ε as obtained by iPEPS simulations in the thermodynamic limit for bond dimensions D = 10, 11 and boundary dimension
ϑ = 64. (b) The negative of the second-order derivative of the ω0 with respect to ε (c) Convergence of ω0 within all phases with
increasing bond dimension. The CTMRG boundary dimension is ϑ = D2. For D → 8, we set ϑ = 64. Values above dashed
lines (linear fitting) mark the extrapolation of ω0 as D ↑ ↓.
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FIG. 5. (Color online) (a) The ground-state phase diagram of the spin-1/2 Kitaev-Heisenberg model on the bilayer honeycomb
lattice obtained from iPEPS and pCUT. Striped regions indicate the uncertainty of pCUT in the determination of the phase
boundaries. The black solid line refers to ω = 135→ signaling the change of gap momentum between AFM and VBS orders. (b)
Magnetization patterns of various ordered phases of the bilayer model as well as the correlation patterns of the non-magnetized
phases, i. e. , VBS and QSL phases. Within the AFM and stripy ordered phases, upper and lower layers exhibit antiparallel
magnetic orientation, whereas in the FM and zigzag phases upper and lower layers have parallel orientation. The VBS phase is
characterized by strong interlayer and weak intralayer correlations. Hence, we illustrate the VBS phase by thick purple links on
the rungs. In the QSL regions, the correlation components →Sω

i Sω
j ↑ are non-zero only on the corresponding ε-bonds (ε = x, y, z

depicted by thick blue, green and red bonds) while they vanish on all other bonds. Moreover, all non-zero correlations have
the same magnitude.

respectively (see the stripy order along the z-interaction500

axis illustrated in Fig. 5-(b)). As expected for isotropic501

Kitaev interactions, all three excitations have an identi-502

cal dispersion up to rotations of 120→ and it is su!cient503

to consider only one flavor. We stress that the change of504

gap momentum from ω = 135→ to 136→ perfectly coincides505

with the change from AFM order to the VBS phase at506

ω = 135→ from iPEPS.507

Next we investigate the closing of the one-triplon exci-508

tation gap ”(ε) at a critical εc. A critical point εc < εiso509

implies a phase transition for J < J↑ to a magnetically510

ordered phase which we expect to be stable up to J = J↑.511

In contrast, for εc > εiso, one has a VBS phase adiabati-512

cally connected to the rung-singlet product state for the513

isotropic case. Here we assume that there is no first-order514

phase transition which we checked explicitly by compar-515

ing the ground-state energies of iPEPS and pCUT as a516

function of ε (see Appendix B).517

For the regime with kc = (0, 0), we find εc < εiso for518

ω → 127→ ↑ 135→. This implies that for εiso depicted in519

Fig. 5-(a) we find an antiferromagnetically ordered phase,520

coinciding with the AFM phase found by iPEPS. The un-521

certainty in the critical ω originates from the uncertainty522

of the series extrapolation to locate the gap closing at εc523

(see also Sec. III B). For the other regime with kc = (ϑ,ϑ)524

for t
z, we find εc < εiso for ω ↓ [146→, 165→]. In con-525

trast, for ω ↭ 165→, the extrapolation of the one-triplon526

gap does not indicate a closing of the gap. However, we527

stress that εiso shifts to larger values when increasing ω528

towards 180→ so that the extrapolation of the gap series529

becomes unreliable when approaching the QSL phase de-530

tected by iPEPS. Finally, for ω ↓ [136→, 145→], we find531

a critical momentum corresponding to a stripy magnetic532

order but no closing of the one-triplon gap before εiso.533

This is in line with the presence of a VBS phase at εiso534

which is adiabatically connected to the limit of isolated535

rung singlets. We show a representative plot of the gap536

for all three cases in Appendix C.537

V. CONCLUSIONS AND DISCUSSION538

Real Kitaev materials frequently manifest deviations539

from the pure Kitaev model. The Kitaev-Heisenberg540

model emerges as an anisotropic spin-orbital model which541

can describe the low-energy physics of quasi-2D com-542

pounds such as Na2IrO3, Li2IrO3 and ϖ-RuCl3. How-543

ever, the layered structure of such materials may a#ect544

the overall magnetic behavior. In this regard, we studied545

the phase diagram of spin-1/2 Kitaev-Heisenberg model546

on an infinite bilayer honeycomb lattice, where layers are547

coupled via Heisenberg interactions.548

We used the infinite projected entangled pair state ten-549

sor network algorithm to simulate the ground state of550
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v The ground-state phase diagram of the spin-½ Kitaev-Heisenberg model on the bilayer honeycomb lattice was 

studied.

v We Combined the iPEPS tensor-network simulations in the thermodynamic limit with high-order series 

expansions from the isolated-dimer limit to obtain ground-state and excitation properties. 

v We Identified seven distinct phases—four magnetically ordered, two quantum spin-liquid (QSL) states, and one 

interlayer valence-bond solid (VBS). 

v While the FM, AFM, Zigzag and Stripy phases exist in the monolayer Kitaev-Heisenberg model, the VBS phase 

uniquely emerges due to the bilayer structure.

v Alternative approaches for TN simulation of layered or 3D systems: gPEPS (graph projected entangled pair 

state). 
S. S. Jahromi, R. Orus, PRB 99, 195105 (2019)
S. S. Jahromi, H. Yarloo, R. Orus, Phys. Rev. Research 3, 033205 (2021)
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