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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
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cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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M. Platé et al., PRL 95, 077001 (2005)

1+p holes1-p electrons

<latexit sha1_base64="O2ZGqpa8NyhQptnX9j72GPDXjrU="></latexit>

Hall co-e!cient

of holes of

density 1 + p
<latexit sha1_base64="sPpbSx5vrwYuG0mHwrLYNRZOUWw="></latexit>

Luttinger, 1960: Area enclosed by the
Fermi surface is the same as that for
free fermions with the same symmetry.
Oshikawa, 2000: Area constrained by
a ’t Hooft anomaly of global U(1) and
translations



Keimer, Kivelson, Norman, Uchida, and Zaanen, Nature 518, 179 (2015)

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0

II

Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).

PRL 95, 077001 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
12 AUGUST 2005

077001-2

<latexit sha1_base64="/uvxPHEAqR25KMhCGIq/4SSqZYU="></latexit>
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FIG. 1. Observation of the Yamaji e!ect. a, Phase diagram of superconducting temperature

versus doping of Hg1201 [28]. Red dot marks the focus of this work. b, Schematic of the polar (ω)

and azimuthal (ε) angles. a, b and c are crystallographic directions. c, Schematic example orbit

on a quasi-2D Fermi-surface for B→c. Arrows indicate the instantaneous velocity on the orbit.

The c-axis component of the velocity, vc, does not change on the orbit. d, Schematic of example

orbit for ω = ωYamaji. vc oscillates around the orbit and averages to zero. e, Polar magnetic field

orientation-dependent curves of the magnetoresistivity ϑϖc at three di!erent fields, and at 85 K

and ε = 0→. The arrow highlights the Yamaji peak, which disappears into the background at

lower B due to the lower ϱcς . f, The same for two di!erent temperatures. The peak is more

pronounced at lower temperature due to a higher ϱcς . To emphasize the Yamaji peak and to avoid

the e!ect of superconductivity at lower temperature, we plot the di!erence ϖc(72 T) ↑ ϖc(50 T).

g, Azimuthal angle-dependence of the Yamaji peak at ε = 0→ and 45→. The inset schematically

shows the relationship between caliper radius kcal(ε) and ε for an elliptical pocket. The caliper

radius is determined directly from the Yamaji angle by kcal(ε) = 3φ/4c tan[ωYamaji(ε)] where c is

the c↑axis lattice parameter (see Methods) [12, 13, 29]. We find kcal(ε = 0→) = 0.12 ± 0.01 Å↑1

and kcal(ε = 45→) = 0.16± 0.02 Å↑1, respectively.

i.e. a significant fraction of electrons must complete a cyclotron orbit without scattering.
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Observation of the Yamaji effect in a cuprate 
superconductor
 

Mun K. Chan    1  , Katherine A. Schreiber1, Oscar E. Ayala-Valenzuela    1, 
Eric D. Bauer    2, Arkady Shekhter    1 & Neil Harrison    1

The pseudogap state of high-temperature superconducting 
cuprates, known for its partial gapping of the Fermi surface above the 
superconducting transition temperature, is believed to hold the key to 
understanding the origin of Planckian relaxation and quantum criticality. 
However, the nature of the Fermi surface in the pseudogap state has 
remained a fundamental open question. Here we report the observation of 
the Yamaji e!ect, which appears as a peak in the c-axis resistivity at a speci"c 
angle of the applied magnetic "eld, in angle-dependent magnetoresistivity 
measurements above the critical temperature in the cuprate HgBa2CuO4+δ. 
The observation of the Yamaji peak is evidence for small Fermi-surface 
pockets in the normal state of the pseudogap phase. The small size of the 
pockets, each estimated to occupy only 1.3% of the Brillouin zone area, is not 
expected given the absence of long-range broken translational symmetry.

Although evidence for symmetry breaking has been found in the 
pseudogap phase1–6, its connection to quantum criticality has not 
yet been established. For such symmetry breaking to be relevant 
for quantum criticality, it must also have a direct effect on the Fermi 
surface7,8. Indeed, Fermi-surface reconstruction has been explored 
extensively in the cuprates through magnetic quantum oscillations and 
angle-dependent magnetoresistivity measurements7–9. Such measure-
ments have revealed a magnetic-field-induced charge-density wave 
phase10 that exists at temperatures well below the superconducting 
transition temperature, Tc (refs. 11,12), and an antiferromagnetic phase 
present at very low hole dopings13. Because these phases are restricted 
to narrow low-temperature or low-doping regimes, they are not indica-
tive of the broader underdoped region and high temperatures spanned 
by the pseudogap, depicted in Fig. 1a.

In the pseudogap state at temperatures above Tc, the conspicuous 
observation of anomalous Fermi arcs in photoemission experiments 
that do not seem to form closed pockets14,15 has inspired suggestions 
of an unconventional Fermi surface16–18 or even the total absence 
thereof15,19,20. Recent work on La2−y−xNdySrxCuO4 (Nd-LSCO) (ref. 21) 
found a change in the angle-dependent magnetoresistivity across 
the putative pseudogap critical doping, which was reported to be 
consistent with a transformation from large to small Fermi surfaces. 
However, it has also been argued22 that this change could be consistent 

with a Lifshitz transition resulting from crossing of a van Hove singu-
larity, which does not drastically change the size of the Fermi surface. 
Therefore, there is a crucial need to clarify the Fermi surface of the 
pseudogap state.

One way to do this in quasi-two-dimensional (layered) metals, 
such as the cuprates, is through observation of the Yamaji effect, which 
describes the phenomena when all quasiparticle orbits on the Fermi 
surface become degenerate at particular orientations of the magnetic 
field. The signature of the Yamaji effect in angle-dependent magne-
toresistivity is a peak in the interlayer, or c-axis, resistivity, ρc, when the 
orientation of the magnetic field is tilted away from the c axis23–25. One 
of the criteria for the observation of a Yamaji peak, similar to magnetic 
quantum oscillations, is that the product of the cyclotron frequency, 
ωc, and the transport relaxation time, τ, must be at least of the order 
of unity, ωcτ ≳ 1: that is, a non-negligible fraction of electrons must 
complete a cyclotron orbit without scattering. The cyclotron frequency 
is given by ωc = eB/m⋆, where B is the magnetic field, m* is the quasipar-
ticle effective cyclotron mass and e is the electric charge. Therefore, 
similar to quantum oscillations, the observation of the Yamaji effect is 
evidence for a Fermi-surface pocket23–25. Unlike quantum oscillations, 
which can be observed only at low temperatures when cyclotron orbits 
are quantized26, the Yamaji effect does not require orbital quantization. 
In this respect, the Yamaji effect is much better suited for Fermi-surface 
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(see Methods). Inset: Fermi-surface used for simulations.

relation, ωc(ε) → ↑vc(ε)vc(↓ε)↔ =
↑∫
0

dt exp{iεt}↑vc(t)vc(0)↔k. The time-delayed velocity

correlation ↑vc(t)vc(0)↔k, is averaged over all possible starting points k on the Fermi sur-

face [12, 13]. The resistivity ϑc is then obtained by inverting the conductivity ωc(ε) and

taking the zero-frequency limit.

The more e!ectively vc averages to zero around a cyclotron orbit, the smaller is the c-axis

conductivity, and therefore the larger is the c-axis resistivity. Such a physical picture enables

a qualitative understanding of the results in Fig. 1. For very long relaxation times, εcϖ ↗ 1,

electrons can traverse the cyclotron orbit multiple times and the c-axis resistivity approaches

the ‘clean’ limit. In this limit, the conductivity corresponds to the average velocity of a single

complete orbit. As the scattering becomes more intense, and εcϖ decreases, the time-delayed

velocity correlation is suppressed at long times such that the magnetic field dependence of

the c-axis resistivity weakens and eventually disappears in the ‘dirty limit’, εcϖ ↘ 1

When B is aligned along the c-axis, the c-axis component of the velocity does not change

around any given orbit for the simply warped Fermi-surface of Hg1201, (ϱ = 0→ in Fig. 1c).

Hence, the conductivity is the same as that at B = 0 such that ςϑc ≃ 0 at ϱ = 0→, as

observed (Fig. 1e). A very weak magnetoresistivity for B along symmetry directions is well

3

0.05 0.1 0.15
Hole doping  p 

0

100

Te
m

pe
ra

tu
re

 (K
)

   Tc

pseudogap

HgBa2 CuO4+/

 a
 b

?

3

 c

 B

2:
c

B
3  = 0o

B

10-1

3  = 3Yamaji

0 30 60 90
0

0.2

0.4

/;
c (+

.c
m

)

85 K
  ?  = 0o

#72 T
50 T
25 T

0 30 60 90

3  (o )

0

0.1

0.2

0.3

/;
c [7

2 
T 

- 5
0 

T
]  

(+
.c

m
)

  ?  = 0o #

73 K
85 K

0 30 60 90

3  (o )

0

0.1

0.2

/;
c [7

2 
T 

- 5
0 

T
] (
+

.c
m

)

#

#

?  = 0o

?  = 45o

85 K

3Yamaji

3Yamaji

2k
ca
l

? = 45o

2kcal
? = 0o

a b

c d

e

f

g

vc (a:u:)

FIG. 1. Observation of the Yamaji e!ect. a, Phase diagram of superconducting temperature

versus doping of Hg1201 [28]. Red dot marks the focus of this work. b, Schematic of the polar (ω)

and azimuthal (ε) angles. a, b and c are crystallographic directions. c, Schematic example orbit

on a quasi-2D Fermi-surface for B→c. Arrows indicate the instantaneous velocity on the orbit.

The c-axis component of the velocity, vc, does not change on the orbit. d, Schematic of example

orbit for ω = ωYamaji. vc oscillates around the orbit and averages to zero. e, Polar magnetic field

orientation-dependent curves of the magnetoresistivity ϑϖc at three di!erent fields, and at 85 K

and ε = 0→. The arrow highlights the Yamaji peak, which disappears into the background at

lower B due to the lower ϱcς . f, The same for two di!erent temperatures. The peak is more

pronounced at lower temperature due to a higher ϱcς . To emphasize the Yamaji peak and to avoid

the e!ect of superconductivity at lower temperature, we plot the di!erence ϖc(72 T) ↑ ϖc(50 T).

g, Azimuthal angle-dependence of the Yamaji peak at ε = 0→ and 45→. The inset schematically

shows the relationship between caliper radius kcal(ε) and ε for an elliptical pocket. The caliper

radius is determined directly from the Yamaji angle by kcal(ε) = 3φ/4c tan[ωYamaji(ε)] where c is

the c↑axis lattice parameter (see Methods) [12, 13, 29]. We find kcal(ε = 0→) = 0.12 ± 0.01 Å↑1
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i.e. a significant fraction of electrons must complete a cyclotron orbit without scattering.
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The pseudogap state of high-temperature superconducting 
cuprates, known for its partial gapping of the Fermi surface above the 
superconducting transition temperature, is believed to hold the key to 
understanding the origin of Planckian relaxation and quantum criticality. 
However, the nature of the Fermi surface in the pseudogap state has 
remained a fundamental open question. Here we report the observation of 
the Yamaji e!ect, which appears as a peak in the c-axis resistivity at a speci"c 
angle of the applied magnetic "eld, in angle-dependent magnetoresistivity 
measurements above the critical temperature in the cuprate HgBa2CuO4+δ. 
The observation of the Yamaji peak is evidence for small Fermi-surface 
pockets in the normal state of the pseudogap phase. The small size of the 
pockets, each estimated to occupy only 1.3% of the Brillouin zone area, is not 
expected given the absence of long-range broken translational symmetry.

Although evidence for symmetry breaking has been found in the 
pseudogap phase1–6, its connection to quantum criticality has not 
yet been established. For such symmetry breaking to be relevant 
for quantum criticality, it must also have a direct effect on the Fermi 
surface7,8. Indeed, Fermi-surface reconstruction has been explored 
extensively in the cuprates through magnetic quantum oscillations and 
angle-dependent magnetoresistivity measurements7–9. Such measure-
ments have revealed a magnetic-field-induced charge-density wave 
phase10 that exists at temperatures well below the superconducting 
transition temperature, Tc (refs. 11,12), and an antiferromagnetic phase 
present at very low hole dopings13. Because these phases are restricted 
to narrow low-temperature or low-doping regimes, they are not indica-
tive of the broader underdoped region and high temperatures spanned 
by the pseudogap, depicted in Fig. 1a.

In the pseudogap state at temperatures above Tc, the conspicuous 
observation of anomalous Fermi arcs in photoemission experiments 
that do not seem to form closed pockets14,15 has inspired suggestions 
of an unconventional Fermi surface16–18 or even the total absence 
thereof15,19,20. Recent work on La2−y−xNdySrxCuO4 (Nd-LSCO) (ref. 21) 
found a change in the angle-dependent magnetoresistivity across 
the putative pseudogap critical doping, which was reported to be 
consistent with a transformation from large to small Fermi surfaces. 
However, it has also been argued22 that this change could be consistent 

with a Lifshitz transition resulting from crossing of a van Hove singu-
larity, which does not drastically change the size of the Fermi surface. 
Therefore, there is a crucial need to clarify the Fermi surface of the 
pseudogap state.

One way to do this in quasi-two-dimensional (layered) metals, 
such as the cuprates, is through observation of the Yamaji effect, which 
describes the phenomena when all quasiparticle orbits on the Fermi 
surface become degenerate at particular orientations of the magnetic 
field. The signature of the Yamaji effect in angle-dependent magne-
toresistivity is a peak in the interlayer, or c-axis, resistivity, ρc, when the 
orientation of the magnetic field is tilted away from the c axis23–25. One 
of the criteria for the observation of a Yamaji peak, similar to magnetic 
quantum oscillations, is that the product of the cyclotron frequency, 
ωc, and the transport relaxation time, τ, must be at least of the order 
of unity, ωcτ ≳ 1: that is, a non-negligible fraction of electrons must 
complete a cyclotron orbit without scattering. The cyclotron frequency 
is given by ωc = eB/m⋆, where B is the magnetic field, m* is the quasipar-
ticle effective cyclotron mass and e is the electric charge. Therefore, 
similar to quantum oscillations, the observation of the Yamaji effect is 
evidence for a Fermi-surface pocket23–25. Unlike quantum oscillations, 
which can be observed only at low temperatures when cyclotron orbits 
are quantized26, the Yamaji effect does not require orbital quantization. 
In this respect, the Yamaji effect is much better suited for Fermi-surface 
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fermionic holes of density 1+p (relative to 
the filled band with 2 electrons per site)

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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We study the effects of a small density of holes, !, on a square-lattice antiferromagnet undergoing a
continuous transition from a Néel state to a valence bond solid at a deconfined quantum critical point. We argue
that at nonzero !, it is likely that the critical point broadens into a non-Fermi-liquid “holon-metal” phase with
fractionalized excitations. The holon-metal phase is flanked on both sides by Fermi-liquid states with Fermi
surfaces enclosing the usual Luttinger area. The electronic quasiparticles carry distinct quantum numbers in the
two Fermi-liquid phases, and consequently we find that the ratio lim!→0AF /! !where AF is the area of a single
hole pocket" has a factor of 2 discontinuity across the quantum critical point of the insulator. Note, however,
that at !"0, there is no direct transition between these two Fermi-liquid states with distinct Fermi surface
configurations; instead, there is an intermediate holon-metal phase whose width shrinks to zero as !→0. We
demonstrate that the electronic spectrum at the !→0 transition is described by the “boundary” critical theory
of an impurity coupled to a !2+1"-dimensional conformal field theory. We compute the finite temperature
quantum critical electronic spectra and show that they resemble “Fermi arc” spectra seen in recent photoemis-
sion experiments on the pseudogap phase of the cuprates.

DOI: 10.1103/PhysRevB.75.235122 PACS number!s": 71.10.Hf, 75.30.Hx, 73.43.Nq, 75.10.Jm

I. INTRODUCTION

There was a great deal of work on the dynamics of a
single hole in a square-lattice antiferromagnet soon after the
discovery of high-temperature superconductivity in the cu-
prate compounds. It was demonstrated1–8 that a single hole
moving in a Néel ground state has a finite quasiparticle resi-
due, Z; so a small density of holes, !, are expected to form a
Fermi liquid. This Fermi-liquid state with Néel order will be
the starting point of our analysis. Also, Shraiman and
Siggia9,10 introduced a current-current coupling between the
hole and the antiferromagnet, which implied that a large spin
S Néel state is unstable for certain parameter ranges to spiral
spin ordering; we shall not be interested in this metallic spi-
ral state here, although the Shraiman-Siggia coupling #in Eq.
!2.12" below$ will play a key role in our analysis.

We begin with a S=1/2 Néel state of an insulating anti-
ferromagnet and imagine “turning up quantum fluctuations”
by adding further neighbor or ring-exchange couplings so
that there is a transition to a paramagnetic state in which spin
rotation invariance is restored. Now add a small density of
holes to this antiferromagnet. The main question we shall
address is what is the fate of the Fermi-liquid Néel state
across such a transition.

Specifically, we consider the “deconfined” quantum phase
transition proposed in Ref. 11 for an insulating S=1/2
square-lattice antiferromagnet.12–15 This is a theory for a
transition between a Néel state and a spin-gap state with
valence bond solid !VBS" order !the latter state is spin rota-
tion invariant, but breaks lattice symmetries by ordering of
valence bonds". These two states break distinct symmetries
of the Hamiltonian, and so cannot generically have a con-
tinuous transition between them in the Landau-Ginzburg-
Wilson theory of phase transitions. However, such a transi-

tion is found in a deconfined theory focusing not on order
parameters but on fractionalized excitations and emergent
gauge forces. The transition is tuned by the coupling s
!which represents the strength of frustrating exchange inter-
actions" !see Fig. 1". Upon doping, we will argue that the
most likely possibility is that the insulating deconfined criti-

δ

s

sc

P

0

Neel

VBS

Holon metal

FIG. 1. !Color online" Schematic phase diagram. The ellipses
represent spin-singlet valence bonds. The coupling s tunes the in-
sulator across the Néel-VBS transition, and ! is the mobile hole
density. The deconfined quantum critical point is at s=sc in the
insulator with !=0. The vacancies !“holons”" carry a gauge charge
q= ±1 under an emergent U!1" gauge force. In the cartoons above,
the reader can interpret q as a sublattice label. In the s#sc Néel
phase, q determines the spin: a vacancy on an up !down" spin site
carries net spin down !up" and so is equivalent to a charge e, spin-
1 /2 hole. For s"sc, the hole is a composite of a vacancy and a
nearby unpaired spin with opposite q, moving by rearranging
nearest-neighbor valence bonds; note that this motion preserves
spin and sublattice quantum numbers separately !see also Ref. 16".
So there are twice as many states per momentum for a charge e,
spin-1 /2 hole in the VBS state than there are in the Néel state.
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cal point gets broadened into a non-Fermi-liquid “holon-
metal” phase, with no Fermi surface !shown shaded in Fig.
1". The qualitative distinction between the Néel and VBS
states also survives in the Fermi-liquid states at !"0 !shown
unshaded in Fig. 1": we will show that a characteristic prop-
erty !specified shortly" of the Fermi surface has a disconti-
nuity in the limit !→0 as s is scanned across the s=sc criti-
cal point of the insulator. We also compute finite temperature
electronic spectra in the vicinity of the transition and find
that they resemble “Fermi arc” spectra seen in recent photo-
emission experiments on the pseudogap phase of the
cuprates.17

There have been other discussions in the literature18–20 of
transitions between Fermi liquids, including proposals that
there could be a continuous quantum transition with a dis-
continuous change in the shape of the Fermi surface !recent
experiments21 on CeRhIn5 are compatible with an abrupt or
very rapid change in Fermi surface topology". This would
require a sudden change in the Fermi surface as a function of
s at a fixed nonzero value of !. We will argue that such a
change is unlikely in our models, and the situation is as
illustrated in Fig. 1, with an intermediate non-Fermi-liquid
phase.

By an extension of arguments in early work,22–27 it is
expected that a significant portion of the phase diagram in
Fig. 1 is unstable at low temperatures to superconductivity.
We defer consideration of such superconducting states to fu-
ture work, and limit ourselves here to the normal states.

We now turn to a more detailed summary of our results.
First, we discuss our results in the unshaded regions of Fig.
1. In these regions, we are adding a small density of mobile
carriers to conventionally ordered insulators, and we obtain
Fermi-liquid phases with electronlike quasiparticles with a
nonzero quasiparticle residue, i.e., Z!0. Non-Fermi-liquid
physics appears only in the shaded region.

In the s#sc Néel phase, we obtain a Fermi-liquid state1–8

with four hole pockets centered at the K! p= !$ /2a"!±1, ±1",
where a is the lattice spacing, shown in Fig. 2. However,
because of the halving of the Brillouin zone by magnetic
order, only two of these pockets are distinct. After account-
ing for the twofold spin degeneracy, we conclude that the
area enclosed by each pocket is AF= !2$"2! /4. Another way
of understanding this halving of the Brillouin zone !which is
also indicated in the caption of Fig. 1 and discussed further
in Sec. III" is as follows. We can consider the doped hole as
a vacancy in the background of a Néel state. If this hole is to
move without leaving a string of broken bonds,1 it must pre-
serve its sublattice label. However, because of the broken
symmetry associated with the Néel order, the sublattice loca-
tion is not independent of the spin of the vacancy, and two
labels are really the same quantum number.

Next, we discuss a small density of holes in the s"sc
VBS state. As we will demonstrate in Sec. IV, in this state
the four hole pockets are no longer pinned at the K! p, but
instead move a distance % away, as indicated in Fig. 2. This
shift arises from the Shraiman-Siggia9 coupling. The value of
% is determined by s−sc, but is independent of ! to lowest
order in !. Consequently, for sufficiently small !, the hole
pockets do not intersect the reduced Brillouin zone bound-

aries, associated with the appearance of VBS order. The four
hole pockets therefore all contain distinct quasiparticles
states, and after accounting for the twofold spin degeneracy,
we now conclude that the area enclosed by each pocket is
AF= !2$"2! /8. As above, another interpretation of this result
is indicated in Fig. 1, and will be described in more detail in
Sec. IV: the hole motion in the VBS state also preserves its
sublattice index, but now the sublattice and spin labels are
distinct quantum numbers. We also note here that the Fermi
surface configuration of the VBS state in Fig. 2 differs
strongly from that found in a strongly dimerized state28 in
which the Fermi surfaces are near the !$ /2 ,$" point; the
present Fermi surfaces inherit many of their properties from
their proximity to the deconfined quantum critical point.

We can summarize the above statements into one of the
main zero temperature results of this paper:

# lim
!→0

AF

!
#

s#sc

= 2 & # lim
!→0

AF

!
#

s"sc

. !1.1"

Note that on both sides of the equation, we are taking the
limit !→0 at fixed s. Thus, although a characteristic feature
of the Fermi surface !the ratio AF /!" changes discontinu-
ously as s crosses sc, the Fermi surface itself is of vanish-
ingly small size. The result in Eq. !1.1" does not constitute a
discontinuous change in the Fermi surface in the sense of
other proposals.18–20 Instead, at any fixed !"0, we argue
below that there is an intermediate non-Fermi-liquid phase of
finite width between the two Fermi-liquid states, as was
shown in Fig. 2.

We note in passing that the Fermi-liquid states of Fig. 2
differ in their Fermi surface topology from the “large Fermi
surface” state expected at large !. The physics as !→0, in
the vicinity of the Mott insulator near a deconfined quantum
critical point, is quite distinct from that of a weak-coupling
Fermi liquid, and so a large Fermi surface state is not ex-

λ

Neel VBS

FIG. 2. !Color online" Momentum space Fermi surfaces in the
Néel and VBS regions of Fig. 1. The filled circles are the four K! p

wave vectors, with K! 1= !$ /2a"!1,1", K! 2= !$ /2a"!1,−1", K! 3=−K! 1,
and K! 4=−K! 2, with a the lattice spacing. The dashed line in the Néel
phase indicates the boundary of the magnetic Brillouin zone. Only
the Fermi surfaces within this zone contribute to the Luttinger
counting, and so the area of each ellipse is AF= !2$"2! /4. In the
VBS phase, all four pockets are inequivalent, and so the area of
each ellipse is AF= !2$"2! /8. The dashed lines now show the re-
duction of the Brillouin zone due to the VBS order which appears at
sufficiently low temperatures; “shadow” Fermi surfaces, with weak
photoemission intensity !estimated in the text", will appear as re-
flections across these lines, and these Fermi surfaces are not shown.
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1. In these regions, we are adding a small density of mobile
carriers to conventionally ordered insulators, and we obtain
Fermi-liquid phases with electronlike quasiparticles with a
nonzero quasiparticle residue, i.e., Z!0. Non-Fermi-liquid
physics appears only in the shaded region.

In the s#sc Néel phase, we obtain a Fermi-liquid state1–8
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where a is the lattice spacing, shown in Fig. 2. However,
because of the halving of the Brillouin zone by magnetic
order, only two of these pockets are distinct. After account-
ing for the twofold spin degeneracy, we conclude that the
area enclosed by each pocket is AF= !2$"2! /4. Another way
of understanding this halving of the Brillouin zone !which is
also indicated in the caption of Fig. 1 and discussed further
in Sec. III" is as follows. We can consider the doped hole as
a vacancy in the background of a Néel state. If this hole is to
move without leaving a string of broken bonds,1 it must pre-
serve its sublattice label. However, because of the broken
symmetry associated with the Néel order, the sublattice loca-
tion is not independent of the spin of the vacancy, and two
labels are really the same quantum number.

Next, we discuss a small density of holes in the s"sc
VBS state. As we will demonstrate in Sec. IV, in this state
the four hole pockets are no longer pinned at the K! p, but
instead move a distance % away, as indicated in Fig. 2. This
shift arises from the Shraiman-Siggia9 coupling. The value of
% is determined by s−sc, but is independent of ! to lowest
order in !. Consequently, for sufficiently small !, the hole
pockets do not intersect the reduced Brillouin zone bound-

aries, associated with the appearance of VBS order. The four
hole pockets therefore all contain distinct quasiparticles
states, and after accounting for the twofold spin degeneracy,
we now conclude that the area enclosed by each pocket is
AF= !2$"2! /8. As above, another interpretation of this result
is indicated in Fig. 1, and will be described in more detail in
Sec. IV: the hole motion in the VBS state also preserves its
sublattice index, but now the sublattice and spin labels are
distinct quantum numbers. We also note here that the Fermi
surface configuration of the VBS state in Fig. 2 differs
strongly from that found in a strongly dimerized state28 in
which the Fermi surfaces are near the !$ /2 ,$" point; the
present Fermi surfaces inherit many of their properties from
their proximity to the deconfined quantum critical point.

We can summarize the above statements into one of the
main zero temperature results of this paper:
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Note that on both sides of the equation, we are taking the
limit !→0 at fixed s. Thus, although a characteristic feature
of the Fermi surface !the ratio AF /!" changes discontinu-
ously as s crosses sc, the Fermi surface itself is of vanish-
ingly small size. The result in Eq. !1.1" does not constitute a
discontinuous change in the Fermi surface in the sense of
other proposals.18–20 Instead, at any fixed !"0, we argue
below that there is an intermediate non-Fermi-liquid phase of
finite width between the two Fermi-liquid states, as was
shown in Fig. 2.

We note in passing that the Fermi-liquid states of Fig. 2
differ in their Fermi surface topology from the “large Fermi
surface” state expected at large !. The physics as !→0, in
the vicinity of the Mott insulator near a deconfined quantum
critical point, is quite distinct from that of a weak-coupling
Fermi liquid, and so a large Fermi surface state is not ex-
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FIG. 2. Comparison of measured angle dependent magnetoresistivity with a Boltzmann

transport model. a, Magnetoresistivity ωεc at 72 T and 85 K as a function of ϑ for ϖ = 0→, 23o

and 45o. Full underlying data is shown in Supplementary Fig. S1. b, Equivalent simulated ωεc(ϑ)

(see Methods). Inset: Fermi-surface used for simulations.

relation, ωc(ε) → ↑vc(ε)vc(↓ε)↔ =
↑∫
0

dt exp{iεt}↑vc(t)vc(0)↔k. The time-delayed velocity

correlation ↑vc(t)vc(0)↔k, is averaged over all possible starting points k on the Fermi sur-

face [12, 13]. The resistivity ϑc is then obtained by inverting the conductivity ωc(ε) and

taking the zero-frequency limit.

The more e!ectively vc averages to zero around a cyclotron orbit, the smaller is the c-axis

conductivity, and therefore the larger is the c-axis resistivity. Such a physical picture enables

a qualitative understanding of the results in Fig. 1. For very long relaxation times, εcϖ ↗ 1,

electrons can traverse the cyclotron orbit multiple times and the c-axis resistivity approaches

the ‘clean’ limit. In this limit, the conductivity corresponds to the average velocity of a single

complete orbit. As the scattering becomes more intense, and εcϖ decreases, the time-delayed

velocity correlation is suppressed at long times such that the magnetic field dependence of

the c-axis resistivity weakens and eventually disappears in the ‘dirty limit’, εcϖ ↘ 1

When B is aligned along the c-axis, the c-axis component of the velocity does not change

around any given orbit for the simply warped Fermi-surface of Hg1201, (ϱ = 0→ in Fig. 1c).

Hence, the conductivity is the same as that at B = 0 such that ςϑc ≃ 0 at ϱ = 0→, as

observed (Fig. 1e). A very weak magnetoresistivity for B along symmetry directions is well
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FIG. 1. Observation of the Yamaji e!ect. a, Phase diagram of superconducting temperature

versus doping of Hg1201 [28]. Red dot marks the focus of this work. b, Schematic of the polar (ω)

and azimuthal (ε) angles. a, b and c are crystallographic directions. c, Schematic example orbit

on a quasi-2D Fermi-surface for B→c. Arrows indicate the instantaneous velocity on the orbit.

The c-axis component of the velocity, vc, does not change on the orbit. d, Schematic of example

orbit for ω = ωYamaji. vc oscillates around the orbit and averages to zero. e, Polar magnetic field

orientation-dependent curves of the magnetoresistivity ϑϖc at three di!erent fields, and at 85 K

and ε = 0→. The arrow highlights the Yamaji peak, which disappears into the background at

lower B due to the lower ϱcς . f, The same for two di!erent temperatures. The peak is more

pronounced at lower temperature due to a higher ϱcς . To emphasize the Yamaji peak and to avoid

the e!ect of superconductivity at lower temperature, we plot the di!erence ϖc(72 T) ↑ ϖc(50 T).

g, Azimuthal angle-dependence of the Yamaji peak at ε = 0→ and 45→. The inset schematically

shows the relationship between caliper radius kcal(ε) and ε for an elliptical pocket. The caliper

radius is determined directly from the Yamaji angle by kcal(ε) = 3φ/4c tan[ωYamaji(ε)] where c is

the c↑axis lattice parameter (see Methods) [12, 13, 29]. We find kcal(ε = 0→) = 0.12 ± 0.01 Å↑1

and kcal(ε = 45→) = 0.16± 0.02 Å↑1, respectively.

i.e. a significant fraction of electrons must complete a cyclotron orbit without scattering.
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“The small size of the pockets determined from the Yamaji e!ect is . . .
approximately 1.3% of the Brillouin zone area”

FL* pocket fraction = p/8 = 1.25% !
Fluctuating AF metal fraction = p/4 = 2.5%.
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Observation of the Yamaji effect in a cuprate 
superconductor
 

Mun K. Chan    1  , Katherine A. Schreiber1, Oscar E. Ayala-Valenzuela    1, 
Eric D. Bauer    2, Arkady Shekhter    1 & Neil Harrison    1

The pseudogap state of high-temperature superconducting 
cuprates, known for its partial gapping of the Fermi surface above the 
superconducting transition temperature, is believed to hold the key to 
understanding the origin of Planckian relaxation and quantum criticality. 
However, the nature of the Fermi surface in the pseudogap state has 
remained a fundamental open question. Here we report the observation of 
the Yamaji e!ect, which appears as a peak in the c-axis resistivity at a speci"c 
angle of the applied magnetic "eld, in angle-dependent magnetoresistivity 
measurements above the critical temperature in the cuprate HgBa2CuO4+δ. 
The observation of the Yamaji peak is evidence for small Fermi-surface 
pockets in the normal state of the pseudogap phase. The small size of the 
pockets, each estimated to occupy only 1.3% of the Brillouin zone area, is not 
expected given the absence of long-range broken translational symmetry.

Although evidence for symmetry breaking has been found in the 
pseudogap phase1–6, its connection to quantum criticality has not 
yet been established. For such symmetry breaking to be relevant 
for quantum criticality, it must also have a direct effect on the Fermi 
surface7,8. Indeed, Fermi-surface reconstruction has been explored 
extensively in the cuprates through magnetic quantum oscillations and 
angle-dependent magnetoresistivity measurements7–9. Such measure-
ments have revealed a magnetic-field-induced charge-density wave 
phase10 that exists at temperatures well below the superconducting 
transition temperature, Tc (refs. 11,12), and an antiferromagnetic phase 
present at very low hole dopings13. Because these phases are restricted 
to narrow low-temperature or low-doping regimes, they are not indica-
tive of the broader underdoped region and high temperatures spanned 
by the pseudogap, depicted in Fig. 1a.

In the pseudogap state at temperatures above Tc, the conspicuous 
observation of anomalous Fermi arcs in photoemission experiments 
that do not seem to form closed pockets14,15 has inspired suggestions 
of an unconventional Fermi surface16–18 or even the total absence 
thereof15,19,20. Recent work on La2−y−xNdySrxCuO4 (Nd-LSCO) (ref. 21) 
found a change in the angle-dependent magnetoresistivity across 
the putative pseudogap critical doping, which was reported to be 
consistent with a transformation from large to small Fermi surfaces. 
However, it has also been argued22 that this change could be consistent 

with a Lifshitz transition resulting from crossing of a van Hove singu-
larity, which does not drastically change the size of the Fermi surface. 
Therefore, there is a crucial need to clarify the Fermi surface of the 
pseudogap state.

One way to do this in quasi-two-dimensional (layered) metals, 
such as the cuprates, is through observation of the Yamaji effect, which 
describes the phenomena when all quasiparticle orbits on the Fermi 
surface become degenerate at particular orientations of the magnetic 
field. The signature of the Yamaji effect in angle-dependent magne-
toresistivity is a peak in the interlayer, or c-axis, resistivity, ρc, when the 
orientation of the magnetic field is tilted away from the c axis23–25. One 
of the criteria for the observation of a Yamaji peak, similar to magnetic 
quantum oscillations, is that the product of the cyclotron frequency, 
ωc, and the transport relaxation time, τ, must be at least of the order 
of unity, ωcτ ≳ 1: that is, a non-negligible fraction of electrons must 
complete a cyclotron orbit without scattering. The cyclotron frequency 
is given by ωc = eB/m⋆, where B is the magnetic field, m* is the quasipar-
ticle effective cyclotron mass and e is the electric charge. Therefore, 
similar to quantum oscillations, the observation of the Yamaji effect is 
evidence for a Fermi-surface pocket23–25. Unlike quantum oscillations, 
which can be observed only at low temperatures when cyclotron orbits 
are quantized26, the Yamaji effect does not require orbital quantization. 
In this respect, the Yamaji effect is much better suited for Fermi-surface 
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FIG. 2. Comparison of measured angle dependent magnetoresistivity with a Boltzmann
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and 45o. Full underlying data is shown in Supplementary Fig. S1. b, Equivalent simulated ωεc(ϑ)

(see Methods). Inset: Fermi-surface used for simulations.

relation, ωc(ε) → ↑vc(ε)vc(↓ε)↔ =
↑∫
0

dt exp{iεt}↑vc(t)vc(0)↔k. The time-delayed velocity

correlation ↑vc(t)vc(0)↔k, is averaged over all possible starting points k on the Fermi sur-

face [12, 13]. The resistivity ϑc is then obtained by inverting the conductivity ωc(ε) and

taking the zero-frequency limit.

The more e!ectively vc averages to zero around a cyclotron orbit, the smaller is the c-axis

conductivity, and therefore the larger is the c-axis resistivity. Such a physical picture enables

a qualitative understanding of the results in Fig. 1. For very long relaxation times, εcϖ ↗ 1,

electrons can traverse the cyclotron orbit multiple times and the c-axis resistivity approaches

the ‘clean’ limit. In this limit, the conductivity corresponds to the average velocity of a single

complete orbit. As the scattering becomes more intense, and εcϖ decreases, the time-delayed

velocity correlation is suppressed at long times such that the magnetic field dependence of

the c-axis resistivity weakens and eventually disappears in the ‘dirty limit’, εcϖ ↘ 1

When B is aligned along the c-axis, the c-axis component of the velocity does not change

around any given orbit for the simply warped Fermi-surface of Hg1201, (ϱ = 0→ in Fig. 1c).

Hence, the conductivity is the same as that at B = 0 such that ςϑc ≃ 0 at ϱ = 0→, as

observed (Fig. 1e). A very weak magnetoresistivity for B along symmetry directions is well
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shows the relationship between caliper radius kcal(ε) and ε for an elliptical pocket. The caliper

radius is determined directly from the Yamaji angle by kcal(ε) = 3φ/4c tan[ωYamaji(ε)] where c is

the c↑axis lattice parameter (see Methods) [12, 13, 29]. We find kcal(ε = 0→) = 0.12 ± 0.01 Å↑1
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i.e. a significant fraction of electrons must complete a cyclotron orbit without scattering.
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The pseudogap state of high-temperature superconducting 
cuprates, known for its partial gapping of the Fermi surface above the 
superconducting transition temperature, is believed to hold the key to 
understanding the origin of Planckian relaxation and quantum criticality. 
However, the nature of the Fermi surface in the pseudogap state has 
remained a fundamental open question. Here we report the observation of 
the Yamaji e!ect, which appears as a peak in the c-axis resistivity at a speci"c 
angle of the applied magnetic "eld, in angle-dependent magnetoresistivity 
measurements above the critical temperature in the cuprate HgBa2CuO4+δ. 
The observation of the Yamaji peak is evidence for small Fermi-surface 
pockets in the normal state of the pseudogap phase. The small size of the 
pockets, each estimated to occupy only 1.3% of the Brillouin zone area, is not 
expected given the absence of long-range broken translational symmetry.

Although evidence for symmetry breaking has been found in the 
pseudogap phase1–6, its connection to quantum criticality has not 
yet been established. For such symmetry breaking to be relevant 
for quantum criticality, it must also have a direct effect on the Fermi 
surface7,8. Indeed, Fermi-surface reconstruction has been explored 
extensively in the cuprates through magnetic quantum oscillations and 
angle-dependent magnetoresistivity measurements7–9. Such measure-
ments have revealed a magnetic-field-induced charge-density wave 
phase10 that exists at temperatures well below the superconducting 
transition temperature, Tc (refs. 11,12), and an antiferromagnetic phase 
present at very low hole dopings13. Because these phases are restricted 
to narrow low-temperature or low-doping regimes, they are not indica-
tive of the broader underdoped region and high temperatures spanned 
by the pseudogap, depicted in Fig. 1a.

In the pseudogap state at temperatures above Tc, the conspicuous 
observation of anomalous Fermi arcs in photoemission experiments 
that do not seem to form closed pockets14,15 has inspired suggestions 
of an unconventional Fermi surface16–18 or even the total absence 
thereof15,19,20. Recent work on La2−y−xNdySrxCuO4 (Nd-LSCO) (ref. 21) 
found a change in the angle-dependent magnetoresistivity across 
the putative pseudogap critical doping, which was reported to be 
consistent with a transformation from large to small Fermi surfaces. 
However, it has also been argued22 that this change could be consistent 

with a Lifshitz transition resulting from crossing of a van Hove singu-
larity, which does not drastically change the size of the Fermi surface. 
Therefore, there is a crucial need to clarify the Fermi surface of the 
pseudogap state.

One way to do this in quasi-two-dimensional (layered) metals, 
such as the cuprates, is through observation of the Yamaji effect, which 
describes the phenomena when all quasiparticle orbits on the Fermi 
surface become degenerate at particular orientations of the magnetic 
field. The signature of the Yamaji effect in angle-dependent magne-
toresistivity is a peak in the interlayer, or c-axis, resistivity, ρc, when the 
orientation of the magnetic field is tilted away from the c axis23–25. One 
of the criteria for the observation of a Yamaji peak, similar to magnetic 
quantum oscillations, is that the product of the cyclotron frequency, 
ωc, and the transport relaxation time, τ, must be at least of the order 
of unity, ωcτ ≳ 1: that is, a non-negligible fraction of electrons must 
complete a cyclotron orbit without scattering. The cyclotron frequency 
is given by ωc = eB/m⋆, where B is the magnetic field, m* is the quasipar-
ticle effective cyclotron mass and e is the electric charge. Therefore, 
similar to quantum oscillations, the observation of the Yamaji effect is 
evidence for a Fermi-surface pocket23–25. Unlike quantum oscillations, 
which can be observed only at low temperatures when cyclotron orbits 
are quantized26, the Yamaji effect does not require orbital quantization. 
In this respect, the Yamaji effect is much better suited for Fermi-surface 
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FIG. 2. Comparison of measured angle dependent magnetoresistivity with a Boltzmann

transport model. a, Magnetoresistivity ωεc at 72 T and 85 K as a function of ϑ for ϖ = 0→, 23o

and 45o. Full underlying data is shown in Supplementary Fig. S1. b, Equivalent simulated ωεc(ϑ)

(see Methods). Inset: Fermi-surface used for simulations.

relation, ωc(ε) → ↑vc(ε)vc(↓ε)↔ =
↑∫
0

dt exp{iεt}↑vc(t)vc(0)↔k. The time-delayed velocity

correlation ↑vc(t)vc(0)↔k, is averaged over all possible starting points k on the Fermi sur-

face [12, 13]. The resistivity ϑc is then obtained by inverting the conductivity ωc(ε) and

taking the zero-frequency limit.

The more e!ectively vc averages to zero around a cyclotron orbit, the smaller is the c-axis

conductivity, and therefore the larger is the c-axis resistivity. Such a physical picture enables

a qualitative understanding of the results in Fig. 1. For very long relaxation times, εcϖ ↗ 1,

electrons can traverse the cyclotron orbit multiple times and the c-axis resistivity approaches

the ‘clean’ limit. In this limit, the conductivity corresponds to the average velocity of a single

complete orbit. As the scattering becomes more intense, and εcϖ decreases, the time-delayed

velocity correlation is suppressed at long times such that the magnetic field dependence of

the c-axis resistivity weakens and eventually disappears in the ‘dirty limit’, εcϖ ↘ 1

When B is aligned along the c-axis, the c-axis component of the velocity does not change

around any given orbit for the simply warped Fermi-surface of Hg1201, (ϱ = 0→ in Fig. 1c).

Hence, the conductivity is the same as that at B = 0 such that ςϑc ≃ 0 at ϱ = 0→, as

observed (Fig. 1e). A very weak magnetoresistivity for B along symmetry directions is well
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orientation-dependent curves of the magnetoresistivity ϑϖc at three di!erent fields, and at 85 K

and ε = 0→. The arrow highlights the Yamaji peak, which disappears into the background at

lower B due to the lower ϱcς . f, The same for two di!erent temperatures. The peak is more

pronounced at lower temperature due to a higher ϱcς . To emphasize the Yamaji peak and to avoid

the e!ect of superconductivity at lower temperature, we plot the di!erence ϖc(72 T) ↑ ϖc(50 T).

g, Azimuthal angle-dependence of the Yamaji peak at ε = 0→ and 45→. The inset schematically

shows the relationship between caliper radius kcal(ε) and ε for an elliptical pocket. The caliper

radius is determined directly from the Yamaji angle by kcal(ε) = 3φ/4c tan[ωYamaji(ε)] where c is
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i.e. a significant fraction of electrons must complete a cyclotron orbit without scattering.
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“The small size of the pockets determined from the Yamaji e!ect is . . .
approximately 1.3% of the Brillouin zone area”

FL* pocket fraction = p/8 = 1.25% !
Fluctuating AF metal fraction = p/4 = 2.5%.
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Observation of the Yamaji effect in a cuprate 
superconductor
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Eric D. Bauer    2, Arkady Shekhter    1 & Neil Harrison    1

The pseudogap state of high-temperature superconducting 
cuprates, known for its partial gapping of the Fermi surface above the 
superconducting transition temperature, is believed to hold the key to 
understanding the origin of Planckian relaxation and quantum criticality. 
However, the nature of the Fermi surface in the pseudogap state has 
remained a fundamental open question. Here we report the observation of 
the Yamaji e!ect, which appears as a peak in the c-axis resistivity at a speci"c 
angle of the applied magnetic "eld, in angle-dependent magnetoresistivity 
measurements above the critical temperature in the cuprate HgBa2CuO4+δ. 
The observation of the Yamaji peak is evidence for small Fermi-surface 
pockets in the normal state of the pseudogap phase. The small size of the 
pockets, each estimated to occupy only 1.3% of the Brillouin zone area, is not 
expected given the absence of long-range broken translational symmetry.

Although evidence for symmetry breaking has been found in the 
pseudogap phase1–6, its connection to quantum criticality has not 
yet been established. For such symmetry breaking to be relevant 
for quantum criticality, it must also have a direct effect on the Fermi 
surface7,8. Indeed, Fermi-surface reconstruction has been explored 
extensively in the cuprates through magnetic quantum oscillations and 
angle-dependent magnetoresistivity measurements7–9. Such measure-
ments have revealed a magnetic-field-induced charge-density wave 
phase10 that exists at temperatures well below the superconducting 
transition temperature, Tc (refs. 11,12), and an antiferromagnetic phase 
present at very low hole dopings13. Because these phases are restricted 
to narrow low-temperature or low-doping regimes, they are not indica-
tive of the broader underdoped region and high temperatures spanned 
by the pseudogap, depicted in Fig. 1a.

In the pseudogap state at temperatures above Tc, the conspicuous 
observation of anomalous Fermi arcs in photoemission experiments 
that do not seem to form closed pockets14,15 has inspired suggestions 
of an unconventional Fermi surface16–18 or even the total absence 
thereof15,19,20. Recent work on La2−y−xNdySrxCuO4 (Nd-LSCO) (ref. 21) 
found a change in the angle-dependent magnetoresistivity across 
the putative pseudogap critical doping, which was reported to be 
consistent with a transformation from large to small Fermi surfaces. 
However, it has also been argued22 that this change could be consistent 

with a Lifshitz transition resulting from crossing of a van Hove singu-
larity, which does not drastically change the size of the Fermi surface. 
Therefore, there is a crucial need to clarify the Fermi surface of the 
pseudogap state.

One way to do this in quasi-two-dimensional (layered) metals, 
such as the cuprates, is through observation of the Yamaji effect, which 
describes the phenomena when all quasiparticle orbits on the Fermi 
surface become degenerate at particular orientations of the magnetic 
field. The signature of the Yamaji effect in angle-dependent magne-
toresistivity is a peak in the interlayer, or c-axis, resistivity, ρc, when the 
orientation of the magnetic field is tilted away from the c axis23–25. One 
of the criteria for the observation of a Yamaji peak, similar to magnetic 
quantum oscillations, is that the product of the cyclotron frequency, 
ωc, and the transport relaxation time, τ, must be at least of the order 
of unity, ωcτ ≳ 1: that is, a non-negligible fraction of electrons must 
complete a cyclotron orbit without scattering. The cyclotron frequency 
is given by ωc = eB/m⋆, where B is the magnetic field, m* is the quasipar-
ticle effective cyclotron mass and e is the electric charge. Therefore, 
similar to quantum oscillations, the observation of the Yamaji effect is 
evidence for a Fermi-surface pocket23–25. Unlike quantum oscillations, 
which can be observed only at low temperatures when cyclotron orbits 
are quantized26, the Yamaji effect does not require orbital quantization. 
In this respect, the Yamaji effect is much better suited for Fermi-surface 
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1. Dope spin liquid with holes, not holons.
The Ancilla Layer Model (ALM) enables

a theory of FL* with hole pockets and a general spin liquid.

2. Building on recent numerical evidence, we choose

the ω-flux spin liquid with fermionic spinons

coupled to an emergent SU(2) gauge field.

3. Theory of pseudogap (and its low T instabilities):

Hole pockets coupled to critical spin liquid by

thermal fluctuations of a SU(2) gauge theory

with a charge e Higgs field.
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<latexit sha1_base64="fudo4ybbMQav7iIUS43ZpqwMVJQ="></latexit>Pi → Paramagnon

Hubbard  
model of 

hole density 
1+p

<latexit sha1_base64="860OnqZb9AT6S2QR9Arl77G7U4c=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj7Sf9VAkI5z2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5hdPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiaz98mAK0aNmFiCVHF7K6EjVEiNDalkQ/CWX14lrYuqV6vW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKEh4hld4c7Tz4rw7H4vWgpPPHMMfOJ8/zR6RBQ==</latexit>cω

Ancilla Layer Model of the Hubbard model 
(Foolproof method to satisfy the Oshikawa anomaly)

Ya-Hui  
Zhang



Ya-Hui Zhang and S. S., PRR 2, 023172 (2020) 
A. Nikolaenko, M. Tikhanovskaya, S. S., and Ya-Hui Zhang, PRB 103, 235138 (2021) 

Hubbard  
model of 

hole density 
1+p

<latexit sha1_base64="860OnqZb9AT6S2QR9Arl77G7U4c=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj7Sf9VAkI5z2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5hdPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiaz98mAK0aNmFiCVHF7K6EjVEiNDalkQ/CWX14lrYuqV6vW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKEh4hld4c7Tz4rw7H4vWgpPPHMMfOJ8/zR6RBQ==</latexit>cω

Ancilla Layer Model of the Hubbard model 
(Foolproof method to satisfy the Oshikawa anomaly)

<latexit sha1_base64="iFy7LdOO0JG26Ygt3maSaOw/nPI="></latexit>

HHubbard = →

∑

i,j

tijc
†
iωcjω +

∑

i

[
mP
2

(ωεPi)
2 +

3U

8
P2

i + UPi · c
†
iω

ωωϑ

2
ciϑ

]
.

<latexit sha1_base64="fudo4ybbMQav7iIUS43ZpqwMVJQ="></latexit>Pi → ParamagnonYa-Hui  
Zhang



Ya-Hui Zhang and S. S., PRR 2, 023172 (2020) 
A. Nikolaenko, M. Tikhanovskaya, S. S., and Ya-Hui Zhang, PRB 103, 235138 (2021) 

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1
<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

Free holes of  
density 

1+p

<latexit sha1_base64="860OnqZb9AT6S2QR9Arl77G7U4c=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj7Sf9VAkI5z2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5hdPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiaz98mAK0aNmFiCVHF7K6EjVEiNDalkQ/CWX14lrYuqV6vW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKEh4hld4c7Tz4rw7H4vWgpPPHMMfOJ8/zR6RBQ==</latexit>cω

Ancilla Layer Model of the Hubbard model 
(Foolproof method to satisfy the Oshikawa anomaly)

<latexit sha1_base64="iFy7LdOO0JG26Ygt3maSaOw/nPI="></latexit>

HHubbard = →

∑

i,j

tijc
†
iωcjω +

∑

i

[
mP
2

(ωεPi)
2 +

3U

8
P2

i + UPi · c
†
iω

ωωϑ

2
ciϑ

]
.

<latexit sha1_base64="0FGG1Gmzuv9QWAG/yqMk3HFHzrY="></latexit>

3 P oscillators’ states: |0, 0, 0→, |1, 0, 0→, |0, 1, 0→, |0, 0, 1→
S1,2 ancilla qubits states : (|↑↓→ ↔ |↓↑→)/

↗
2, |↑↑→, (|↑↓→+ |↓↑→)/

↗
2, |↓↓→

P ↘ S1 ↔ S2

Ya-Hui  
Zhang



Ya-Hui Zhang and S. S., PRR 2, 023172 (2020) 
A. Nikolaenko, M. Tikhanovskaya, S. S., and Ya-Hui Zhang, PRB 103, 235138 (2021) 

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1
<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

Free holes of  
density 

1+p

<latexit sha1_base64="860OnqZb9AT6S2QR9Arl77G7U4c=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj7Sf9VAkI5z2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5hdPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiaz98mAK0aNmFiCVHF7K6EjVEiNDalkQ/CWX14lrYuqV6vW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKEh4hld4c7Tz4rw7H4vWgpPPHMMfOJ8/zR6RBQ==</latexit>cω

Ancilla Layer Model of the Hubbard model 
(Foolproof method to satisfy the Oshikawa anomaly)

<latexit sha1_base64="iFy7LdOO0JG26Ygt3maSaOw/nPI="></latexit>

HHubbard = →

∑

i,j

tijc
†
iωcjω +

∑

i

[
mP
2

(ωεPi)
2 +

3U

8
P2

i + UPi · c
†
iω

ωωϑ

2
ciϑ

]
.

<latexit sha1_base64="0FGG1Gmzuv9QWAG/yqMk3HFHzrY="></latexit>

3 P oscillators’ states: |0, 0, 0→, |1, 0, 0→, |0, 1, 0→, |0, 0, 1→
S1,2 ancilla qubits states : (|↑↓→ ↔ |↓↑→)/

↗
2, |↑↑→, (|↑↓→+ |↓↑→)/

↗
2, |↓↓→

P ↘ S1 ↔ S2

Ya-Hui  
Zhang

<latexit sha1_base64="a+0nrNwkznAs/fvLddNOG8JE4Yc="></latexit>

Paramagnon



Ya-Hui Zhang and S. S., PRR 2, 023172 (2020) 
A. Nikolaenko, M. Tikhanovskaya, S. S., and Ya-Hui Zhang, PRB 103, 235138 (2021) 

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1
<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

Free holes of  
density 

1+p

<latexit sha1_base64="860OnqZb9AT6S2QR9Arl77G7U4c=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj7Sf9VAkI5z2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5hdPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiaz98mAK0aNmFiCVHF7K6EjVEiNDalkQ/CWX14lrYuqV6vW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKEh4hld4c7Tz4rw7H4vWgpPPHMMfOJ8/zR6RBQ==</latexit>cω

Ancilla Layer Model of the Hubbard model 
(Foolproof method to satisfy the Oshikawa anomaly)

<latexit sha1_base64="iFy7LdOO0JG26Ygt3maSaOw/nPI="></latexit>

HHubbard = →

∑

i,j

tijc
†
iωcjω +

∑

i

[
mP
2

(ωεPi)
2 +

3U

8
P2

i + UPi · c
†
iω

ωωϑ

2
ciϑ

]
.

<latexit sha1_base64="0FGG1Gmzuv9QWAG/yqMk3HFHzrY="></latexit>

3 P oscillators’ states: |0, 0, 0→, |1, 0, 0→, |0, 1, 0→, |0, 0, 1→
S1,2 ancilla qubits states : (|↑↓→ ↔ |↓↑→)/

↗
2, |↑↑→, (|↑↓→+ |↓↑→)/

↗
2, |↓↓→

P ↘ S1 ↔ S2

Ya-Hui  
Zhang

<latexit sha1_base64="a+0nrNwkznAs/fvLddNOG8JE4Yc="></latexit>

Paramagnon



Ya-Hui Zhang and S. S., PRR 2, 023172 (2020) 
A. Nikolaenko, M. Tikhanovskaya, S. S., and Ya-Hui Zhang, PRB 103, 235138 (2021) 

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1
<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

Free holes of  
density 

1+p

<latexit sha1_base64="860OnqZb9AT6S2QR9Arl77G7U4c=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj7Sf9VAkI5z2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5hdPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiaz98mAK0aNmFiCVHF7K6EjVEiNDalkQ/CWX14lrYuqV6vW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKEh4hld4c7Tz4rw7H4vWgpPPHMMfOJ8/zR6RBQ==</latexit>cω

Ancilla Layer Model of the Hubbard model 
(Foolproof method to satisfy the Oshikawa anomaly)

<latexit sha1_base64="iFy7LdOO0JG26Ygt3maSaOw/nPI="></latexit>

HHubbard = →

∑

i,j

tijc
†
iωcjω +

∑

i

[
mP
2

(ωεPi)
2 +

3U

8
P2

i + UPi · c
†
iω

ωωϑ

2
ciϑ

]
.

<latexit sha1_base64="0FGG1Gmzuv9QWAG/yqMk3HFHzrY="></latexit>

3 P oscillators’ states: |0, 0, 0→, |1, 0, 0→, |0, 1, 0→, |0, 0, 1→
S1,2 ancilla qubits states : (|↑↓→ ↔ |↓↑→)/

↗
2, |↑↑→, (|↑↓→+ |↓↑→)/

↗
2, |↓↓→

P ↘ S1 ↔ S2

Ya-Hui  
Zhang

<latexit sha1_base64="a+0nrNwkznAs/fvLddNOG8JE4Yc="></latexit>

Paramagnon



Ya-Hui Zhang and S. S., PRR 2, 023172 (2020) 
A. Nikolaenko, M. Tikhanovskaya, S. S., and Ya-Hui Zhang, PRB 103, 235138 (2021) 

<latexit sha1_base64="kK57Td8CPk4SxXf0khhAuf9T4DA="></latexit>

HALM = →

∑

i,j

tijc
†
iωcjω +

∑

i

JK
2

S1i · c
†
iωωωεciε + J→

∑

i

S1i · S2i .

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1
<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

Free holes of  
density 

1+p
<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK

<latexit sha1_base64="860OnqZb9AT6S2QR9Arl77G7U4c=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj7Sf9VAkI5z2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5hdPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiaz98mAK0aNmFiCVHF7K6EjVEiNDalkQ/CWX14lrYuqV6vW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKEh4hld4c7Tz4rw7H4vWgpPPHMMfOJ8/zR6RBQ==</latexit>cω

Ancilla Layer Model of the Hubbard model 
(Foolproof method to satisfy the Oshikawa anomaly)

Ya-Hui  
Zhang



ALM of FL* of Hubbard model 

Ya-Hui Zhang and S. S., PRR 2, 023172 (2020) 
A. Nikolaenko, M. Tikhanovskaya, S. S., and Ya-Hui Zhang, PRB 103, 235138 (2021) 

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1
<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

Free holes of  
density 

1+p{ <latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK

<latexit sha1_base64="GSnRzvxe6kKvKaExy25hMysCQv0="></latexit>

Kondo lattice heavy
Fermi liquid.
Area (1 + p+ 1)/2
= p/2 (mod 1).
Small Fermi surface!

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="6MLlc2CnBz1LqPq9i01oUPCY820="></latexit>

Kondo Lattice FL of cω and S1

Pseudogap metal = →
Spin Liquid of S2Ya-Hui  

Zhang

<latexit sha1_base64="3Qp3NXQKogdvzmE9ljvcxIMpcww="></latexit>

Your favorite
spin liquid

{



<latexit sha1_base64="qn4cj3oqUH2zThQ11uCEGHYHJZc="></latexit>

1. Dope spin liquid with holes, not holons.
The Ancilla Layer Model (ALM) enables

a theory of FL* with hole pockets and a general spin liquid.

2. Building on recent numerical evidence, we choose

the ω-flux spin liquid with fermionic spinons

coupled to an emergent SU(2) gauge field.

3. Theory of pseudogap (and its low T instabilities):

Hole pockets coupled to critical spin liquid by

thermal fluctuations of a SU(2) gauge theory

with a charge e Higgs field.



Towards a final phase diagram
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<latexit sha1_base64="H9M+xueahruX5AuQzrG2vD6OksQ=">AAACEnicdVDLSsNAFJ3Ud3xFXboZLIJuSipWzU5048KFon1AE8pkcluHTiZxZiKU0G9w46+4caGIW1fu/BsntYKKHhg4nHMPd+4JU86Udt13qzQxOTU9Mztnzy8sLi07K6sNlWSSQp0mPJGtkCjgTEBdM82hlUogccihGfaPC795A1KxRFzqQQpBTHqCdRkl2kgdZ9sPocdETkFokEP7ImXC9+1Tdp2xyPZBRF9Wxym7Fe+g5nk17FbcEQrieW5tF1fHShmNcdZx3vwooVls4pQTpdpVN9VBTqRmlMPQ9jMFKaF90oO2oYLEoIJ8dNIQbxolwt1Emic0HqnfEzmJlRrEoZmMib5Sv71C/MtrZ7p7EORMpJkGQT8XdTOOdYKLfnDEJFDNB4YQKpn5K6ZXRBJqOlC2KeHrUvw/aexUqnsV93ynfHg0rmMWraMNtIWqaB8dohN0huqIolt0jx7Rk3VnPVjP1svnaMkaZ9bQD1ivH/Wunk4=</latexit>

Spin
Liquid

<latexit sha1_base64="pKwMskRqAaVkjg5CkHcESxwvrds=">AAAB7XicdVBNSwMxEM36WetX1aOXYBE9lWyxtseiF09SwX5Au5RsOtvGZrNLkhXK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPz/FhwbQj5cJaWV1bX1nMb+c2t7Z3dwt5+S0eJYtBkkYhUx6caBJfQNNwI6MQKaOgLaPvjy5nfvgeleSRvzSQGL6RDyQPOqLFS67p3AiD6hSIpEUIqFRfPiYUl1VqlVj3DbqYUUYZGv/DeG0QsCUEaJqjWXZfExkupMpwJmOZ7iYaYsjEdQtdSSUPQXjq/doqPrTLAQaRsSYPn6veJlIZaT0LfdobUjPRvbyb+5XUTE9S8lMs4MSDZYlGQCGwiPHsdD7gCZsTEEsoUt7diNqKKMmMDytsQvj7F/5NWueSel8hNuVi/yOLIoUN0hE6Ri6qojq5QAzURQ3foAT2hZydyHp0X53XRuuRkMwfoB5y3T0i1jvI=</latexit>

Néel
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Columnar

<latexit sha1_base64="dKFRFZDDWJkSwAfBT4kyQDBZDYk=">AAAB6nicdVDLTgIxFO3gC/GFunTTSExcTVpABncENy4xCJLAhHRKgYZOZ9J2TMiET3DjQmPc+kXu/BvLw0SNnuQmJ+fcm3vvCWLBtUHow8msrW9sbmW3czu7e/sH+cOjto4SRVmLRiJSnYBoJrhkLcONYJ1YMRIGgt0Fk6u5f3fPlOaRvDXTmPkhGUk+5JQYKzXb9WY/X0AuxrhU9iByvVK5clGyBKPqpedB7KIFCmCFRj//3htENAmZNFQQrbsYxcZPiTKcCjbL9RLNYkInZMS6lkoSMu2ni1Nn8MwqAziMlC1p4EL9PpGSUOtpGNjOkJix/u3Nxb+8bmKGVT/lMk4Mk3S5aJgIaCI4/xsOuGLUiKklhCpub4V0TBShxqaTsyF8fQr/J+2iiysuuikWavVVHFlwAk7BOcDAAzVwDRqgBSgYgQfwBJ4d4Tw6L87rsjXjrGaOwQ84b59PIo3T</latexit>
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<latexit sha1_base64="cfMqiAQZDgOKZJ0JJdPtjOqXCD0=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmIzGxutxRKCXRxhKNIAlcyN4yByt7e5fdPRNC+A82Fhpj6/+x89+4wBUKvmSSl/dmMjMvTAXXxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRTDJssEYlqh1Sj4BKbhhuB7VQhjUOBD+HoeuY/PKHSPJH3ZpxiENOB5BFn1FipdYeRS2q9csVzvTnIKvFzUoEcjV75q9tPWBajNExQrTu+l5pgQpXhTOC01M00ppSN6AA7lkoaow4m82un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzNRLZhwmWYGJVssijJBTEJmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K//PIqaVVd/8L1b6uV+lUeRxFO4BTOwYdLqMMNNKAJDB7hGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AWpOjl0=</latexit>

Ref. 8
<latexit sha1_base64="LvFSya3ie0RrOV4O1JCAN02l2ss=">AAAB7XicbVC7TsNAEFzzDOEVoKQ5ESFRWXYKHl0EDWVA5CElVnS+rJMj57N1d0aKovwDDQUI0fI/dPwNl8QFJIy00mhmV7s7YSq4Np737aysrq1vbBa2its7u3v7pYPDhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHN1O/+YRK80Q+mFGKQUz7kkecUWOlxj1GLrnqlsqe681AlomfkzLkqHVLX51ewrIYpWGCat32vdQEY6oMZwInxU6mMaVsSPvYtlTSGHUwnl07IadW6ZEoUbakITP198SYxlqP4tB2xtQM9KI3Ff/z2pmJLoMxl2lmULL5oigTxCRk+jrpcYXMiJEllClubyVsQBVlxgZUtCH4iy8vk0bF9c9d/65Srl7ncRTgGE7gDHy4gCrcQg3qwOARnuEV3pzEeXHenY9564qTzxzBHzifP2vSjl4=</latexit>

Ref. 9
<latexit sha1_base64="2LTW3ixM9IHE/e0yKiAh6gqR2zQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4CkkP6rHoxWMV+wFtKJvtpF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpoJr43nfztr6xubWdmmnvLu3f3BYOTpu6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZqP2DkEt/rV6qe681BVolfkCoUaPQrX71BwrIYpWGCat31vdQEOVWGM4HTci/TmFI2pkPsWippjDrI5+dOyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmv5MBV8iMmFhCmeL2VsJGVFFmbEJlG4K//PIqadVc/9L172vV+k0RRwlO4QwuwIcrqMMdNKAJDMbwDK/w5qTOi/PufCxa15xi5gT+wPn8Ac78jpA=</latexit>

Ref. 10

FIG. 1. Phases of the S = 1/2 J1-J2 antiferromagnet on the square lattice, from the numerical results

of Refs. [7–10], all of which agree that the spin liquid is gapless. Each ellipse in the valence bond solid

(VBS) represents a singlet pair of electrons. Lower part of figure adapted from Ref. [11].

are the nature of the quantum phases of the model, and of the quantum phase transitions between

them, as a function of increasing J2/J1 after the Néel order vanishes at a critical value of J2/J1.

These questions are also the focus of our attention here.

An early proposal [5, 6, 12, 13] was that there was a direct transition from the Néel state to

a valence bond solid (VBS) (see Fig. 1) which restores spin rotation symmetry but breaks lattice

symmetries (followed by a first order transition at larger J2/J1 to a ‘columnar’ state which breaks

spin rotation symmetry, and which we do not address in the present paper). A theory of ‘deconfined

criticality’ was developed [14–16] showing that a continuous Néel-VBS transition was possible, even

though it was not allowed in the Landau-Ginzburg-Wilson framework because distinct symmetries

were broken in the two phases. Evidence has since accumulated for the presence of a VBS phase in

the J1-J2 model, but the nature of the Néel-VBS transition in this model has remained a question
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<latexit sha1_base64="qwbajmyLmJGWYMa26YQ2lgc2Bos=">AAAB/HicdZDLSgMxFIYzXmu9jbp0E2yFCqVkitq6qwriRqhgL9AOJZNm2tDMhSRTKEN9EpfqRtz6Ji58G9PpCCp6IOHn+88hJ78TciYVQh/GwuLS8spqZi27vrG5tW3u7DZlEAlCGyTggWg7WFLOfNpQTHHaDgXFnsNpyxldzvzWmArJAv9OTUJqe3jgM5cRrDTqmWa+0A1ZEerrKA/Pr256Zg6VEELHCMFEoEScVapVC0ErJTmQVr1nvnf7AYk86ivCsZQdC4XKjrFQjHA6zXYjSUNMRnhAO1r62KPSjpPNp/BQkz50A6GPr2BCv0/E2JNy4jm608NqKH97M1h0vL/sTqTcqh0zP4wU9cn8LTfiUAVwlgTsM0GJ4hMtMBFMrwvJEAtMlM4rq3P4+iz8XzTLJeu0dHJbztUu0kQyYB8cgAKwQAXUwDWogwYgYAwewBN4Nu6NR+PFeJ23LhjpzB74UcbbJ5cmksg=</latexit>
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Z.-C. Gu, Science Bulletin 67, 1034 (2022)
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Valence bond solid (VBS)

N. Read and S. Sachdev, Phys. Rev. Lett. 62, 1694 (1989) 
N. Read and S. Sachdev, Phys. Rev. B 42, 4568 (1990)
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N/nb
<latexit sha1_base64="nEbmQBx6fpy8uVuSRSIx1FuUL9E="></latexit>

L = |(@µ � iaµ)z↵|2 + s|z↵|2 + u|z↵|4 + Lmonopole

<latexit sha1_base64="KlLq5Tmp0kWuKhXk5BnHNwHGjMM="></latexit>

Mean-field spin liquid
with gapped bosonic spinons.

Low energy CP1 U(1) gauge theory
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S=1/2 square lattice
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<latexit sha1_base64="dRImT6BILinhuESugpb5LZPtaAg="></latexit>

J2/J1 = 0:
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I. Affleck and J.B. Marston, PRB 37, 3774 (1988) 
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C. Wang, A. Nahum,  M. A. Metlitski, C. Xu,  
T. Senthil, Phys. Rev. X 7, 031051 (2017)
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I. Affleck and J.B. Marston, PRB 37, 3774 (1988) 
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We combine the pseudofermion functional renormalization group (PFFRG) method with a self-consistent
Fock-like mean-field scheme to calculate low-energy effective theories for emergent spinon excitations in spin-
1/2 quantum spin liquids. Using effective spin interactions from PFFRG as an input for the Fock equation and
allowing for the most general types of free spinon Ansätze as classified by the projective symmetry group (PSG)
method, we are able to systematically determine spinon band structures for spin-liquid candidate systems beyond
mean-field theory. We apply this approach to the antiferromagnetic J1-J2 Heisenberg model on the square lattice
and to the antiferromagnetic nearest-neighbor Heisenberg model on the kagome lattice. For the J1-J2 model,
we find that in the regime of maximal frustration a SU(2) π -flux state with Dirac spinons yields the largest
mean-field amplitudes. For the kagome model, we identify a gapless Z2 spin liquid with a small circular spinon
Fermi surface and approximate Dirac cones at low but finite energies.
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Introduction. The investigation of fractional quasiparticles
has developed into one of the most active research topics in
modern condensed-matter physics. In general, fractionaliza-
tion occurs whenever the excitations of a many-body system
carry quantum numbers which are fractions of those of the
actual elementary constituents. Lately, fractionalization has
attracted increasing interest in the context of magnetic sys-
tems where, among other examples [1,2], it manifests through
monopole excitations in classical spin ice systems [3–6] or
through spinons in spin-1/2 quantum spin liquids [7,8].

In the latter scenario, strong magnetic frustration effects
and large quantum fluctuations hinder a spin system from
developing conventional long-range magnetic order [9]. As a
consequence, the bosonic S = 1 spin-wave excitations of an
ordered state can decompose into fractional and deconfined
quasiparticles with spin S = 1/2, called spinons [10,11]. Be-
yond one dimension (1D), the low-energy theory of quantum
spin liquids also requires a coupling of the spinons to an
emergent gauge field which may enrich the system with any-
onic quasiparticle statistics [12] and topologically protected
ground-state degeneracies [13]. In two dimensions (2D), the
existence of fractionalized excitations in quantum spin liquids
is well established for only a handful of systems, namely,
the S = 1/2 Kalmeyer-Laughlin Abelian [14] and an S = 1
non-Abelian chiral spin liquid [15], the resonating-valence
bond phase in the quantum dimer model on the triangular
lattice [16], and the Kitaev model spin liquid [17].

The theoretical prediction of fractionalization in quantum
many-body systems starting from a “bare” Hamiltonian is
a notoriously difficult problem. Particularly, for a generic
frustrated Heisenberg model Ĥ =

∑
(i, j) Ji j Ŝi · Ŝ j already the

numerical identification of a spin-liquid ground state poses
a significant challenge. The characterization of its emergent

excitations (such as spinon band structures and the type of
gauge field they are associated with) represents an even more
difficult endeavor. Important but somewhat indirect insight
into spinon properties can be gained from the scaling of the
entanglement entropy calculated by density-matrix renormal-
ization group (DMRG) [18,19] (which recently even allowed
for a qualitative investigation of emergent Dirac spinons in
the kagome spin liquid [20]). Furthermore, variational Monte
Carlo (VMC) allows one to identify the free fermion model
with the lowest variational energy of its Gutzwiller-projected
ground state, however, this free fermion model does not
necessarily describe the system’s spinon excitations (yet, it
has recently met with some success in describing spinon
excitations [21,22]).

In this Rapid Communication we develop and apply a nu-
merical technique based on pseudofermion functional renor-
malization group (PFFRG) [23] which directly calculates low-
energy effective theories of fermionic spinons in a quantum
spin liquid. Within our method, we first calculate renormal-
ized spin interactions via one-loop PFFRG by integrating out
energy modes of the system down to a low but finite scale ".
These effective interactions are then used in a Fock-like mean-
field scheme treating the remaining low-energy modes and al-
lowing us to determine the kinetic terms of an effective spinon
theory (including spinon hopping and singlet pairing). This
approach combines the strengths of PFFRG which captures
significant parts of the system’s quantum fluctuations with
the advantages of a mean-field treatment wherein emergent
spinon properties (that would not follow from a PFFRG
calculation alone) may be determined self-consistently (see
also Refs. [24,25] for related works on Hubbard models).
We apply our approach to spin-liquid candidate systems on
the square and kagome lattices where the possible Ansätze
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FIG. 1. Total amplitudes ξ = (|t |2 + |"|2)1/2 from plain mean
field [Eq. (2)] for the Z2Azz13 and Z2Bzz13 states on the square lat-
tice with J2/J1 = 0.55. Also shown is the amplitude of the imaginary
second-neighbor idxy pairing which appears on top of the Z2Azz13
state. Note that the plain mean-field amplitudes are defined as a
function of temperature instead of #. Inset: Illustration of both states
where red lines (blue dots) denote negative hoppings (pairings) while
otherwise the amplitudes are positive.

J1-J2 square lattice Heisenberg model. We first present
results for the J1-J2 Heisenberg model on the 2D square
lattice with antiferromagnetic J1, J2 > 0. In a regime around
J2/J1 = 0.55, most numerical methods (including PFFRG
[23]) predict a nonmagnetic ground state [61–66] represent-
ing a promising quantum spin-liquid candidate due to small
valence-bond dimer susceptibilities [23].

To illustrate our combined PFFRG plus mean-field proce-
dure and to benchmark with previous studies we first discuss
the results of a plain mean-field treatment using Eq. (2)
with bare couplings Ji j and no renormalized self-energy $#

inserted. We set J2/J1 = 0.55 and proceed successively by
starting with nearest-neighbor amplitudes t1,"1 and then
add second-neighbor terms t2,"2. On the nearest-neighbor
level, the two PSGs labeled Z2Azz13 and Z2Bzz13 (see
Ref. [26]) already cover all possible hopping/pairing terms
(which can always be chosen real). The Z2Azz13 state has
isotropic hopping t1 and dx2−y2 pairing "1 while Z2Bzz13
exhibits staggered hopping t1 and pairing "1 (see the inset of
Fig. 1 for illustrations). Our plain mean-field results in Fig. 1
indicate that below T ≈ 0.19J1 the state Z2Azz13 acquires
the largest amplitudes and, hence, appears to be preferred.
Furthermore, we find equal hopping and pairing t1 = "1 for
this state, in which case it can be shown that Z2Azz13 actually
becomes gauge equivalent to the well-known SU(2) π -flux
state (denoted SU2Bn0 in Ref. [26]) with π flux through every
elementary square plaquette.

Next, we consider second-neighbor terms on top of the
preferred π -flux state. The only symmetry-allowed ampli-
tudes are real isotropic or real dxy hoppings t2. Interestingly,
neither of the two become finite in this approach. In fact,
the only finite (albeit small) second-neighbor term we find
is an imaginary idxy pairing "2 which breaks time-reversal
invariance, hence, signaling a chiral spin liquid (see the green
line in Fig. 1). Most importantly, this chiral state agrees with
the one identified in the mean-field treatment of Ref. [26],
confirming the correctness of our considerations. The band
structure is shown in Fig. S2 [67].

FIG. 2. Total amplitudes ξ = (|t |2 + |"|2)1/2 from full PFFRG
plus mean field [Eq. (3)] for the Z2Azz13 and Z2Bzz13 states on the
square lattice with J2/J1 = 0.55. The inset shows ξ for both states at
small # → 0 within a wider range of J2/J1.

We now repeat this analysis for the full PFFRG plus mean-
field approach. Our results for the nearest-neighbor ampli-
tudes of the Z2Azz13 and Z2Bzz13 states are shown in Fig. 2.
Interestingly, the overall result remains rather unchanged,
particularly, we again find the Z2Azz13 state to be preferred.
As before, the nearest-neighbor amplitudes are identical
(t1 = "1) which suggests a SU(2) π -flux state. Considering
longer-range terms, we do not detect any of the aforemen-
tioned second-neighbor amplitudes, not even the chiral idxy
term. Hence, we conclude that the previous detection of a
chiral spin liquid was an artifact of the plain mean-field
treatment. As shown in Fig. 3, the SU(2) π -flux state which
we propose for this system features four gapless spinon Dirac
cones with nodal Fermi points at k = (±π

2 ,±π
2 ). We also

calculated the amplitude ξ of both states within an extended
region of J2/J1 and find that Z2Azz13 remains stable through-
out the magnetically disordered regime (which ranges approx-
imately from J2/J1 = 0.4 to 0.6). Particularly, deep within
the Néel (collinear) ordered phase at J2 ! 0.4J1 (J2 " 0.6J1)
the amplitudes ξ are seen to vanish, confirming a direct
connection to strong quantum fluctuations [71].

FIG. 3. Spinon bands from PFFRG plus Fock mean-field in the
limit # → 0 for (a) the Z2Azz13 state of the square lattice Heisen-
berg antiferromagnet and (b) the Z2[0, π ]α state of the kagome
Heisenberg antiferromagnet. In (b), only the negative part of the
spectrum is shown while the positive part is the exact particle-hole
transformed counterpart. The gray region is the first Brillouin zone
with the Fermi surface indicated by black rings (the nearest-neighbor
lattice constant is always set to one).
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FIG. 3. Dynamical spin structure factor of the J1-J2 Heisenberg model. Different values of the frustrating ratio are reported: J2/J1 = 0
(upper left), 0.3 (upper right), 0.45 (lower left), and 0.55 (lower right). The antiferromagnetic parameter !AF is finite in the first three cases,
while it is vanishing for the last one. The square cluster contains N = 22 × 22 sites. Spectral functions have been convoluted with normalized
Gaussians with a standard deviation 0.1J1.

presence of the (weak) Néel order. As J⊥
1 /J

‖
1 is raised, the

gap at (π, 0) and (0,π ) increases. In addition, the former one
gains spectral weight, while the latter one loses it, until the
limit of J⊥

1 /J
‖
1 = 1 is reached, where the rotational symmetry

of the square lattice is recovered and the two momenta become
equivalent. Remarkably, the broad continuum that character-
izes the quasi-one-dimensional spectrum gradually disappears
when approaching the two-dimensional limit. Here, the mul-
timagnon continuum is very weak, especially at low energies.
In this sense, it would be tantalizing to discriminate between
two possible channels for the magnon decay, one driven by a
magnon-magnon interaction, leading to a multimagnon decay,
and another one in which the magnon splits into two spinons.
While the latter one can be captured by the variational ansatz
of Eq. (5), the former one may go beyond our description.

The indication that deconfined spinons are released when
approaching a quantum critical point comes from the analysis
of the more interesting case with J⊥

1 = J
‖
1 and frustrating

J2. First of all, to locate the quantum phase transition from
the Néel to the magnetically disordered phase, we compute
the staggered magnetization using the isotropic spin-spin
correlation at maximum distance for different lattice sizes,
and we extrapolate to the thermodynamic limit. The results

are reported in Fig. 2 and show that the magnetization drops
to zero at J2/J1 ≈ 0.48, as suggested by recent variational
calculations on the spin gap [26] (the exact result for the
unfrustrated Heisenberg model, obtained by quantum Monte
Carlo [40,41], is also reported for comparison). The disap-
pearance of the order parameter is related to the fact that
!AF → 0 in the auxiliary Hamiltonian (3). In the region
where !AF = 0, a finite paring amplitude with dxy symmetry
can be stabilized, but no energy gain is obtained by allowing
translational symmetry breaking in hopping or pairing terms,
thus implying that no valence-bond order is present. A com-
parison with exact results on the 6 × 6 lattice provides the
degree of accuracy of our approach for both the unfrustrated
and the highly frustrated cases [42]. Then, the results on the
22 × 22 cluster for different values of J2/J1 are reported
in Fig. 3. For weak frustration, the magnon branch is well
defined in the entire Brillouin zone, including q = (π, 0), and
the multimagnon continuum is very weak. In the unfrustrated
limit with J2 = 0, we recover the well-known result that the
lowest-energy excitation at q = (π, 0) [and q = (0,π )] is
slightly lower than the one at q = (±π/2,±π/2) [22,23].
However, our variational approach is not able to capture
the asymmetry between the weights of the magnon pole for
these momenta. Still within the ordered phase, two principal
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angle 2θ fixed at 146◦ and 149.5◦ for I21 and ID32, re-
spectively. The scattering geometry is shown in Fig. 1(a).
We assume there is negligible dispersion in the features of
interest from variation of l , and therefore we focus only
on the momentum transferred in the (h, k) plane. Spectra
were principally measured along the two high-symmetry lines
(h, 0) and (h, h) as indicated with red arrows in Fig. 1(b)
with energy resolution "E " 35 meV. The x = 0 and 0.12
measurements were performed at I21 and the x = 0.16 mea-
surements were performed at ID32 and repeated at I21. In both
doped compounds, further measurements were performed at
ID32 with "E " 50 meV on a grid of Q points evenly dis-
tributed throughout a quadrant of the Brillouin zone indicated
by the red shaded region in Fig. 1(b). The energy resolution
was established using elastic scattering from a silver paint or
carbon tape reference. For I21, a background was measured
from either a dark image taken after the collection or by fitting
a constant background outside the excitation range!−0.1 and
"5 eV.

D. Analysis

1. Data processing

In order to carry out a quantitative analysis of the data,
we follow recent practice [6,7,13,26,33,35] and assume that
the magnetic intensity observed in RIXS is proportional to
the spin-spin dynamical structure factor S(Q,ω) which is
used to interpret neutron scattering experiments [36]. S(Q,ω)
is, in turn, proportional to χ ′′(Q,ω) multiplied by the Bose
factor n(ω) + 1 = [1 − exp(−h̄ω/kBT )]−1. Clearly the scat-
tering processes in RIXS and INS are very different, with
the observed RIXS intensity being dependent on the rela-
tive orientation of the photon electric field to the Cu 3d
orbitals as well as the absorption of the x-ray photons within
the sample. These factors are known to vary slowly with
Q [37,38], nevertheless, to correct for these effects we initially
normalize our raw counts Iraw to the energy-integrated dd
excitation intensity obtained from the same spectrum. The
intensity of the dd excitations is known to be dependent on
the polarization ε and wave vector k and can be described
by a function g(ε, ε′, k, k′). We denote the measured intensity
IRIXS as Iraw/g where g =

∫
g(ε, ε′, k, k′) dω is the integral

described above evaluated over the range 1–3 eV.
The spectra were aligned to the elastic reference and

the exact zero-energy position was established by fitting an
elastic peak with a Gaussian function. The aligned spectra
were modeled within a range −80 to 800 meV. As well as
the spin excitations, we fit an elastic peak and low-energy
excitations, which are interpreted as phonons, using Gaus-
sian functions. Electron-hole excitations and broadened dd
excitations contribute to the low-energy RIXS scattering for
doped compositions [11]. This contribution was modeled with
a linear function which was fixed for all spectra of the same
composition. The gradient of the linear function was found
by fitting the spectra at low Q. In the insulating parent
compound this contribution was not required. However, a
broad continuum of multimagnon excitations is resolvable at
∼400−600 meV. This was modeled with a Gaussian function.

The spectra were not deconvolved to take account of the
instrument energy resolution "35 meV. The most noticeable

FIG. 2. IRIXS intensity maps as a function of Q in LSCO x =
0 (T ≈ 20 K), 0.12, and 0.16 (T ≈ 30 K). Showing measurements
along the (h, 0) and (h, h) lines. The measurements were performed
in grazing-out geometry and with LH polarization at I21 at Diamond
Light Source. The configuration favors magnetic scattering. All three
compositions show charge scattering in the form of phonons below
100 meV and a charge density wave peak is observed near h = 0.23
in x = 0.12. The dashed white line marks the antiferromagnetic
Brillouin zone boundary (see Fig. 1).

effect of this was in the determination of γ and ' values (see
Sec. II D 2). We estimate that our fitted values are increased
by 5% in the worse case.

2. Damped harmonic oscillator model

A damped harmonic oscillator (DHO) model may be used
to describe a given spin-wave mode with wave vector Q. This
approach has recently been taken in a number of RIXS stud-
ies [11,13,33,39]. The analogous mechanical DHO equation
is [40]

ẍ + ω2
0x + γ ẋ = f /m, (1)

where ω0 is the frequency of the undamped mode and γ
is the damping parameter. In our case, both of these are Q
dependent, thus ω0 = ω0(Q) and γ = γ (Q).

The imaginary part of the DHO response function for a
given wave vector can be written as

χ ′′(Q,ω) = χ ′(Q) ω2
0(Q) γ (Q) ω

[
ω2 − ω2

0(Q)
]2 + ω2γ 2(Q)

, (2)

where χ (Q) ≡ χ ′(Q) ≡ χ ′(Q,ω = 0) is the real part of the
zero frequency susceptibility. The solution of Eq. (1) can be
represented by two poles with complex frequencies:

ω = ±
[
ω2

0 −
(
γ 2/4

)]1/2 = ±ω1 − iγ
2

. (3)
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We report high-resolution resonant inelastic x-ray scattering (RIXS) measurements of the collective spin
fluctuations in three compositions of the superconducting cuprate system La2−xSrxCuO4. We have mapped
out the excitations throughout much of the two-dimensional (h, k) Brillouin zone. The spin fluctuations in
La2−xSrxCuO4 are found to be fairly well described by a damped harmonic oscillator model, thus our data allows
us to determine the full wave vector dependence of the damping parameter. This parameter increases with doping
and is largest along the (h, h) line, where it is peaked near (0.2, 0.2). We have used a new procedure to determine
the absolute wave vector dependent susceptibility for the doped compositions La2−xSrxCuO4 (x = 0.12, 0.16)
by normalizing our data to La2CuO4 measurements made with inelastic neutron scattering (INS). We find that
the evolution with doping of the intensity of high-energy excitations measured by RIXS and INS is consistent.
For the doped compositions, the wave vector dependent susceptibility is much larger at ( 1

4 , 1
4 ) than at ( 1

2 , 0). It
increases rapidly along the (h, h) line towards the antiferromagnetic wave vector of the parent compound ( 1

2 , 1
2 ).

Thus, the strongest magnetic excitations, and those predicted to favor superconductive pairing, occur towards the
( 1

2 , 1
2 ) position as observed by INS.

DOI: 10.1103/PhysRevB.100.214510

I. INTRODUCTION

The origin of high temperature superconductivity (HTS) in
doped layered cuprate materials remains a subject of intense
interest in both experimental and theoretical research, despite
over 30 years of activity. It is widely believed that the mag-
netic degrees of freedom and in particular spin fluctuations
are primarily responsible for superconductive pairing in the
cuprates [1–4]. In this case, it is important to characterize
the collective spin excitations as a function of wave vector,
energy, doping, and temperature to see how they correlate
with the occurrence of superconductivity and compare with
theoretical models.

Resonant inelastic x-ray scattering (RIXS) [5–14] and in-
elastic neutron scattering (INS) [15–21] are complementary
probes which directly yield information about the wave vector
and energy of the dynamical structure factor S(Q,ω) or
dynamic susceptibility (response function) χ ′′(Q,ω) at high
frequencies. The La2−xSrxCuO4 (LSCO) system allows the
evolution of S(Q,ω) to be measured across the phase diagram,
from the antiferromagnetic (AF) parent compound La2CuO4
(LCO) through superconducting compositions.

In La2CuO4, the spin waves have their lowest ener-
gies at the #, Q = (0, 0) and M, Q = ( 1

2 , 1
2 ) positions and

*kejin.zhou@diamond.ac.uk
†s.hayden@bristol.ac.uk

χ ′′(Q,ω) is small near # and largest near M. INS measure-
ments [15,19,20] throughout the Brillouin zone have shown
that the magnetic excitations can be fairly well described
as spin waves derived from a Heisenberg model with next-
nearest neighbor interactions including a ring exchange. As
expected, they are strongest near the AF wave vector Q =
( 1

2 , 1
2 ) and show anomalously strong damping at the X or

( 1
2 , 0) position [10,20,22].

For superconducting compositions in LSCO, INS shows
that the strongest response [16,21,23–25] occurs near Q =
( 1

2 , 1
2 ) at low and intermediate energies (0–150 meV), with

comparable intensity to the parent antiferromagnet. For op-
timally doped (x = 0.16) LSCO, an incommensurate struc-
ture is observed [23] for h̄ω ! 25 meV. Above 50 meV the
magnetic excitations disperse [21,23,25] away from ( 1

2 , 1
2 ). At

high energies, h̄ω ≈ 250 meV, excitations are observed [16]
on the Brillouin zone boundary at Q = ( 1

2 , 0) in LSCO (x =
0.14) demonstrating the persistence of high energy spin ex-
citations for superconducting compositions. For overdoped
compositions [21,24] x = 0.22–0.25, the lower energy (h̄ω ∼
50 meV) features observed at optimal doping are suppressed.

Cu L3 RIXS [6,7,10–14,26] measurements of the spin
fluctuation in LSCO are complementary to INS. They are
restricted to a circular region in (h, k) centered on # [see
Figs. 1(a) and 1(b)] but are able to isolate high energy
excitations (h̄ω " 300 meV) more easily. Early RIXS mea-
surements in LSCO [7] verified the existence of dispersing
spin fluctuations. Spin excitations are observed [7,11–14,26]

2469-9950/2019/100(21)/214510(12) 214510-1 ©2019 American Physical Society
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1. Dope spin liquid with holes, not holons.
The Ancilla Layer Model (ALM) enables

a theory of FL* with hole pockets and a general spin liquid.

2. Building on recent numerical evidence, we choose

the ω-flux spin liquid with fermionic spinons

coupled to an emergent SU(2) gauge field.

3. Theory of pseudogap (and its low T instabilities):

Hole pockets coupled to critical spin liquid by

thermal fluctuations of a SU(2) gauge theory

with a charge e Higgs field.
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• Theory of pseudogap (and its low T instabilities):

Hole pockets coupled to critical spin liquid by thermal fluctuations

of a SU(2) gauge theory with a charge e Higgs field.
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Fermi arcs
co-exist with
quantum
oscillations

of hole pockets
of area p/8.
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This linear dependence of the scattering rate calls for a com-
parison with resistivity. Hence we have also measured the tem-
perature dependence of the resistivity of our sample under two
magnetic fields H = 0 T and H = 16 T. As displayed in Fig. 2a, the
resistivity has a linear T-dependence ρ = ρ0 + AT over an extended
range of temperature, with A ≈ 0.63 μΩcm/K. This is a hallmark of
cuprates in this regime of doping10,13,14,20,53. It is qualitatively con-
sistent with the observed linear frequency dependence of the scat-
tering rate and, as discussed later in this paper, also in good
quantitative agreement with the ω→ 0 extrapolation of our optical
data within experimental uncertainties.

The optical mass enhancement m*(ω)/m is displayed in Fig. 1d.
With the chosen normalization, m*/m does not reach the asymptotic
value of one in the range ℏω <0.4 eV, which means that intra- and
interband and/or mid-infrared transitions overlap above 0.4 eV. The
inset of Fig. 1d shows a semi-log plot of the mass enhancement eval-
uated atℏω = 5kBT, where thenoise level is low forT⩾ 40K.Despite the
larger uncertainties at low T, this plot clearly reveals a logarithmic
temperature dependence ofm*/m. This is a robust feature of the data,
independent of the choice of ϵ∞ and K. We note that the specific heat
coefficient C/T of LSCO at the same doping level was previously
reported to display a logarithmic dependence on temperature, see
Fig. 2c47,48. We will further elaborate on this important finding of a
logarithmic dependence of the optical mass and discuss its relation to
specific heat in the next section.

Scaling analysis
In this section, we consider simultaneously the frequency and tem-
peraturedependenceof theoptical properties and investigatewhether
ℏω/kBT scaling holds for this sample close to the pseudogap critical

point. We propose a procedure to determine the three parameters ϵ∞,
K, and m introduced above.

Puttingω/T scaling to the test. Quantum systems close to a quantum
critical point display scale invariance. Temperature being the only
relevant energy scale in the quantumcritical regime, this leads inmany
cases toω/T scaling22 (inmost of the discussion below, we set ℏ = kB = 1
except when mentioned explicitly). In such a system we expect the
complex optical conductivity to obey a scaling behavior 1/
σ(ω, T)∝ TνF(ω/T), with ν⩽ 1 a critical exponent. More precisely, the
scaling properties of the optical scattering rate and effective mass
read:

1=τðω,TÞ=Tνf τ ðω=TÞ ð4Þ

m*ðω,TÞ #m*ð0,TÞ=Tν#1f mðω=TÞ ð5Þ

with fτ and fm two scaling functions. This behavior requires that both ℏω
and kBT are smaller than a high-energy electronic cutoff, but their ratio
can be arbitrary. Furthermore, we note that when ν = 1 (Planckian case)
the scaling is violated by logarithmic terms, which control in particular
the zero-frequency value of the optical mass m*(0,T). As shown in
Theorywithin a simple theoreticalmodel,ω/T scalingnonetheless holds
in this case to an excellent approximation provided that m*(0, T) is
subtracted, as in Eq. (5). We also note that in a Fermi liquid, the single-
particle scattering rate∝ω2 + (πT)2 does obeyω/T scaling (with formally
ν = 2), but the optical conductivity does not. Indeed, it involves ω/T2

terms violating scaling, and hence depends on two scaling variables
ω/T2 and ω/T, as is already clear from an (approximate) generalized
Drudeexpression 1/σ ≈ − iω + τ0[ω2 + (2πT)2]. For a detaileddiscussionof
this point, see Ref. 54. Such violations of scaling by ω/Tν terms apply
more generally to the case where the scattering rate varies as Tν with
ν > 1. Hence, ω/T scaling for both the optical scattering rate and optical
effective mass are a hallmark of non-Fermi liquid behavior with ν⩽ 1.
Previous work has indeed provided evidence for ω/T scaling in the
optical properties of cuprates23,24.

Here, we investigate whether our optical data obey ω/T scaling.
We find that the quality of the scaling depends sensitively on the
chosen value of ϵ∞. Different prescriptions in the literature to fix ϵ∞
yield—independently of themethod used—values ranging from ϵ∞ ≈ 4.3
for strongly underdoped Bi2212 to ϵ∞ ≈ 5.6 for strongly overdoped
Bi221232,55. The parameter ϵ∞ is commonly understood to represent the
dielectric constant of thematerial in the absenceof the charge carriers,
and is caused by the bound charge responsible for interband transi-
tions at energies typically above 1 eV. While this definition is unam-
biguous for the insulating parent compound, for the doped material
one is confronted with the difficulty that the optical conductivity at
these higher energies also contains contributions described by the
self-energy of the conduction electrons, caused for example by their
coupling to dd-excitations56. Consequently, not all of the oscillator
strength in the interband region represents bound charge. Our model
overcomes this hurdle by determining the low-energy spectrumbelow
0.4 eV, and subsuming all bound charge contributions in a single
constant ϵ∞. Its value is expected to be bound from above by the value
of the insulating phase, in other words we expect to find ϵ∞ < 4.5 (see
Supplementary Information Sec. A). Rather than setting an a priori
value for ϵ∞, we follow here a different route and we choose the value
that yields the best scaling collapse for a given value of the exponent ν.
This program is straightforwardly implemented for 1/τ and indicates
that the best scaling collapse is achieved with ν ≈ 1 and ϵ∞ ≈ 3, see
Fig. 2b as well as Supplementary Information Sec. B and Supplemen-
tary Fig. 2. Turning to m*, we found that subtracting the dc value
m*(ω =0, T) is crucial when attempting to collapse the data. Extra-
polating optical data to zero frequency is hampered by noise. Hence,

Fig. 2 | Scaling of scattering rate and mass enhancement. a Temperature-
dependent resistivity measured in zero field (black) and at 16 teslas (red). The inset
emphasizes the linearity of the 16 T data at low temperature. The dashed line shows
ρ0 +AT with ρ0 = 12.2 μΩcm and A =0.63 μΩcm/K. b Scattering rate divided by
temperature plotted versus ω/T; the collapse of the curves indicates a behavior 1/
τ ~ Tfτ(ω/T). c Effective quasiparticle mass (in units of the indicated band mass m)
deduced from the low-temperature electronic specific heat47

[m*
Cp = ð3=πÞð_

2dc=k
2
BÞðC=TÞ] and zero-frequency optical mass enhancement; the

dashed lines indicate lnT behavior. dOptical mass minus the zero-frequencymass
shown in c plotted versus ω/T; the collapse of the curves indicates a behavior
m*(ω) −m*(0) ~ fm(ω/T). The data between0.22 and0.4 eV are shown asdotted lines.
ϵ∞ = 2.76 was used here as in Fig. 1.
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Quantum-criticality

of a

quantum phase transition

between two metals

(FL* and FL)

at p = pc,
with no symmetry breaking.

ω is a Higgs field with

emergent gauge charge.

Both metals lead to the

same d-wave superconductor

at lower temperatures, and

so there is transition at

p = pc within the

superconducting state.

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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photoemission spectroscopy (ARPES)30. These observations are qua-
litatively consistent with the T-linear dependence of the resistivity and
Planckianbehavior. In contrast, by analyzing themodulus andphaseof
the optical conductivity itself, a power-law behavior σðωÞ = C=ð#iωÞν

*

with an exponent ν* < 1 was reported at higher frequencies
ℏω ≳ 1.5kBT23,24,28,29,31,32. The exponent was found to be in the range
ν* ≈0.65 with some dependence on sample and doping level23,26,28,29.
Hence, from these previous analyses, it would appear that different
power laws are needed to describe optical spectroscopy data: one at
low frequency consistent with ℏω/kBT scaling and Planckian behavior
(ν = 1) and another one with ν* < 1 at higher frequency, most apparent
on the optical conductivity itself in contrast to 1/τ. A number of the-
oretical approaches have considered a power-law dependence of the
conductivity33–42 without resolving this puzzle. A notable exception is
the work of Norman and Chubukov43. The basic assumption of this
work is that the electrons are coupled to a Marginal Fermi Liquid
susceptibility3,4,44,45. The logarithmic behavior of the susceptibility and
corresponding high-energy cut-off observed to be ~ 0.4 eV with
ARPES46, is responsible for the apparent sub-linear power law behavior
of the optical conductivity. Our work broadens and amplifies this
observation. A quantitative description of all aspects at low and high
energy in one fell swoop has, to the best of our knowledge, not been
presented to this day.

Here we present systematic measurements of the optical spectra,
as well as dc resistivity, of a La2−xSrxCuO4 (LSCO) sample with x = p =
0.24 close to the pseudogap critical point, over a broad range of
temperature and frequency. We demonstrate that the data display
Planckian quantum critical scaling over an unprecedented range of
ℏω/kBT. Furthermore, a direct analysis of the data reveals a logarithmic
temperature dependence of the optical effective mass. This

establishes a direct connection to another hallmark of Planckian
behavior, namely the logarithmic enhancement of the specific heat
coefficient C=T ∼ lnT previously observed for LSCO at p = 0.2447 as
well as for other cuprate superconductors such as Eu-LSCO and Nd-
LSCO48.

We introduce a theoretical framework which relies on aminimal
Planckian scaling Ansatz for the inelastic scattering rate. We show
that this provides an excellent description of the experimental data.
Our theoretical analysis offers, notably, a solution to the puzzle
mentioned above. Indeedwe show that, despite the purely Planckian
Ansatz which underlies our model, the optical conductivity com-
puted in this framework is well described by an apparent power law
with ν* < 1 over an intermediate frequency regime, as also observed
in our experimental data. The effective exponent ν* is found to be
non-universal and to depend on the inelastic coupling constant,
which we determine from several independent considerations. The
proposed theoretical analysis provides a unifying framework in
which the behavior of the T-linear resistivity, lnT behavior of C/T,
and scaling properties of the optical spectra can all be understood in
a consistent manner.

Results
Optical spectra and resistivity
Wemeasured the optical properties and extracted the complex optical
conductivity σ(ω, T) of an LSCO single crystal with a-b orientation
(CuO2 planes). The holedoping is p = x =0.24, whichplaces our sample
above and close to the pseudogap critical point of the LSCO
family7,14,49. The pseudogap state for T < T*, p < p* is well characterized
by transport measurements12 and ARPES11. The relatively low Tc = 19 K
of this sample is interesting for extracting the normal-state properties
in optics down to low temperatures without using any external mag-
netic field. In particular, this sample is the same LSCO p = 0.24 sample
as in Ref. 50, where the evolution of optical spectral weights as a
function of doping was reported.

The quantity probed by the optical experiments of the present
study is the planar complex dielectric function ϵ(ω). The dielectric
function has contributions from the free charge carriers, as well as
interband (bound charge) contributions. In the limit ω→0, the latter
contribution converges to a constant real value, traditionally indicated
with the symbol ϵ∞:

ϵðωÞ = ϵ1 + i
σðωÞ
ϵ0ω

ð1Þ

σðωÞ = i
e2K=ð_dcÞ
_ω+MðωÞ

: ð2Þ

Here the free-carrier response σ(ω) is given by the generalized Drude
formula, where all dynamical mass renormalization (m*/m) and
relaxation (ℏ/τ) processes are represented by a memory-function51,52

MðωÞ = _ω
m*ðωÞ
m

# 1
! "

+ i
_

τðωÞ
: ð3Þ

The free-carrier spectral weight per plane is given by the constant K
and the interplanar spacing is dc. The scattering rate ℏ/τ(ω) deduced
using Eqs. ((1), (2), (3)) and the values of K and ϵ∞ discussed below are
displayed in Fig. 1c. It depends linearly on frequency for
kBT≪ ℏω≲0.4 eV and approaches a constant value for ℏω < kBT. This
behavior is similar to that reported for Bi221223. The sign of the
curvature above 0.4 eV depends on ϵ∞ and changes from positive to
negativenear ϵ∞ = 4.5.Our determination ϵ∞ = 2.76presented in Scaling
analysis does not take into account data for ℏω > 0.4 eV and may
therefore yield unreliable values of ℏ/τ in that range (see Supplemen-
tary Information Sec. A and B).

Fig. 1 | Optical data of La2−xSrxCuO4 atp =0.24. aReal andb imaginary part of the
optical conductivity σ deduced from the dielectric function ϵ (Supplementary
Fig. 1), using Eq. (14) and the value ϵ∞ = 2.76. c Scattering rate and d effective mass
deduced from Eqs. (16) and (17) using K = 211 meV. The values of ϵ∞ and K are
discussed and justified in the text. Inset: Temperature dependence of m*/m at
ℏω = 5kBT (see dots in d). In each panel errorbars are indicated for three repre-
sentative frequencies and pertain to the upper curve, i.e., the lowest temperature
for σ(ω), m*(ω)/m and the highest temperature for ℏ/τ(ω). They represent the
uncertainty arising from reflectivity calibration using in-situ gold evaporation, and
have been estimated by repeating the Kramers--Kronig analysis after multiplying
the reflectivity curves by 1 ± 0.002.
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This linear dependence of the scattering rate calls for a com-
parison with resistivity. Hence we have also measured the tem-
perature dependence of the resistivity of our sample under two
magnetic fields H = 0 T and H = 16 T. As displayed in Fig. 2a, the
resistivity has a linear T-dependence ρ = ρ0 + AT over an extended
range of temperature, with A ≈ 0.63 μΩcm/K. This is a hallmark of
cuprates in this regime of doping10,13,14,20,53. It is qualitatively con-
sistent with the observed linear frequency dependence of the scat-
tering rate and, as discussed later in this paper, also in good
quantitative agreement with the ω→ 0 extrapolation of our optical
data within experimental uncertainties.

The optical mass enhancement m*(ω)/m is displayed in Fig. 1d.
With the chosen normalization, m*/m does not reach the asymptotic
value of one in the range ℏω <0.4 eV, which means that intra- and
interband and/or mid-infrared transitions overlap above 0.4 eV. The
inset of Fig. 1d shows a semi-log plot of the mass enhancement eval-
uated atℏω = 5kBT, where thenoise level is low forT⩾ 40K.Despite the
larger uncertainties at low T, this plot clearly reveals a logarithmic
temperature dependence ofm*/m. This is a robust feature of the data,
independent of the choice of ϵ∞ and K. We note that the specific heat
coefficient C/T of LSCO at the same doping level was previously
reported to display a logarithmic dependence on temperature, see
Fig. 2c47,48. We will further elaborate on this important finding of a
logarithmic dependence of the optical mass and discuss its relation to
specific heat in the next section.

Scaling analysis
In this section, we consider simultaneously the frequency and tem-
peraturedependenceof theoptical properties and investigatewhether
ℏω/kBT scaling holds for this sample close to the pseudogap critical

point. We propose a procedure to determine the three parameters ϵ∞,
K, and m introduced above.

Puttingω/T scaling to the test. Quantum systems close to a quantum
critical point display scale invariance. Temperature being the only
relevant energy scale in the quantumcritical regime, this leads inmany
cases toω/T scaling22 (inmost of the discussion below, we set ℏ = kB = 1
except when mentioned explicitly). In such a system we expect the
complex optical conductivity to obey a scaling behavior 1/
σ(ω, T)∝ TνF(ω/T), with ν⩽ 1 a critical exponent. More precisely, the
scaling properties of the optical scattering rate and effective mass
read:

1=τðω,TÞ=Tνf τ ðω=TÞ ð4Þ

m*ðω,TÞ #m*ð0,TÞ=Tν#1f mðω=TÞ ð5Þ

with fτ and fm two scaling functions. This behavior requires that both ℏω
and kBT are smaller than a high-energy electronic cutoff, but their ratio
can be arbitrary. Furthermore, we note that when ν = 1 (Planckian case)
the scaling is violated by logarithmic terms, which control in particular
the zero-frequency value of the optical mass m*(0,T). As shown in
Theorywithin a simple theoreticalmodel,ω/T scalingnonetheless holds
in this case to an excellent approximation provided that m*(0, T) is
subtracted, as in Eq. (5). We also note that in a Fermi liquid, the single-
particle scattering rate∝ω2 + (πT)2 does obeyω/T scaling (with formally
ν = 2), but the optical conductivity does not. Indeed, it involves ω/T2

terms violating scaling, and hence depends on two scaling variables
ω/T2 and ω/T, as is already clear from an (approximate) generalized
Drudeexpression 1/σ ≈ − iω + τ0[ω2 + (2πT)2]. For a detaileddiscussionof
this point, see Ref. 54. Such violations of scaling by ω/Tν terms apply
more generally to the case where the scattering rate varies as Tν with
ν > 1. Hence, ω/T scaling for both the optical scattering rate and optical
effective mass are a hallmark of non-Fermi liquid behavior with ν⩽ 1.
Previous work has indeed provided evidence for ω/T scaling in the
optical properties of cuprates23,24.

Here, we investigate whether our optical data obey ω/T scaling.
We find that the quality of the scaling depends sensitively on the
chosen value of ϵ∞. Different prescriptions in the literature to fix ϵ∞
yield—independently of themethod used—values ranging from ϵ∞ ≈ 4.3
for strongly underdoped Bi2212 to ϵ∞ ≈ 5.6 for strongly overdoped
Bi221232,55. The parameter ϵ∞ is commonly understood to represent the
dielectric constant of thematerial in the absenceof the charge carriers,
and is caused by the bound charge responsible for interband transi-
tions at energies typically above 1 eV. While this definition is unam-
biguous for the insulating parent compound, for the doped material
one is confronted with the difficulty that the optical conductivity at
these higher energies also contains contributions described by the
self-energy of the conduction electrons, caused for example by their
coupling to dd-excitations56. Consequently, not all of the oscillator
strength in the interband region represents bound charge. Our model
overcomes this hurdle by determining the low-energy spectrumbelow
0.4 eV, and subsuming all bound charge contributions in a single
constant ϵ∞. Its value is expected to be bound from above by the value
of the insulating phase, in other words we expect to find ϵ∞ < 4.5 (see
Supplementary Information Sec. A). Rather than setting an a priori
value for ϵ∞, we follow here a different route and we choose the value
that yields the best scaling collapse for a given value of the exponent ν.
This program is straightforwardly implemented for 1/τ and indicates
that the best scaling collapse is achieved with ν ≈ 1 and ϵ∞ ≈ 3, see
Fig. 2b as well as Supplementary Information Sec. B and Supplemen-
tary Fig. 2. Turning to m*, we found that subtracting the dc value
m*(ω =0, T) is crucial when attempting to collapse the data. Extra-
polating optical data to zero frequency is hampered by noise. Hence,

Fig. 2 | Scaling of scattering rate and mass enhancement. a Temperature-
dependent resistivity measured in zero field (black) and at 16 teslas (red). The inset
emphasizes the linearity of the 16 T data at low temperature. The dashed line shows
ρ0 +AT with ρ0 = 12.2 μΩcm and A =0.63 μΩcm/K. b Scattering rate divided by
temperature plotted versus ω/T; the collapse of the curves indicates a behavior 1/
τ ~ Tfτ(ω/T). c Effective quasiparticle mass (in units of the indicated band mass m)
deduced from the low-temperature electronic specific heat47

[m*
Cp = ð3=πÞð_

2dc=k
2
BÞðC=TÞ] and zero-frequency optical mass enhancement; the

dashed lines indicate lnT behavior. dOptical mass minus the zero-frequencymass
shown in c plotted versus ω/T; the collapse of the curves indicates a behavior
m*(ω) −m*(0) ~ fm(ω/T). The data between0.22 and0.4 eV are shown asdotted lines.
ϵ∞ = 2.76 was used here as in Fig. 1.
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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