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Response of a homeotropic nematic liquid crystal to rectilinear oscillatory shear
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The response of a homeotropically aligned nematic liquid crystal layer to oscillatory rectilinea(Gbear
ette flow was investigated for frequenciésbetween 0.01 and 200 Hz and layer thicknddsetween 10 and
130 um. Below the onset of instability the cell was placed between crossed polars and light transmission was
studied using a parallel light beam. The experimental results for the transmitted light intensity agree quantita-
tively with numerical solutions of the nematodynamic equations for different cell thicknesses, oscillation
frequencies, and amplitudes. For frequencies between 25 and 150 Hz the critical oscillation amplitude for the
onset of a spatial pattern, observed in polarized white light, could be reached. The pattern consisted of
stationary rolls perpendicular to the direction of the oscillation. The experimentally obtained frequency depen-
dence of the critical shear amplitude for the roll instability for different cell thicknesses is compared with an
existing theory and the results of numerical calculati¢64.063-651X98)09411-2

PACS numbgs): 61.30.Cz, 61.30.Gd, 64.70.Md, 47.2k

[. INTRODUCTION plane, i.e., in they direction, or within the flow plane. The
first case has been clarified in classical experiments by Pier-
Nematic liquid crystalSNLCs) exhibit interesting flow anski and Guyorj10,11 and theoretical work of Dubois-
phenomena due to the coupling between the local moleculdriolette and Mannevillgfor an overview se€9]). For NLCs

orientation (director n) and the velocity fieldv. The flow  With a3<<0 one finds a transition to rolls oriented along the
properties of NLCs are characterized by Leslie viscosity coflow direction, which transforms into a homogeneous distor-
efficientsay ,...,ag, two of which a,(<0) andas are im- tion when a stabilizing magnetic f|.eld is qpphé]:il;l. o
portant in describing the coupling between flow and director. " the second case when the director is prealigned within

orientation[1—4]. In the case of steady, plane, parallel sheat® ﬂk;)W pl_?ime the (ljynam(ijcill behaf[v;)or undler_?sgillatorylﬂfvlv
flow, e.g., along thex axis with a velocity fieldv,(z) (v, can De quite complex and has not been crarified comp'etely.

—v,=0) and in the absence of other torques, the director Fi_rst, one must considgr the response of the system before

oz S ' i any instability occurgbasic statewhere the director gener-
will tend to align in the ng_ planex-z plang at a fixed ;9 oscillates around its equilibrium position induced by the
angled; = *arctanfe/ap) ™ with thex axis if az<0 (the = ) ,nqaries. Beyond the small-amplitude linear regime one
sign pertains to positive/negative shear ratg/Jz). Nega-  fings a response that is nonlinear in the shear strain. Up to
tive a3 is found in common nematics. In materials Wity this shear amplitude the temporal behavior of the director has
>0, which occurs in particular near a nematic-smectic tranpeen calculated for a Speciﬁc frequency range using appro-
sition, instead of flow alignment there is a more complicatedpriate approximation§12,13.
motion[5-7]. In the usual situation of a nematic layer sand- In this frequency range the viscous penetration depth
wiched between confining plates z& = d/2 the director is  /5/pw, w=2xf, is much larger than the cell thickneds
anchored at the boundaries and the hydrodynamic torqueshere » is an appropriate effective shear viscosity gnd
are countered by elastic torques. Then orientational instabilidenotes the NLC mass densifglternatively the inequality
ties can resultsee, e.g.[4,8,9). can be written in the formr,w<1, wherer,=pd?/ 7 is the

Of particular interest have been flow phenomena in nemviscous damping time Then the flow can be approximated
atic layers where a steady rectilinear Couette flow is inducethy the simple linear Couette flow field, which amounts to
by moving one of the confining plates parallel to its plane inneglecting the time derivativénertia term in the Navier-
the x direction. The drawback of this situation is that an Stokes equation. This assumption applies also to the present
(approximately steady state cannot be maintained experi-work.

mentally for a long time. Here we are concerned vaHtil- Next, one may consider Federicksz-type instabilities
latory rectilinear Couette flow where the velocity field where the time-averaged director reorients homogeneously
vy(z,t) oscillates with a time average,)=0. in the plane of the layer. For the simple linear Couette flow

There are two quite different cases depending on whethefield no homogeneous instabilities are predicted to o¢icur
the prealignment of the director is perpendicular to the flowcontrast to the case of Poiseuille flppd4,15, even if the
possibility of transitions out of the flow plane is included

[15,18.
*Permanent address: Institute of Molecule and Crystal Physics, In fact, above a critical flow amplitude, transitions to spa-
Russian Academy of Sciences, 450025 Ufa, Russia. tially periodic roll states with period of the order of the cell
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thickness have been observed in homeotrdgdicector per- --Detector
pendicular to the confining plategl7—20 and planar align- Loudspeaker

, b (- Ball beari -
ment (director along the flow direction21,27. In the ex- wing V(f) —— Analyzer  Ball bearing

periments of Scudieri at ultrasonic frequenci@é® kH2 a e {Jnoer plate

transition to stationary rolls with the roll axis perpendicular < Il(l‘) Liquid
L X ~«—— Liqui

to the flow was observed 7]. Subsequently, at low frequen- d y /é crystal

cies stationary rolls with the axis perpendicular or parallel to L om plate

the flow, depending on the applied frequency, were observed Theimesatizd binss bledk

[18]. A perpendicular stationary roll pattern was also ob-

served by Guazzellil9] at 500 Hz. Some other results about —  Polarizer

optically detected transitions at low frequencies without par-

ticular information on the evolving pattertwave number HH Light beam

and orientationhave also been publish¢d0]. An approxi-

mate theoretical treatment for homeotropic alignment was FIG. 1. Experimental setup.

presented by Kozhevnikop23] and compared with the re-

sults of[20]. A similar treatment was done for planar align- wyo high-precision linear ball bearings. The maximum radial
ment[21,22. The investigation by Guazzelli was embeddedpjay of the ball bearings is gm unloaded, but in our setup
in a study of instabilities resulting from elliptic shear flow the pall bearings are preloaded, which gives us a maximum
[24—-26, where a mechanism is operative that is understoogygia| play below 3um.
quite well[27,28. One end of the metal rod is bound to the membrane of a

A transition to a state with broad, oblique traveling bandsloudspeaker(membrane diameter 24 gnthat is driven by
was observed by Clarkt al. [12] for planar(at «3>0) and  the amplified signal of a signal generator. When using a sine
homeotropic alignmentfor both signs ofas). We are not  excitation the displacement of the upper plate is ideally of
aware of an explanation for this phenomenon. the formx(t) = A, sin wt, wherew=2f. This is the case to

In this paper we present a systematic, quantitative, experiy very good approximation fof>20 Hz. For f<20 Hz
mental study of homeotropically oriented nematic layers subpigher harmonics become noticeable, although with much
ject to oscillatory rectilinear Couette flow covering a reason-smaller amplitudes. The angle between the plane of the up-
able range of frequencies (0.014H1<200 Hz) and cell per glass plate and the metal rod is below .1This tilt
thicknesses (1m<d<130 um). An investigation of the \yould cause asd/d=0.003 during one period of the oscil-
situation in the basic state, before any instabilities arise, igation if A.=d. This is negligible compared to the side
included since a thorough understanding and control of thi$ygyement caused by the radial play of the ball bearings.
situation are essential before proceeding to the onset of the The cell thickness could be varied by changing the verti-
roll instability. _ . . cal position of the brass block. The extrapolated position

Above the critical amplitude, which decreases with in-corresponding to zero thickness could be determined with an
creasing frequency, we find stationary rolls oriented Perpenaccuracy~ + 2 wm. Once the zero point was determined one

dicular to the flow plane with period of the order of the layer ;|4 vary the cell thickness with an accuracy00.2 um
thickness. The bifurcations appear to be reversible. Then respect to it.

threshold is compared with results obtained from a numerical gg|ow the onset of instability the transmitted light inten-
evaluation of the hydrodynamic equations and with the onlysjty yas measured by a semiconductor detector using parallel
available a_nalytlc theor_{/23]. Whereas the agreement with light (source: diode laser, wavelength=670 nm) between
the numerical results is good except in parameter rang€gossed polarizers. The spatial patterns occurring at higher
where the critical oscillation amplitude becomes laig® 5y pjitude were observed in transmitted polarized white light
physical unit$, there is substantial deviation from the ana- (without analyzer and detected by a charge coupled device

lytic theory. . _ , camera. The images were recorded onto video tape.

In Sec._ Il the experimental setup is descrlbed. In Sec. Il The motion of the upper plate was monitored by two in-
the experimental results are presented and discussed. So@@pendent methods.
conclusions and an outlook are given in Sec. IV. (i) The displacement in the& and one more Y or z)

direction was detected by a one-dimensional semiconductor
position-sensitive detector. This detector provides continu-
ous position data of a light spot traveling over its surface.
A nematic liquid crystal layer of thickness is confined  Using a laser diode as the illumination source, we have after
between two parallel horizontal glass platese Fig. 1  amplification a signal that is roughly 0.2 Mh. It allows us
without a spacer. The lower plate is rigidly fixed to a brassto measure the position of the upper plate with an accuracy
block, which is adjustable in order to control the parallelismof =0.2 um. This can be improved by using a focused, more
of the glass plates. This is done by observing the interferenciatensive light spot and more carefully depressed noise.
fringes in coherent visible light. By changing the tilt angle of  (ii) The acceleration of the upper plate was measured with
the brass block one is able to have less than 2 fringes/cnpiezoelectric accelerometers in all three directionsy, and
which means that the cell thickness varies aboutghicm  z). A piezoelectric accelerometer is mainly sensitive in one
or even less. The temperature of the brass block is controllespecific direction with a maximum transverse sensitivity of
by a thermostat with an accuracy of 0.1 °C. 2—-3%. Using three accelerometers, directed perpendicular to
The upper plate is attached to a steel rod that is guided bgach other and parallel to the axes of our coordinate system,

Il. EXPERIMENTAL SETUP
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T ' ' T IIl. RESULTS AND DISCUSSION

A. Basic state

g In order to gain confidence in the results for the instability
- (to be discussed subsequepthye first set out to reach quan-
“;’zs titative agreement between the experiments for the basic
= state and the results of numerical solution of the standard set
X of nematodynamic equatiof8,16]. From an analysis of the
£ underlying hydrodynamic problem one expects the director
x to oscillate within the flow plandsee also the Appendix
-0.20 : i : . Then the experimental signal, i.e., the transmitted light inten-
0.000 0.005 0.010 0.015 0.020 sity |+, between crossed polars, should be related to the cal-
Time (s) culated director angléd, (measured from th& axis):
FIG. 2. Displacement of the upper platé&t) (O), measured b . _,P 2 [di2
the position-sepnsitive photodetec?opr anpd tr?e) acceleration of th)é up- lre=1o SirP2a szf’ = A _dlen dz (@

per plate in all three directiona, (O) [a, (A) anda, (X) are

multiplied by a factor of 1pmeasured with the piezoaccelerometers\yhereA is the wavelength of the light. The angiebetween
as a function of time. The frequenéy-186 Hz, the cell thickness  {he x direction and the polarization of the incident light is
d=50 um, and the oscillation amplitud&,=1.4 um. kept at 45°. The birefringence is given by

2 2

nj—ng I
An=n,|1- —=— cog¥, -n,, 2
I

one gets the signai, , a,, anda, from which the ratio of

the transverse acceleration could be determined. These ra-

tios, which we call ellipticities §,=a,/a, ande,=a,/a,),

are easier to measure at higher frequencies since the accelhere n; and n, are the refractive indices for light with

eration is proportional td?. polarization parallel and perpendicular to the director, re-
Signals for a typical motion are shown in Fig. 2. The spectively. One can see that the maximum transmitted inten-

different curves correspond, respectively, to the displacesity is I max=1o-

ment x(t) of the upper plate measured with the one- The experiments were carried out for different cell thick-

dimensional position detector and the acceleration valueB€sses in the range Ym<d<70 um. We measure the dis-

a(t), 10a,(t), and 1@,(t). By calculating the ratios of the Placement of the upper plate in dimensionless wxt3/d,

maxima of the accelerations in the different directions onevhile the transmitted light intensityr, measured between
obtains the ellipticitiess,=0.06 ande,=0.03 for this case. crossed polars is normalized by its maximum valyg, (see

Alternatively, if one first calculates the Fourier spectrum of@20ve- o , I tor th |
the acceleration signals and determines the ellipticity from In Figs. :{a)—3(d) t e exp_enmenta d_ata or the normal-
the ratios of only the first harmonics one gets for the samézed transmitted light intensity versus time are plotted fior

_ _ _ _ =425 Hz, d=52 um, and four values ofA,/d. Also
measurements,, =ay;/a,=0.05 and €,,=a, /a,=0.02.

The same ratios for the side movement were detected witﬁhown is the normalized upper-plate d|splac§.ment, which is
" I~ . in this range of frequency accurately described Xgy)/d
the position-sensitive detectors at smaller frequencies an

. = (A, /d)sinwt. The continuous lines are theoretical curves
larger amplitudes. . evaluated from the nematodynamic equations using material
In_ all of our experiments,, gnd €,1 were less than 0.07 parameters for 5CEsee the Appendix One can see that at
and in many cases they were in the range of the error of thgis frequency the maximum of the intensity of the transmit-
piezoaccelerometer@naximum transverse sensitivityThe  gq light coincides with the maximum of the upper plate’s

origin of the side movement is on the one hand the radiahisplacement in timéno phase shift This is typical for the
play of the ball bearings and on the other hand the mechanfange where the elastic terms are irrelevant in the director
cal resonances of the setup at its eigenfrequencies. Duringquation, i.e., where=1/(ry0)<1 (here r4= y,d%/Ky, is
the measurements we avoided mechanical resonances fhe director relaxation time ane10°).
choosing appropriate frequencies of the oscillation because a Comparing Figs. @) and 3b) one sees that a rather small
possible oscillation in the direction would cause a Poi- increase of the amplitude can induce a remarkable increase
seuille component in the flow making the situation muchin the intensity of the optical signal, in agreement with the
more complicated. results of the calculations. Above a certain amplityidee
The substance Ki5or 4-n-pentyl-4-cyanobiphenyl Fig. 3(c)] the maximum path differenc® [see Eq.(1)] ex-
(5CB)] was used for investigation. It has a nematic phaseeedsm. Then the maximum of the optical signal splits up in
between 22.4°C and 34.5 °C. The Leslie coefficiagtof  time into two peaks and at significantly larger amplitudes
5CB is negative in the whole temperature range, whickshows oscillatory behavidiFig. 3(d)]. We note good quan-
means that in steady flow at large flow gradients one hatitative agreement between experiment and theory without
flow alignment. In the experiments the temperature was kepany fitting parameters in numerical simulations.
atT=25 °C. By using float glass plates a homeotropic initial In Fig. 4 the normalized transmitted light intensity de-
alignment was achieved, which was checked between rotatected at the time of maximum displacement of the upper
ing crossed polars. plate is plotted as a function of the reduced amplitAgéd
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FIG. 3. Normalized displacement of the upper pla(€)/d (crosses and the normalized transmitted light intensity (t)/1 4, (dia-
monds between crossed polars plotted as a function of time for the amplit@ailés /d=0.11, (b) A,/d=0.18, (c) A,/d=0.22, and(d)
A,/d=0.63. The frequency of oscillatory flofx=42.5 Hz and the cell thickness=52 xum. The continuous lines are calculated from the
standard set of nematodynamic equatif®d 6] using 5CB material parameters.

for the same parameters as in Fig. 3 and compared with themall amplitudes is obtained at the moment of maximum
results of nematodynamic equations simulations. As exdlistortion of the director @ <), was measured as a func-
pected, the optical signal generally oscillates between 0 angon of the frequency for various values 8§/d. In Fig. 7

1. However, when approaching the onset of the pattern forthe normalized transmitted intensity is shown fag/d
mation (in this caseA,./d~1) the hydrodynamic instability =0.14. The continuous curve corresponds again to direct
develops at some locations in the cell, which can be observegmerical simulations of the nematodynamic equations.

by the decrease of the maxima and increase of the minima of \ye note that the good agreement between experimental

the optical signal. data and numerical resulas presented aboygustifies the
In Fig. 5 the behavior at low frequency is demonstrated ules p Ve

Th lized t itted light intensit d | teprediction thain,=0 (no out-of-plane motion[15,16. This
ne normalized transmitted fight intensity and upper-pia agreement could be achieved i 70 xwm up to an ampli-
displacement versus time are shown ftbe44 ym and f

=0.1 Hz, wheree=0.6 and the amplitude was fairly small:
A,/d=0.2. At this frequency, as mentioned before, the dis- 12 — T T T T 1
placement curvex(t) is quite anharmonic. The positions of
the extrema ok(t) and the maximum of;,(t) clearly dis- 1.0
play a phase shift between the upper-plate displacement an
the optical response. This results from the influence of the 0.8+
elastic terms in the director dynamic equation. The experi-
mental results are compared with full numerical solutions of =
nematodynamic equation@ncluding elastic terms repre-
sented by continuous lines in the figure.

In Fig. 6 measurements of the phase slitfte phase shift
equals 0O if the maxima of the transmitted light intensity co- 5
incide with the extrema of the displacement in time andl
if its maxima coincide with the zero points of the displace-

0.6

r max

x)T

<
= 0.4

meny versus frequency are presented for three cell thick- ' 0_.0 ) - 4 06

nesses. The amplitud&, was around 7um in the high- Ald

frequency regime, while at small frequenciels<(.1 Hz) X

larger amplitudes were needed upAe~20 um in order to FIG. 4. Normalized transmitted intensitfA)r, /1 may at the

obtain the same optical intensity. One clearly sees the tranmoment of maximum displacement of the upper plate plotted as a

sition from the elasticity dominated regime occurring at veryfunction of the oscillation amplitudé, /d (crosses Otherwise the

low frequency, where the phase shift is1, to the high- parameters are the same as in Fig. 3. The continuous line is calcu-

frequency regime with vanishing phase shift. lated from nematodynamic equations using 5CB material param-
The maximum of the transmitted intensity, which for eters.
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FIG. 5. Normalized displacement of the upper plaig)/d FIG. 7. Maximum value of the transmitted light intensity nor-

(crossesand the normalized transmitted light intensigy(t)/Imax  malized tol .4 as a function of the flow frequency for cell thick-
(diamonds between crossed polars plotted as a function of time fornessd=44 um and displacement amplitudg, /d=0.14. The the-

the amplitudesA, /d=0.2. The flow frequency=0.1 Hz and the oretical curve is obtained from the full numerical simulation of the
cell thicknessd=40 um. The continuous lines are calculated using nematodynamic equations.
5CB material parameters.

analysis should be applicable for the determination of the

tudeA,/d<1 or A,<A,. (whichever occurred first Other-  threshold.
wise discrepancies developed. We mention that at some frequencies in the range 45 Hz
< f<80 Hz we observed tilted rolls as well as nonstationary
B. Onset of the roll structure patterns consisting of traveling rolls. In these cases the ellip-

ticity of the motion (e, and€,) was observed to be slightly

When increasing\, at the fixed frequency, above a criti- |arger than usual, probably due to mechanical resonances of
cal value @) one observes the onset of a stationary patthe setup.

tern. The pattern consists of rolls with their axes normal to The experiment was carried out for cell thicknesses in the

the oscillation direction. It is observable in white polarized range 3gum<d<130um. The threshold amplituda,. as
light (see Fig. 8 as an example _ a function of the frequency is shown in Fig. 1(). The

~ The threshold amplitudeA;.) has been determined pre- gifferent data correspond to thicknesses in the above range.
cisely at several frequencies by the following method. Theas one can see in Fig. 14, the threshold increases rapidly
driving voltage of the loudspeaker was increased slowlyyith decreasing frequency. In Fig. () the same data are
(controlled by computgruntil the pattern had developed; pjotted in the form ofA,./d versusd with the frequency as
then it was decreased to the starting value. The oscillatioR parameter. Finally, in Fig. 11 we plot the data in the form
amplitude of the upper plate was detected and the corresyggested by the scaling lad,./d=F(74w) with some
sponding images were recorded and analyzed. The contrast
was defined to be the root mean square of the variations of
the intensity in a chosen horizontal line. The contrast as a
function of the oscillation amplitude is plotted in Fig. 9. The
two symbols correspond to increasing and decreasing ampli
tudes, respectively. The curves appear continuous and n
hysteresis was observed. Consequently, linear stability

()

001 e

0.0

-0.2+

-0.4-

Phase shift (T/4)

0.01 01 1 10
Frequency (Hz)

EE
E
i
E

FIG. 6. Phase shift between the upper plate oscillation and the
transmitted intensity as a function of frequency. The data were mea
sured for cell thicknessed=30, 40, and 5Qum. The continuous
lines correspond to the simulations of nematodynamic equations. FIG. 8. Roll pattern observed in polarized white light fat
The steps observed &1, 2, and 5 Hz in the experimental data =40 Hz andA,/d=0.7. The rolls are perpendicular to the direc-
originate from the data processing. tion of the upper plate oscillations.
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FIG. 11. Normalized threshold amplitudg./d for the forma-

FIG. 9. Contrast of the images observed in polarized light attion of the roll pattern as a function of the quantityw for cell
increasing(X) and decreasing/\) oscillation amplitude. The fre- thickness d=30 um (@), d=40um (O), d=50 um (V), d
guency wad =127 Hz, while the cell thickness=90 um. =60 um (=), d=70 um (|), d=80 um (<), d=90 um (O), d
=100um (A), d=110um (X), d=120um (*), and d

function F. This scaling property can be read off the nema-—, 130 #m (). The dotted line corresponds to the numerical resuilts
todynamic equations. Also included in Fig. 11 are the resultQf i€ linear stability analysis with fully rigid boundary conditions,
of Ref.[23] (dashed lingas well as numerical results on the while the dashed line is calculated frdi3].

linear stability analysis of the basic state obtained by neglect- . . . . .
ing the inertiZ\ termyin the nematodynamic equati(xdxsty teg quite goc_)d, _mclqdlng . scallng behavior, except for low
line) (see the Appendix Whereas there are substantial dis- frequencies in thick samples. This corresponds to the case of

) : large oscillation amplitude&n physical unit$. The discrep-
crepancies betwet_an experlment.and t_he re;ults Qf (28], ancies are discussed in Sec. V. At low frequenciebdlow
the agreement with the numerical simulations is actuall

Yabout 25 Hz no periodic roll structure is observed; instead,
at large amplitudesvhen one would expect the formation of

a_)1 sol . T T T T T rolls) irregular patterns appear. Above 150 Hz the attainable
1601 ] maximum amplitude of the_loudspeaker was not enough for
40] * 1 the development of a spatial pattern. When going to small
»5120_ & ] thicknesses d~30 um and below the contrast of the roll
2 § ] pattern diminishes, thus making threshold measurements dif-
1007 ] ficult.
< 80; § ] Concerning the wave numbey, of the roll pattern at
601 v % 1 threshold, we find experimentally an approximately constant
40 g 1 valueq.d/7~1 in the frequency range investigatezte Fig
20 ¥ 12). From our simulations follows a very weak frequency
20 40 60 80 100 120 140 dependence for the critical wave numbgr and q.d/
f (Hz) ~0.8, wherea$23] predictedq.d/7~0.5.
b.) 3.0 T - - - - - IV. CONCLUDING REMARKS AND PERSPECTIVE
2.51 o | With regard to the basic state before the onset of instabil-
20- ] ity, we may emphasize that considerable effort had to be put
E A a J
5 T 14y o ]
A
1.0 ° : : é : A A A A Ao & _ 1.2 o o o 1
° X x x x o © o o o
0.51 2 § 3 T o 9 g0 ] : 1.040 ° 4
00 T T T T T T B 08_ 1
40 60 80 100 120 140 o
d (um) O‘O 0.6 b
0.4 .
FIG. 10. (a) Threshold amplitudé\,. for the formation of the
roll pattern as a function of the frequenéyfor cell thicknessesl 0.2 T
=40 um (0), d=50 um (V), d=60 um (—), d=70 um (), d oobp o
=80 um (¢), d=90 um (O), d=100 um (A), d=110 pwm (X), 40 60 80 100 120 140 160
d=120um (*), andd=130 um (+). (b) Normalized threshold d (um)
amplitudeA,./d as a function of the cell thickness for different
frequencies: f=28 Hz (), f=33 Hz (A), f=38Hz (X), f FIG. 12. Wave number of the roll pattern as a function of the

=40 Hz (V), f=75 Hz (O), andf=133 Hz(+). cell thickness.
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into optimizing the experiment before the quantitative agreeing to the roll instability involves the following aspect. We
ment with theory as reported here could be achieved. Thiare dealing with a system that is parametrically driven in a
optimization was a prerequisite for capturing the roll threshtime-periodic and, when inertia terms are neglected, essen-
old quantitatively. tially spatiallyhomogeneoumsanner(the velocity gradient of

We suspect that deviations from the ideal rectilinear flowthe basic flow, which is the relevant quantity, is spatially
excitation, which become relevant at large amplitude, aréonstant Then, as long as the state remains homogeneous,
responsible for the remaining discrepancies. An indicatiorfh® Spatial coupling of the director through orientational dif-
for this conjecture is the discrepancy arising already subcritifusion is not activated. The system behaves as a zero-
cally in the basic flowmsee the end of Sec. llAEven a dimensional one, which is integrable and cannot develop in-
rather smallz component of the motion of the upper plate stab|I|t|e_s. The _onIy way to produce a time-averaged torque
may excite a substantial uncontrolled Poiseuille flow, which®" the director is to establiglspontaneouslya space depen-
could lead to out-of-plane motion of the director. This would dence, thereby activating the spatial couplifapd escape
presumably delay the roll instability, as observed. integrability). A positive growth rate of spatial fluctuations is

When trying to assess the theoretical situation it is usefuf"e€n possible. Thus, paradoxically, the diffusive coupling is
to make a connection with thelliptically sheared case mstrumental in producing the spatial mhomogenemes. The
[19,24—28. There one has satisfactory agreement with arfffect is complementary to the mechanism operative when

approximate analytic stability analysis of the basic statdn® driving isinhomogeneougas in Poiseuille flowand the
[27,28. The approximations mainly involve a time- director undergoes homogeneousansition[14—16.

averaging procedure that can be rephrased in terms of a Although our results represent a substantial advance over

lowest-order time Fourier expansion and a one-mode apQrevious studies of this problem they leave room for. im-
proximation with simple symmetry of thedependence. The Provement. In the future we hope to develop an analyic
mechanism does not involve the inertia term, so it was disS€Mianalyti¢ approach to capture the essential features of

carded in the analysis. The threshold condition is of the fornfn® numerical results presented here. Hopefully our investi-
X.Y,/d?~(740) "L, whereX, andY, are the critical oscil- gation can be extended to include ellipticity of the shear so

lation amplitudes in the two directions. Clearly in the limit that the crossover to that domain can finally be clarified. We

where one amplitude becomes small, the critical amplitudé@'® currently working on an experimental apparatus that al-

for the other diverges. Therefore, this mechanism does ndP"'S Us to apply a controlled ellipticity of the shear in order

lead to a threshold for rectilinear shear, so here a differentlﬁ_approa‘:h the crossover experimentally. To our knowledge,
mechanism is needed. this crossover has been observed only in one experiment for

In the case ofrectilinear shear employing a somewhat 9=50 #m andw=500 Hz[19]
similar approximation scheme for the linear stability analysis
as was used for the elliptic case, but not dropping the inertia ACKNOWLEDGMENTS
term, Kozhevnikov [23] arrived at a thresholdA./d
~[(7q47,)"?w] 1. It diverges when the viscous dissipation

time is .set t.o Z€ro, i.e., When the in.ertia te(m is dropped. Th ions on computational problems. A.K. is grateful to the Al-
apprlc_JtX|(rjnat|ons r_nadt(_a |n\;o':\r/]e, bm' patrtltcular,l a stma(ljl— exander von Humboldt Stiftung for financial support and,
ampiitude approximation of the basic state, a lowest-or e{ogether with A.B., wishes to acknowledge the hospitality of

“!’“e Fourier approximation, a one-mode approximation Withthe University of Bayreuth. B.T. wishes to thank the Bashkir
simple symmetry for the dependence, and neglect the elas-g;:o University and the Institute of Molecule and Crystal

tic torque in the oscillatory part of the destabilizing ﬂUCt“a'Physics(Ufa) for their hospitality and A.K. wishes to ac-

fcions. Then one can see that_ a _mechanism for insta_bility giYknowledge the hospitality of the Research Institute for Solid
ing a time-averaged destabilizing torque on the director IS5tate Physic¢Budapest Financial support from VW Stif-

indeed provided through the phase shift between the bas‘[?mg EU Network No. ERB EMR XCT 960085. MTA Grant
state velocity oscillations and the oscillatory part of the ve-y g ’OTKA T014957. DEG Grant No. Kr 6§0/12-1 and

locity fluctuations, induced by the inertia term in the Navier- INTAS Grant No. 96-498 is gratefully acknowledged
Stokes equatiorfwithout the phase shift the relevant time ' '

averages are zeroHowever, another source of a time-
averaged torque is provided by the elastic terms, which are
effective in a boundary layer of thickness») /% Unfor- A previous study of the uniform respon§ee., nox andy
tunately, a one-mode approximation does not capture thigependengeunder oscillatory rectilinear Couette flow shows
effect and therefore an analytic treatment is difficult. Never+that the director oscillates within the flow plane-¢ plane
theless, it is clear that the latter mechanism becomes impo{yithout out-of-plane instabilitief15,16]. Allowing for peri-

tant at low frequencies. The results [@3] do not describe  odic modulations of the director and the velocity alongne
our experimental data. On the other hand, the agreement bgan write

tween experiment and a numerical stability analysis is actu-

We thank N. ’E)er for fruitful discussions on technical
roblems and W. Pesch and O. Tarasov for fruitful discus-

APPENDIX: NUMERICAL SIMULATIONS

ally quite good. Where the experimental data deviate from ny=cos 6(x,zt), ny=0, n,=sinf(x,z1),

that theory, they violate an analytic scaling property. We (A1)
tentatively conclude that the approximations made in the Ux=0x(X,Z2,1), ©vy=0, v,=v,(X,zZ1).

analytic theory are not valid at the low frequencies consid-

ered here. Then the standard nematodynamic equatif®id] assume

From a more general point of view the mechanism leadthe form(the notationf ;= g;f has been used throughout
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Y1 NNyt~ NNyt N (V- V)n,—ny(v-V)n,

1
- E(Ux,z_ Uz,x)

2 2
+7 nxnz(vx,x_ vz,z) +(nz—ny)

1
XE(UX,Z+UZ,X)

=Ky n(V 1) =N, 3,(V-N)]
+ K33[ n2072( nx,z_ r1z,x) + nxé’x( nx,z_ nz,x)]v (AZ)
P[Ux,t+ (v- V)Ux] == p,x+ Uxx,x+ Ozx,z21

(A3)

P[Uz,t+(v' Viv,]=- Pzt Oxzxt 0222,

with the components of the stress tensor
yx=—Kyy (V- l:\])nx,x"' K33(nx,z_ nz,x)nz,xalAni

+ (ayt+ ag)nyNy+ Uy xt (a5t ag)ny

1
NyUy xt nzz(vx,z—i_ Uz,x)

>< 1
A (A4)
o= —Ka(V- n)nz,x_ K33(nx,z_ nz,x)nx,x+ a;Anyn,
1
+ ayn Ny + asnyN,+ a’4§(vx,z+ Uz,x) + agNy Nyvy x

+a6nx

1
nxz(vx,z+vz,x) + N,

1
+ nzz(vx,z'l' Uz,x)

where

_ 2 2
A= Ny xt N7t nxnz(vx,z+ Uz,x)a

1
Nx:nx,t+(v'v)nx_Enz(vx,z_vz,x)y (A5)

1
N,= Ny ¢+ (v-V)n,— Enx(vz,x_ Ux,z)-
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incompressibility. Then one has for the basic state
=6p(z,t), vy=vox(zt) from Eqgs.(A2) and (A3)

Y100~ (aSi 6y — a3C0S 0)v oy ;

= (K11€0¢ 8o+ K338i? ) 0y

+ (K33~ K11)singocos 6,63 ,, (A8)
PU oyt = 71 — (@2SIMP 8 — a3C0S ) fo,
1 .
+ E[a4+ (a5— Ct’2)S|nzeo+ ((X3+ Qg
+2a3Sinf ) oS o v oy 2 | - (A9)

The direct numerical simulations of Eq#8) and(A9) with
boundary condition§A7) were performed. In the frequency
rangew<1/7, to be considered here (= pd?/y, so that for
p~10° kg/m®, d~10 *m, and y;~10"! N s/n? one has
1/7,~10* sY) we found essentially no difference if the in-
ertia term puvgy ) Was dropped in Eq(A9). Omitting also
the elastic coupling terms on the right-hand side of B®)
one can easily find

wherea=A,/d, A= «a3/a,, and the director is independent
of z [12,16. For torque-free boundary conditioh®,,(z
==+d/2)=0] Eg. (A10) is in fact an exact solution of Egs.
(A8) and(A9) with the inertia term dropped. For strong an-
choring [ 0y(z= =d/2)= /2] the elastic terms generate
boundary layers of thicknes§1l/7qw (in physical units
VK 11/ 1), which corresponds to the orientational diffusion
length, which is neglected here. This is valid for the condi-
tion Vl/rqw<1, i.e., w>1lry (t4=7y,d%/Ky; and for v,
~10 ! Ns/?, d=10"%m, and K;;=10 ' N one has

bo(t) = —arctar] ——t iy in wt
o(t)= > —arcta \/Xan yasine

(A10)

d
vox(z,t)=aw| z+ > cos wt,

The components,,,,, can be obtained by exchanging of 1/74~10"? s™%). The approximate solutiofA10) is appli-

the indicesx andz in the expressionéA4) for o, andoyy,

cable for frequencies t{<w<<1/7,.

respectively. In addition, one has the director normalization For the linear stability analysis of the basic state we lin-

equation and the incompressibility condition

n)2(+n§:11 Uxxtvz,=0. (A6)

Equations(A2)—(A6) are to be supplemented by the bound-

ary conditions
0(z==d/2)=ml2,
vy(z=—d/2)=0,

vy(z=d/2)=A,w coswt, (A7)

v(z=+d2)=0, v,,(z=*d/2)=0,

earize Eqs(A2)—(A6) around the solutioltA10)

0= 0p(t)+ 0,(X,2,t),
(A11)

vX:UOX(th)+UlX(XizIt)1 Uzzvlz(XaZ,t)

with small perturbation®,,v,,,v4,. The pressure perturba-
tion is eliminated by cross differentiation of the and z
components of the Navier-Stokes equati@8) and v, is
eliminated by the incompressibility condition. One is then
left with two (rather lengthy linear equations for the vari-
ables 0, ,v,, with the coefficients depending on the basic
solution 6y,vox. The boundary conditions for the director

For sufficiently small shear amplitudes the system remains iRnd velocity perturbation are
a state that retains all the symmetries compatible with the

external constraints, i.e., nrodependence and,=0 (from

0,(z=*d/2)=0, (A12)
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v1(2=*+d/2)=0, v,,,(z=*d/2)=0. have tested the error of the critical oscillation amplituxge
by changing the order of truncation of the Galerkin expan-
From Floquet’'s theorem follows the general form of the so-sjgn [Eq. (A13)]. We chose a sufficient number of time and

lution of our linear problem z modes in the Galerkin expansion to restrict the relative
o error of the threshold, to well below 10 2.
[61(%,2,0),01,(%,2,0) =" X [b,(2),cm(z)]e™" Since the basic state soluti¢A10) pertains to torque-free
m=— boundary conditions, we checked its stability also for those

boundary condition®, ,(z=*d/2)=0. This was found to
lead to a small decrease of the critical amplitiale The

whereq is the wave number in the direction. The coeffi- reduction increased with decreasing frequency fred% at
cients[by(2),cm(2)] are expanded in a complete set of or- Tqw=10" to ~8% at rqw=10°. We have also tested the
thogonal functions that satisfy the boundary conditionsinfluence of the inertia terrmu; . in the Navier-Stokes equa-
(Galerkin method; see, e.429]). We used a set of trigono- tion for the perturbations. In the frequency range ¥ w
metric functions for the anglgb,(z)] and Chandrasekhar <1/7, considered here, where the basic state soluthdo)
functions for the velocity[ c,(z)] [30]. After a projection is valid, inclusion of the inertia term leads to a small de-
procedure and truncation of time series andanodes one crease of a.. The reduction was about 2% ab
obtains a linear system for the expansion coefficients. ItsuO.er_1 (7qw~1C in Fig. 11) and decreased with decreas-
solvability condition gives the growth rate functier(q,a). ing frequency.
The condition Rer(g,a)]=0 yields as usual the neutral curve  The numerical computations were carried out for the fol-
ao(q). The threshold is given bg,=minay(qg), which also  lowing 5CB material parameters at 26 {81,32: elasticity
yields the critical wave numbar, for the pattern. coefficients in units of 10'? N, K,;=5.95, K,,=3.77, and
The calculations show that one has at thresholda)m( Kas=7.86; viscosity coefficients in units of 16 N s/n?,
=0, i.e., the bifurcation has a stationary character. Beyondv;=—6.6, a,=—77.0, az3=—4.2, 04,=63.4, a5=62.4,
threshold there are nonzero time averagés) and(vy,)  andas=—18.4, and mass densips=1021.5 kg/mi, and re-
corresponding to a stationary spatial modulation of the direcfractive indices for wavelength of light\ =670 nm at
tor and velocity in the form of a periodic roll structure. We 24.3 °C,n;=1.708 andn, =1.530.

+c.c., (A13)
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