Holographic image of a point source in the presence of

misalignment

l. Banyasz, G. Kiss, and P. Varga

The imaging of a point source by high numerical aperture holograms was studied theoretically and experimen-
tally in the presence of aberrations caused by inacecurate adjustment of the plane reference and plane
reconstructing waves or by inaccurate positioning of the hologram. The accuracy requirement is defined by
the angular resolution allowed by an aperture equal to the hologram size. Any deviation from this limit leads
to deformation of the point transfer function defined by the unavoidable diffraction. For coarse mismatch
(>107% rad for the actual case), clearly demonstrable geometrical-type aberrations occur; for smaller angles,
appreciable broadening of the diffraction pattern and rapid fall of the Strehl ratio diminish the applicability
of the holographic method. The calculations and the photographic and photometric measurements are in

good agreement.

I. Introduction

Holograms seem to be the best optical elements
when high resolution and large object field area are
simultaneously required, e.g., in holographic microsco-
py, bubble chamber holography, photolithography.
The resolving power of holograms is mainly limited by
the finite wavelength and aperture. When the prima-
ry diffraction limits are approached, further restric-
tions are set by the resolving capability of the record-
ing material,! furthermore the shrinkage of the
photolayer causes additional decrease of the diffrac-
tion efficiency at higher spatial frequencies.? Besides
these limitations there are some practical obstacles
preventing one from reaching the theoretical limits—
mainly that the experimental conditions do not satisfy
the demands under which the speculative predictions
are valid.

With holographic microscopy the existence of aber-
rations is ab ovo obvious?-% because the auxiliary waves
are spherical and have different curvature, conse-
quently the reconstructed wavefront of a point object
suffers the same defects as the wavefront at the exit of
a spherical lens. In the case of holographic lithogra-
phy, plane auxiliary waves are preferred. Any angular
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mismatch between the auxiliary waves or inaccurate
reposition of the hologram plate after development
leads to deformation of the reconstructed wavefront.
The aim of this paper is to study quantitatively the
influence of the mismatch on the point spread function
both theoretically and experimentally. For large mis-
match angles (more than a minute of arc), photograph-
icrecording of the image pattern seemed to be satisfac-
tory; for small angles, instead of the usual visual
observation we preferred to measure the intensity dis-
tribution.

Il. Geomeirical-Type Aberrations

The model investigated is shown in Fig. 1. A point
source in P,(x,.Y0.2,) gives rise to a spherical wave and
isrecorded in the hologram plane z = 0. The reference
wave is a plane one with wave vector k., = k(cosk,,
cosuy,cosyy). For the reconstruction another plane
wave is used having the wave vector k. = k(cosk.,cosp,,
cosv.). If the auxiliary waves are exactly opposite in
direction and have the same wavelength, the recon-
structed wavefront emerging from the hologram is the
complex conjugate of the object wave and focuses itself
at the original object point P,. If the auxiliary waves
are mismatched, ray aberrations take place around
some point P;(x;,v;,z;) which may be regarded to be the
image of the object at P,,.

According to Ref. 3 the aberration of the wavefront
(A) is the sum of the phases of all four waves taking
part in the reconstruction.

kA = kr; — hr,— (k. + k)r, (1)
where r, and r; are the object and the image distances
from any point of the hologram, respectively.® On
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Fig. 1. Schematic diagram of hologram recording and reconstruc-

tion.

introducing a local coordinate frame &7, fixed to the
image P; as the origin, the ray emerging from a holo-
gram point @(x,y) goes through the point S(&,{) de-
fined by

- 94 — g 94 ;
i=—p TR e i @
(see Ref. 7).
For small angular mismatch (é,,6,) of the auxiliary
waves, the plane wave term in Eq. (1) can be expressed
as (say)

cosk, + cosx, = —sink, 5, = «,
(3)

cosu, + cosp, = — sing, - 6, = 8.

We make an expansion of the distance rq(g=o0,)intoa
series up to the third term:

1+ oy — 2(xx, + 3y,
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where R, is the distance of Pg(x,,y4,2,) from the holo-
gram center. Substituting the zero- and first-order

terms into Eq. (1) the coefficients of x and y will
identically be zero if

R,=R, (5)

i X + ”Rm 3 3 4] + ﬁHr;.- (6)

Le., the image is reconstructed at the same distance
from the hologram center but shifted as a consequence
of the mismatch. (For a tilted hologram the coordi-
nate frame is to be fixed to the hologram itself.) In-
serting the fourth-order terms into Eq. (1) and taking
into account Egs. (3) and (4), for the perturbation of
the wavefront we obtain
_ox +ﬁ[l

R |2

(x*+ ) — (xx, + yyﬂ}J (7)
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(second-order terms of « and 3 have been neglected).
Using Egs. (2) for the ray aberration we obtain

£=Rg' {={x — [2axx, + (ay, + Bx,)y] + Y (Bax® + 26xy + ay?),

(8)
n =R {—{y — [2Byy, + (ay, + Bx,)x] + Y (Bx® + 2exy + 36y2)}.

The term in brackets corresponds to the astigma-
tism and the term in parentheses corresponds to the
coma. Astigmatism occurs for the off-axis points only,
the coma is independent of the location of the object.
If the size of an extended object is less than that of the
hologram, coma plays a major role. Note that no
spherical aberration occurs.

If the numerical aperture of the holographic record-
ing system is 0.5, the diameter of the hologram is 60
mm and the mismatch is 1 mrad, then the light is
spread out in a region of 30-um diameter which is
larger than that of any expectable diffraction pattern.

We carried out experiments to verify Eq. (8) in the
simplest way so the object was inclined in the y=0
plane. Instead of changing the direction of the recon-
structing beam the hologram was rotated around the y
axis, in this way the sole variable parameter was the
angular rotation. Thus Eq. (8) becomes

t= }g ’:—(§‘+ 2ax,) cosi? + ap (1 =+ —; (:0521?)].

o

(9)

n= R%[—r siny +-é apsinw],
where p and ¢ are the polar coordinates in the holo-
gram plane.

In the experimental setup the point light source Je
(see Fig. 1) was formed from a He—Ne laser beam with a
lens of 0.85 N.A. To verify the calculations and to
demonstrate the character of the pattern suffering
from aberration we illuminated the hologram by a
plane wave through a ring aperture positioned in front
of the hologram. The diameters of the rings were 10,
15, 20, and 25 mm, their width was 10 mm. The
reconstructed pattern was photographed in three
planes: in the meriodional image plane ({ = 0), in the
sagittal plane ({ = 2ax), and in the plane on the mid-
way. The diameters of the rings were 10, 15, 20, and 25
mm, their width was 10 mm. The meridional plane
coincides with the object plane, the latter was fixed by
the focus of the objective producing the object source.
The separations of the two other planes were measured
relative to this plane. In the experiments we took
good care to approximate the conditions to the theo-
retical ones. Auxiliary waves were produced by large
aperture telescopes to cover the hologram with nearly
uniform illumination, in each case the flatness of the
wavefront was thoroughly checked by shearing inter-
ference.

In Figs. 2-4 demonstrate the aberration curves in the
three planes mentioned. Calculations and measure-
ments were carried out for the source distance R, = 90
mm, its position was at x, = R, sin22.5° and the angle
of incidence of the reference beam was «, = 22,5°,
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Fig.2. Patternreconstructed fromaring forming hologram part in
the meridional plane for a misalignment of 6 mrad. Calculated
curves (above) for hologram mean radii p = 10, 15, 20, and 25 mm;

photographed pattern (below) for mean radius = 20 mm.

20um |

Fig. 3. Pattern in the sagittal plane; the other data as in Fig. 2.

Dots on the continuous curves correspond to equi-
distant points on the ring aperture so we can also
estimate the intensity distribution. In the lower part
of each figure the photographed pattern is demon-
strated for the ring’s mean radius of 20 mm. For more
qualitative evaluation we measured some characteris-
tic parameters of the patterns. Figure 5 shows the
measured values of two typical parameters of the eight
forming patterns in the meridional plane and the ex-
pected mean length of this pattern. For other param-
eters a similar coincidence was obtained between cal-
culated and observed data.

l. Aberrations Combined with Diffraction

Forsmall angles the broadening of the image pattern
due to inaccuracy is commensurable with the diffrac-

Fig. 4. Pattern in the plane of less confusion; the other data as in

Fig. 2.
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Fig. 5. Measured dimensions of the internal and external loops of
the meridional pattern and the calculated medial dimension vs the
mismatch angle.

tion broadening. Instead of the Hartmann type fig-
ures we took advantage of microphotometry and com-
pared the results to the calculated distribution.

In the case of mismatch between the auxiliary beams
the reconstructed field can be expressed by the Fres-
nel-Kirchhoff integral

ulEm,§) = ” cr_(ysq;_ explik(r, — r, + x sink, - §,)|dxdy, (10)

H Ts'o
where ¢ is the inclination angle; for the other notations
see Fig. 1; the integral is to be taken over the hologram
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Fig. 6. Light intensity distribution in the meridional plane for (a)
ideal adjustment, and for mismatch angles (b) 10-° rad and (c¢) 5 X
107° rad. The calculated isophotes are continuous lines; the mea-
sured data are illustrated by shading (see insert)

area. Although the diffraction in the presence of aber-
rations can be expressed by Zernike polynomials,® dis-
cussion of the results obtainable in this way seems to be
cumbersome. For this reason we preferred to solve
Eq. (9) by numerical integration. The calculations
were carried out for the meridional (Gaussian) and for
the sagittal image planes. In Fig. 6 we demonstrate
some results of the computation for several angular
mismatches; the hologram size was 60 X 90 mm? all the
other conditions were the same as mentioned before.
In each figure the isophotes normalized for the maxi-
mum of the actual pattern are illustrated. On compar-
ing the distribution for the ideal case with the same for
0, = 107 rad, we found no difference except the shift of
the patterns. The identity of the two patterns is obvi-
ous because the angular resolution of the whole holo-
gram plate is the same.

When the mismatch is 6, = 5 X 10~5 rad (10 sec of
arc) a noticeable change in the low intensity part of the
distribution can be observed. The central part of the
pattern (I > 40%) remains nearly unchanged but the
low intensity wings become wider. Consequently, if
an object consisting of parallel bars is to be recorded
the spurious interference of their wings may cause
ghosts.!0 It seems that the conditions for diminishing
coma and astigmatism (11 and 7 sec of arc, respective-
ly) published in Ref. 4 were underestimated.
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Fig. 7. Light intensity distribution in the meridional plane for
mismatch angles (a) 2 X 10~* rad and (h) 1079 rad,
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Fig. 8. Calculated 20% width and the Strehl ratio I, vs the mis-
matchangle: a, width in the meriidonal plane for the x direction; b,
the same for the y direction; ¢, width in the sagittal plane for the x
direction; d, Strehl ratio in the meridional plane; e, Strehl ratio in the
sagittal plane. The dots illustrate the measured data for a.

A more radical change can be seen in Fig. 7 for 6, = 2
X 10~*and 10~3rad. (Note the change of the scale.)

We summarize the results of calculations in Fig. 8,
where the width of the 20% isophotes is illustrated for
the meridional plane in the x and v directions. The
sagittal plane is shifted by & = 2ax, from the Gaussian
plane; the 20% width in the x direction is also shown in
this plane. Definitive oscillations of the width—su-
perimposed on a constant rise—can be found.

As has been mentioned the mismatch causes widen-
ing of the wings of the distribution, i.e., an amount of
the energy is spread out. Figure 8 shows that the
tolerance condition 6, < 105 rad is inevitable, because
the Strehl ratio falls very rapidly, which may lead to
underexposed holographic copies.

For mismatch angles of 0, 5 X 1077, and 2 X 10~4 rad
the intensity distribution was scanned by a micropho-



tometer consisting of an objective with a N.A. of 0.85
and a projective, the total magnification was between
30 and 80 for individual scans (it was measured after
each readjustment). The light was projected on a
pinhole of 12.5-um diameter and detected by a photo-
multiplier. The microscope was micropositioned by
an alignment of five degrees of freedom and the picture
with minimum stray light was set visually.

The measured spatial intensity distribution is illus-
trated in Figs. 6 and 7, the 20% width in Fig. 8. It is
noteworthy that the relative deviation from the calcu-
lated width increases as the intensity parameter of the
isophotes becomes smaller. The sloping part of the
distribution seems to be caused by the deviation of the
hologram glass substrate from ideal flatness. This
supposition was supported by experience when the
transfer of line shaped objects was studied and an
unambiguous relation between the slowly varying
thickness and the stray light was found.

IV. Conclusions

Holograms, in principle, offer the possibility of high
resolution imaging for an extended object field. If 1:1
imaging is required—as is the case for photolithogra-
phy—one needs to use a plane reference beam and a
plane reconstructing beam, opposite in direction, to
obtain a real image in place of the object. This setup
corresponds to four-wave mixing.

However, the holographicsystem should be adjusted
with regard to the direction of the auxiliary rays using
the highest precision allowed by the aperture used. It
was shown in a simple way that, if the mismatch angles
between the auxiliary rays are >1 mrad, remarkable
geometrical aberrations occur when a holographic re-
cording system with reasonable parameters is used.
For smaller mismatch the aberrations remain, but they
are folded with wave diffraction; this factor was taken
into account by the only possible way for large aper-
tures, i.e., numerical computation. The calculations

and measurements are in agreement within the defect
of the hologram plate.

It should be stressed that simultaneously with the
widening of the pattern the more rapid falling of the
Strehl ratio can cause major problems in application.

Observed effects and calculations are applicable for
the case of real-time holography, i.e., four-wave mix-
ing. In this case any irregularities in the phase front of
the pumping waves are enlarged by the nonlinear re-
sponse of the mixing medium, or the medium may have
defects itself, consequently appreciable spread of the
light may diminish the quality of the real-time image.
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