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Transverse vortices induced by modulated granular shear flows of elongated particles
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We perform discrete element method (DEM) simulations of elongated grains in a shear cell for various particle
aspect ratios and contact frictions, with an additional heterogeneous force perturbation in the flow direction. For a
perturbation in the form of a single Fourier mode, we show that the response of the system consists of transverse
secondary flows that average onto a pattern of four vortices. We also theoretically studied this phenomenon by
generalizing the granular rheology () to the case of elongated grains and computing the linear response to such
a perturbation. Even if the agreement between theory and simulations remains qualitative only, we can reproduce
and understand the inversion of the vortex pattern when the cell aspect ratio is increased from a vertically to a
horizontally elongated cell shape, emphasizing the key role of the second normal stress difference as well as the

cell geometry.
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I. INTRODUCTION

Secondary flows in granular systems have been observed
in a variety of configurations. Vortex-like convective rolls
have been studied in gravity-driven chute flows, where re-
gions with very different densities develop, especially when
highly agitated gas-like domains appear with considerably de-
creased density [1-4]. Taylor vortex-like structures have also
been seen in a granular flow [5], which are analogous to the
well-known instability of liquid flows in the Taylor-Couette
geometry [6]. The formation of heaps on the top surface of the
granular material was also observed in a similar geometry [7].
In slower flows, where density variations are much smaller,
density-driven secondary convection was studied in a cylin-
drical Couette device, as well as numerically in a split bottom
shear cell [8—10]. Recently, a slow transverse flow was created
by a bulldozing mechanism in driving granular material with
a conveyor belt [11].

The above-described observations were made with spher-
ical or nearly spherical particles. For elongated grains, a
peculiar secondary flow was observed in the cylindrical split
bottom shear cell [12,13]. The strength of this transverse flow
was fill-height dependent, with the largest amplitude for inter-
mediate fill heights, for which the shear zone has the largest
extension. This secondary convection led to the formation of
a considerable heap in the middle of the shear cell, which
was not observed for spherical grains. Interestingly, reverse
convection was recently observed for concave grains, leading
to the formation of a dip in the middle of the cylindrical split
bottom shear cell [14].

Secondary flows are also present in flows of granular sus-
pensions [15], which share part of their rheological behavior

“Contact author: slevay @unav.es

2470-0045/2025/112(1)/015402(11)

015402-1

with dry granular systems [16,17]. Secondary flows, possibly
associated with migration of particles, are known to be in-
duced by normal stress differences [18], as exemplified by the
Weissenberg effect [19-22] with viscoelastic fluids such as
polymers. Normal stress differences in granular suspensions
have been measured in experiments analyzing the curvature
of the free surface of flows in a tilted trough [23], or recording
stress profiles in a torsional flow between discs [24], as well
as in simulations [25]. Interestingly, they get enhanced values
for elongated particles such as fibers or dimers [26-29]. The
free-surface curvature of channelized gravity-driven flows of
dry grains has also been associated with the presence of nor-
mal stress differences [30,31], especially in the context of the
formation of levees [32-34].

The flow of dense granular systems has been largely
studied over the last two decades, in particular developing
an empirical frictional rheology, known as the w(I) rheol-
ogy [35-39]. Starting from the idealized case of systems of
monosized hard spheres, this rheology has been extended
in various ways, for example, accounting for grain cohesion
[40-42], grain softness and contact friction [43], or active
(self-propelled) grains [44]. An important piece of work has
also been done to properly accommodate, or regularize, this
rheology in Navier-Stokes solvers [45—47]. In the case of
the presence of strong gradients, a nonlocal rheology has
been developed [48—50], for which an additional variable, the
fluidity, has to be defined and modeled [51-53]. Finally, the
kinetic theory for granular gases, pushed to the dense limit,
recovers the features of the granular rheology and its nonlocal
extensions [54].

For our present purpose, a key rheological aspect is to
account for grain elongation, as, e.g., with rods [55-57],
multisphere particles [58-60], spherocylinders, or ellipses
[61-63]. These studies showed that, in a similar way to granu-
lar suspensions, these systems display enhanced normal stress
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differences. In our wish to understand the processes at work
in the heaping problem, and to relate secondary transverse
vortices to these normal stress differences, the idea is to inves-
tigate the flow of grains of arbitrary elongation aspect ratio «
in the simpler configuration of the shear cell, where a nonho-
mogeneous forcing is implemented in the flow direction. This
forcing will be of arbitrarily small amplitude € so that we can
compute the response of the system at the linear order in this
perturbation.

The structure of the paper is the following. In Sec. II
we propose a generalized granular rheology in the case of
elongated grains and study the case of a plane Couette
flow. In Secs. III and IV we analytically compute the lin-
ear response of a shear flow to a nonhomogeneous forcing
in the flow direction. We introduce the discrete element
method (DEM) and numerical setup to simulate such gran-
ular flows in Sec. V. In Sec. VI we present and discuss the
results of these simulations in comparison to the theoretical
expectations.

II. GENERALIZING GRANULAR RHEOLOGY
A. Reference isotropic case

Assuming pressure isotropy, it has been proposed by Jop
et al. [37] that the granular rheology, which relates the stress
tensor o;; to the velocity field u;, takes the form

oij = H(&j'*‘ﬂﬁ)’ (D
Y

J

J}ij

where I1 = %Uﬁ is the pressure and y;; = f‘;j + f‘ji with
[';j = d;u; is the shear rate. The norm of the shear rate is here
defined as y? = %)'/,- ;jvij- The effective friction w is a function
of the inertial number I = yd//TI/p, where d is the grain
size and p the grain mass density, and is empirically deter-
mined by measurements on experimental or numerical data.
Although this rheology also comes with a second constitutive
relation describing the behavior of the packing fraction ¢ (),
this expression (1) must be consistent with the definition of
I1, incompressibility: y; = 0. We will eliminate this possible
issue by assuming later the quasistatic limit / — 0.

B. Generalized constitutive relation

We would like to generalize this rheology (1) to the case
of elongated grains, for which finite normal stress differences
Ny = 0, — oy, and N, = o,, — 0, arise. To do so, one must
notice that the following symmetries are required.

(i) The normal stress differences depend on the direction
of the velocity gradient and the flow, so they must change with
the transformation I' — T . This means they must depend
explicitly on I'; > as ¥;j is symmetric.

(i) The normal stress differences are invariant to the re-
versal of the flow direction (I';; — —TI;;), so they can only
depend on even order terms of the shear rate.

(iii) The new term should have a trace of zero, to keep the
definition of IT correct.

The simplest relation that fulfills these requirements is

1 /. . 1. . 1 /. . 1. .
0ij = H|:5ij + M? + V1ﬁ<rkirkj - grklrkl(sij) + VZﬁ(Fiijk - grlkrlkaij>

1 /. . 1. . 1 /. . 1. .
+ Uﬁ<rikr‘kj - grlkrklaij> + nﬁ<rkir‘jk — grklrlkaij)il: ()

or, without index notation, in a coordinate-independent form

(T=H|:1+pLZ
v

' 1 (ore 1 g, 1 (o 1 ..r
+o— (T = =Tr(@' D)1 ) + v, — (T — Tr(ITH1
y? 3 y? 3

1 .. 1 .. 1 .7 1 LT
+ p— (T = =Tr(PD)1 ) + p— (P17 — (@' 171 ) |, A3)
y? 3 y? 3

with y? = %Tr()'l}‘/T). The last two terms must have the same
factor n to ensure that the stress tensor is symmetric. The co-
efficients u, vy, v, and n depend on the inertial number 7, but
also on microscopic parameters such as the grain aspect ratio
«a or the grain contact friction p, [61,63,64]. This rheological
form is similar to a Rivlin-Ericksen stress closure, as proposed
for granular flows in [30,31,64,65].

C. Plane Couette flow

The granular rheology is usually studied and calibrated in
the geometry of a plane Couette flow. In this case, we consider
a cell sheared in the x direction with the gradient in the y
(“vertical”) direction, and z being the neutral ("transverse")
direction. This cell has dimensions Ly, Ly, and L, along those
three axes, and we take the origin of the coordinates at the

(

center of the box. The grains in this cell are subjected to a
given pressure I1y. The flow in the homogeneous case, which
will be the base state of the calculation later on, is character-
ized by a linear velocity profile, associated with a reference
shear rate yy:

Yoy
upo= | 0 |, 4)
0
. 0O 0 O
o= (w 0 Of, ©)
0O 0 O
. o 0 »w O
Yo=To+Tp=(»w 0 O] (6)
o 0 O
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(b)

(©)

FIG. 1. Schematic drawing of the studied system. (a) The simulated cell has a dimension L, x L, x L.. Itis confined by o, in the vertical
direction. Shear is applied in the x direction, plus (b) an additional external force F;(y, z) in the x direction (its magnitude and sign are shown
by the surface and the green arrows). This results in the flow pattern shown in (c), four vertices in the velocity field in the y-z plane.

In this configuration for which only f‘yx # 0, both 1'"3 and

(rg )? are zero, so that the second line of Eq. (3) disappears
and the coefficient n cannot be measured in such a config-
uration. To measure it, a configuration with extensional or
compressional flows is required. It will then be left adjustable
in the following. In contrast, v; and v, are related to the
calibrated first and second normal stress differences as

N +N
Cn

0 (7

Vi . )

whose values are taken from Nagy et al. [63] (see also Fig. 5
in Appendix A). The traces are related as

7 = ¥Te(pop}) = STe(5 + o] + T Fy + (5])))

1

=2
= Tr(Ig + [l ) = Tr(Foly). ®)
As mentioned above, we will restrict to the quasistatic limit

for which Iy = ypd/+/Tlo/p < 1. Under this assumption, the
stress tensor in this base state finally reads

Vie Me 0
oo=Ilg| w1+ | te v O = [o(m.1 4+ Xp), (9)
0 0 O

where 7, = 1— 1(vic 4 v2c), and where the subscript "c"
indicate that p, vi, and v, are taken as constants (indepen-
dent of the shear rate, but still functions of « and p,, see
Appendix A).

the symmetric shear rate

0 1 + edd,Uy
2edo,U,
€d(d.Uy + 0,U;)

y=mw|1+eddU,
edo,U,

III. CONSERVATION EQUATIONS AND PERTURBATION

The equations that govern the dynamics of the system are
the conservation of mass and momentum. Assuming incom-
pressibility (¢ ~ ¢, is constant), these equations read

dju; =0, (10)

p¢cu‘,~8‘,~u,~ = 8_/a,~.,~ + b;. (11
Here, b; is an external body force density. It is an arbitrary
perturbation. We take it in the following form:

fO,2)
p=co|" g , (12)
d| o

where € is its vanishing dimensionless amplitude and f its
normalized profile in the y-z plane. We take no component
along the y and z directions.

Assuming that € < 1, the response of velocity and pressure
to this perturbation can be written in linear order with respect
to the base state as

U:(y, 2)

u=uy+epnd| Uy, 2) | + o), (13)
U.(3,2)

1 = Io(1 + €P(y, 2)) + o(€?), (14)

where U; and P are unknown functions that we wish to relate
to f. With these expressions, one can compute the shear rate

0 0 0
T=yp|1+eddU, eddU, eddU,|+o?), (15)
€do,U, edo.U, €di.U,
€do,U,
€d(d.Uy + 3,U,) | + o(e?), (16)
2ed?d.U.
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and the second-order terms

1 +2eddU,  eddU, edd,U.
I'T =52 e, 0 0 | +o(e?),
edd,U. 0 0
0O 0 0
IT =72 eddU, 0 0|+o(),
€dd.Uy 0 0

0 0 0

I =520 142eddU, edd.U, | +o), (17
0 €dd,Uy 0

ey 0 edoU, edo,U,

I'r =20 0 0 + o(e?). (18)
0 0 0

) . T . . . .
Even if I'" and (I’ )> now do not vanish, their traces are still zero to the second order in ¢, so that

p = /ATr(ppT) = Tr(EET) = 34(1 + €dd,Uy) + o(€?). (19)

o = (w14 X) = o[l + €P(y, )](mc1 + g + €5) = 00 + €(Pag + T1pS) + o(€?), (20)

Finally, the stress tensor is

where, using Eq. (3) and the above expressions, we obtain

0 (Vlc + nc)ayUy
21:0,Uy
I’Lc(azUy + ayUZ) + VZCazUx

S=d (vie + nc)ayUy

o Uy + VlcayUz + ncaZUy

IV. COMPUTATION OF THE LINEAR RESPONSE
A. Governing equations
Taking linear terms in € in Eqgs. (10) and (11), we have
;U; =0, (22)
and
Pdvod(U;djug ;i + ug j0;U;)

|/
:ao,,-jajP+H08jS,~j+7 8 . (23)

Substituting the previous expressions and using the fact that
d,(.) = 0, we obtain

3,Uy + 0.U. =0, 24)

povid
H—O‘)Uy = pe(@yP + do.Uy)

+v1.d (3, U, + d,,Uy)
1
+ ncd(ayyUy + 8zzUy) + Efs (25)

0 = (e + v )P + 2p.ddy, U,
+ Mcd(azzUy + BZ)’UZ)
+ v2.dd U, (26)

0 = 7.0-P + ped (3, Uy + 0,,Uz)
+ V2ed By Uy + 21cd .. UL, Q7

which, once rearranged and simplified (using, in particular,
0,Uy + 0.U, = 0), gives
U, +0.U, =0, (28)

ppeyid?

U, = 11.d(3,P + dd..Uy)
n() : :

+ n.d*(3,,U, + 3..U,) + f, (29

w0 Uy + vic0 U, + 10Uy
:uc(azUy + ayUz) + v2.0.Uyx |. (21)
240U,

(

—1ed (0:Uy + 0y,Uy) = (¢ + v2c)0y P
+ V2cdazzUxa (30)
—ed (.U, + 0y U) = 7:0.P + v2.d 0y, Us. (31

Because we work in the limit of a vanishing inertial number,
the left-hand side (LHS) term in the second equation quIgUy
can be neglected, so that

ped (P + do.Uy) + n.d* (0, Uy + 0..Uy) + f ~ 0. (32)

With this, we finally obtain the following governing linear
equations

o,U, +0.U, = 0, (33)
ned 1
o,P + do,,U, + — 0y Uy + 0,.Uy) + f=0, (34
e Med
Vacle Vac
_<Mc - )d(azzUy + 8yyUy) = ncayP - _fv (35)
Me ed
—ped(9:.U; + 0yU;) = 7.0 P + vocd 0y Uy (36)

To recall, the first of these four equations comes from mass
conservation assuming incompressibility Eq. (10) and the next
three express momentum conservation Eq. (11).

B. Single-mode solution

Simple modes of the above Eqgs. (33) to (36) are the form
of the product of sine and cosine functions:

Uy = a, sin(kyy/d) cos(k.z/d), 37)
Uy = ay sin(k,y/d) cos(k.z/d), (38)
U. = a. cos(kyy/d) sin(k.z/d), (39)
P = a, cos(kyy/d) cos(k.z/d), (40)
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FIG. 2. Comparison of the DEM simulations (red) and calculations based on the generalized granular rheology (blue) foro = 2, u, = 0.1,
and L,/L, = 1 [presented also in Fig. 4(b)]. (a) The vortex pattern of the y-z plane obtained by the coarse-grained averaging of the velocities
in simulations, and the expected pattern according to the theory. The width of the arrows represents the magnitude of velocities. (b) Cross
sections of the velocity profiles at y = 3.5 (continuous lines) and z = 7.5 (dashed lines). In the case of simulations, we present two cross
sections obtained by applying different perturbation strengths. Stronger perturbation corresponds to the light red (thicker lines, A = 2 x 107%),
while weaker perturbation is represented by the dark red (narrower lines, A = 1 x 107).

with dimensionless wave numbers k, = 27d /L, and k, =

2nd /dL Assuming the perturbation itself has a profile along k22 a, + &(kf + kz2) ay + kya, = L (43)
a mode ' He ' ’ He
. V2cle 2 2 Vae
f(, 2) = sin(kyy/d) cos(k.z/d), (41) e = — (ky + k2)ay + mekya, = e (44)
then Egs. (33) to (36) simplify into vackykza, + pc(k; + k2)a; + meka, =0, (45)
kya, + k.a, = 0, (42) whose solution is
‘ 2
1 e + (]i) (7Te + vae)
= X (46)
Bk 1= B () T 4 B — e = Bl
Ve -7+ (_}) (770 + 1)2c) (47)
b= "0 2 " ’
B HR) 1= o (B) 1 4 B — vl — o)
Vae ky —Tc + (k_‘> (T[c + VZC)
a, = —m(;) X . P ) (48)
G HINET = o+ () T 4 Bo) = vae(1 = Bo))
2vy, ky
a4y = ——2% x ) (49)

2
HekE = o+ () Tl o) — e = B0l

where we define 8. = n.va./ ,ug for short. Note that a, and a, are simply proportional, as expected from a velocity field of

vanishing divergence, but homogeneous in the x direction Eq. (24): a, = —ay ky/k;.
(
As for boundary conditions, the above expressions satisfy as they should, so that there is no flux through the sides of
the cell. Furthermore, the constant —a, can be added to P
Uy(y = £L,/2) = 0, (50)  to make it vanish at the cell corners. This solution shows a
’ velocity field with four vortices in the y-z plane, as displayed
Uz ==+L,/2) =0, (51)  inFigs. 1(c) and 2(a).
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The above solution can be generalized for higher wave
numbers n, x 2wd/Ly, and n, x 2w d /L., where n, and n, are
integers, in association with the Fourier decomposition of an
arbitrary forcing profile f(y, z).

V. DEM SIMULATION

A. Numerical setup

To study the behavior of a sheared granular system in
the presence of spatially modulated additional body force we
performed DEM simulations in the three-dimensional (3D)
plane Couette geometry (see Fig. 1), with periodic bound-
ary conditions in the x (flow) and z (neutral) directions and
Lees-Edwards boundary conditions in the y (velocity gradient)
direction. This way wall effects could be eliminated. The par-
ticles were frictional spherocylinders with length-to-diameter
aspect ratio o« = £/d. In addition, to avoid crystallization,
some amount of size polydispersity was introduced: while we
kept the aspect ratio constant, we drew the diameters of the
particles from a uniform distribution with a ratio of standard
deviation to mean of 10%. The length, time, and mass units of
the simulation were set implicitly by setting the mean particle
diameter d, density p, and contact stiffness k (equal for the
normal and tangential force) to unity.

We created the initial conditions of random particle orien-
tation with overdamped dynamics, and afterward sheared the
system at constant shear rate y. During shear, we employed
stress control, where one side of the box, L,, was adjusted
by a feedback loop such that the corresponding normal stress
oy, fluctuated around a specified value —p, = 1073, We kept
L, and L, fixed. The simulations were run with an inertial
number on the order of I ~ 1072, which is a good compromise
between a shear rate small enough for the system to behave in
the quasistatic regime, but large enough to achieve significant
deformation in a reasonable CPU time. Recall that deforma-
tions as large as y =~ 200 are required to see secondary flows
that average out from the noise. For more details about the
DEM simulations, such as the interaction forces, we refer the
reader to [61,63].

To implement the external body perturbation [term b; in
RHS of Eq. (11)], we applied a position-dependent force at
the center of every particle, acting in the x direction

F(y, z) = Asin(kyy/d) cos(k.z/d). (52)

The constant A is typically set to a small value in the order of
10~ so that it acts as a perturbation with respect to the main
shear flow. It relates to € introduced in the previous section as
A= G%VP /¢, where Vp is the average volume of the parti-
cles. Importantly, as discussed in detail in the next section, this
small value for A already induces significant nonlinearities for
the streamwise response, although lower values would make
the measurement of the transverse response (the vortices we
are interested in) very difficult given the cell deformation
we can reach (y ~ 200) and the noise associated with grain
collisions.

We ran several DEM simulations to measure the response
of the system and compare it to the theoretical predictions. We
varied the particle aspect ratio («), the particle-particle friction
coefficient (1,), the strength of the perturbation (A), and the
cell aspect ratio (L;/L,). For each case, we ran five indepen-

dent realizations and averaged over them. All measurements
were taken in the stationary state after a deformation of at least
y = 10. All quantities of interest were time-averaged for a
duration corresponding to a deformation of at least y = 100.
The number of particles in the cell was 4000, except for the
largest cell aspect ratio for which it was increased to 10 300.

B. Calculation of the response

To obtain the response of the system to the force pertur-
bation, we calculated the coarse-grained (CG) [66] velocity
profiles in the y-z plane using the particle length ¢ as the CG
scale and also averaging in the x direction along which the
system is homogeneous. This resulted in the velocity vector
u [see Eq. (13)]. After subtracting the base velocity u( and
dividing by €ypd, we obtained the rescaled velocity response
U;(y, z) (here for i =y, z only), which have been fitted accord-
ing to Eqgs. (37) to (39). This way we obtain the values of
the coefficients a;, which can be directly compared to those
predicted by the theory in Eqgs. (46) to (49). As said above,
to compute the value of € from that of A, one needs the main
pressure [Ty, which was calculated from the values of N;, N,
(taken from Nagy et al. [63] at the value of I = 1072, see also
Fig. 5 in Appendix A), and the imposed normal stress o,,. As
Nj and N, depend on « and ftp, the value of Iy varied from
case to case but was typically in the order of TTy ~ 1073, i.e.,
expectedly comparable to o,.

VI. RESULTS AND DISCUSSION

First, we present cross sections of the velocity field in
the y-z plane, which show the secondary circulation resulting
from the modulated forcing in the x direction in a sheared
system (as sketched in Fig. 1). In Fig. 2 we show the re-
sults of simulations and theory for a cell with aspect ratio
L.;/L, =1, filled with particles of aspect ratio o =2 and
friction coefficient p1, = 0.1. The overall agreement between
the numerics (red) and the calculations (blue) made according
to the generalized granular rheology is good; they both show
two pairs of counterrotating vortices. In Fig. 2(a) we show the
CG velocity field in the y-z plane, while Fig. 2(b) compares
cross sections of the velocity field at y = 3.5 (continuous line)
and z = 7.5 (dashed line), for the y and z components of
velocity, and one can see the sinusoidal shape in both cases,
as anticipated by Eqgs. (38) and (39).

We tested different perturbation strengths A = 1 x 1074,
2 x 107*, 3 x 107, and 5 x 10~*. This perturbation has to
be strong enough to allow for a measure of the response out
of the noise, but ideally not too large to be compatible with
the linear analysis developed above. Such values A ~ 10~
correspond to € on the order of a few percents, and this is
indeed the relative magnitude of the transverse components
of the velocity response. However, for the same A, that of
the stream-wise velocity is significantly larger, on the order
of a few tens of percents. This can actually be understood
from the linear theory: comparing the response coefficients
a, and a, in Egs. (46) and (47), respectively, one can see that
a, must be at least larger than a, by a factor of p./vy. > 10.
In addition, as the numerator of a, comes as a sum, whereas
that of a, comes as a difference, this provides an additional
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FIG. 3. (a) Coarse-grained velocity profiles of cells with different cell aspect ratios obtained by the DEM simulations for o = 1.5, , =
0.01, and A = 2 x 10~*. The width of the arrows represents the magnitude of velocities. For the time evolution of the vortex pattern, we refer
the reader to the SM videos [67]. (b) Corresponding packing fraction and (c) velocity gradient |grad(u, )| maps. Note that for the largest cell
aspect ratio L. /L, = 3.18, the particle number was increased to 10 300, while in all the other cases it is 4000. Note also that the colorbars of
panels (b) and (c) are reversed to emphasize the similarity of the patterns.

factor of a few units. As a consequence, the response to
the perturbation in the x direction is significantly larger than
that in the transverse direction. This inevitably puts us away
from a proper linear regime as we cannot reliably measure
the transverse response with A smaller than 10~* (too much
noise for reasonable time averaging, a deformation y =~ 200).
However, we observe that, for the two smallest values of the
perturbation we have used (A = 1 x 10™* and 2 x 107%), the
transverse velocity response is linear in the sense that, not only
the profile shape is sinusoidal, but the curves collapse once
rescaled by A, as shown in Fig. 2(b). For the larger values
of A we have tested, the strength of the response can not be
rescaled anymore.

A strong and robust prediction of the theory is that the
sense of rotation of the vortices should change when the cell
aspect ratio L;/L, increases. Indeed, our numerical simula-
tions show this inversion as we see in the cross sections of
the velocity fields presented in Fig. 3(a), or in Fig. 4 where
we see the change of sign of the vortex amplitude as a func-
tion of L./L,. The origin of this inversion in the theoretical
description can be seen in the expressions for the amplitudes
ay and a; in Egs. (47) and (48), where the numerator changes
sign for ky/k, = L,;/L, = /7. /(7. + v2c) 2 1, while the de-

nominator stays positive.

Our numerical simulations also allow us to extract infor-
mation about the spatial distribution of the packing fraction
in the system. In Figs. 3(b) and 3(c), we show the maps for
the packing fraction as well as for the norm of the gradient
of the x component of the velocity |grad(u,)| corresponding
to the systems presented in Figs. 3(a). As we see, there is a
correlation between shear rate and packing fraction, which
can be related to two effects. (i) In our system, the inertial
number [ reaches a value of 102, meaning that inertial effects
are already present, although with small amplitude. Such ef-
fects lead to slightly decreased density due to more intensive
collisions at the locations with larger shear rates. (ii) Spatial
variation of the direction of the shear gradient will lead to
a spatial modulation of the shear-induced alignment of the
grains, which can also lead to decreased packing fraction if
it causes frustration in the grain orientation. Irrespective of
the cause of the spatial variation of the packing fraction, the
most important aspect is that we see that for the secondary
flow, the change in the rotation direction is not accompanied
by a change in the packing fraction map.

In Fig. 4, we present data for several coefficients of friction,
and for two values of the particle aspect ratio, « = 1.5 and
2. For each case, we prepared simulations with four different
cell aspect ratios. The symbols show the results of the DEM
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FIG. 4. Response of the system, rescaled by the system size [ay rescaea = @,(Ly+L7)/(L;L2)], as a function of cell aspect ratio for two
particle aspect ratios (a) @ = 1.5 and (b) & = 2, and for different particle coefficients of friction i, (legends). The strength of perturbation is
A =2 x 107*. Dashed lines show the expected values according to the theory. The symbols show the results of simulations, averaged over five
different realizations. Their span is in the order of the point size. Importantly, note the different vertical axes on these graphs for simulation
results (left) and theoretical predictions (right)—a qualitative-only agreement is reached.

simulations, while the theoretical prediction is represented by
the dashed lines. To present the response of the system, we
use a rescaled value, namely, dy rescated = dy (L)z, +L2)/ (L?Lzz),
as suggested by the prefactor in expressions (47) and (48).
This way, the role of the cell aspect ratio is highlighted, and
the effect of the actual dimensions of the cell is ruled out,
facilitating the comparison between the different systems. One
can see the good qualitative agreement between the simulated
and calculated data in terms of changes in the vortex ampli-
tude as a function of L./L,. In addition, the inversion can
also be tracked in Appendix A in Figs. 5 and 6 where the
quantities w, v, 7, and a, are presented as a function of u,
and «.

Further investigating the data, we see that the a, versus
L. /Ly curves are not independent of microscopic parameters.
For example, in Fig. 4(a), for the numerical data, the zero-
crossing is observed at a larger cell aspect ratio for smaller
tp. This means that for an intermediate but fixed L./L,, the
sign of a, can be changed when varying the particle friction
coefficient. The theoretical lines display similar behavior, but
for a much more restricted range of L;/L,, and since the
lines cross the other way round, the effect is opposite [see
Appendix A Fig. 6(a)]. Finally, note that each point obtained
by DEM simulations is an average of five independent realiza-
tions, but the difference between these realizations is small,
and we have not seen a change of sign between the different
realizations corresponding to the same simulation parameters.
For comparison, we present the a, versus L./L, curves in
Fig. 7 of Appendix A.

We note that the agreement between simulations and theory
is qualitative only: the response measured in the numerical
simulations is typically of smaller amplitude than what the
theory always predicts. This is why we use distinct vertical
axes in the figures for the magnitude of the velocities. We
also see that the difference between the simulation results
and the theoretical prediction for the transverse direction is
larger for large L, /L, (order of 20) than for small L. /L, (order
of two to three), and that the inversion point, i.e., the zero
crossing of the curves in Fig. 4, is observed at a larger L, /L,
than predicted. As for the response in the shear direction
(Fig. 7), the difference between the theory and numerics does

not depend on the cell aspect ratio, it is in the order of 20.
The lack of quantitative matching could be thought to be
surprising, given the fact that we are using calibrated param-
eters ¢, Vi¢, and vy, of the rheological law on very similar
numerical runs (in the homogeneous case, i.e., with F;, = 0)
[63]. The possible adjustment of the remaining free parameter
n. does not improve much the matching, as the theoretical
results are, in practice, not very sensitive to its value, and all
presented curves have been computed with 71, (or B.) equals
0. We do not think that the rheological parameters of [63]
should be reassessed. In fact, several reasons can be invoked
to explain this quantitative difference. First, as mentioned in
the previous section, even for a perturbation amplitude as
small as possible to measure a transverse velocity response
on the order of a few percent, the corresponding response in
the x direction is large, on the order a several tens of percent
(see Fig. 7 in Appendix A), i.e., significantly above the linear
regime. These nonlinearities are likely to be the main cause
of the quantitative mismatch between simulations and theory.
A second reason is that the theory is for continuous fields,
while the simulations are performed with discrete grains. This
leads to the question of whether or not the ratio between
the system and the grain sizes is large enough. For the base
homogeneous system, the transverse velocity gradient takes
place over ~20 grains, which seems to be reasonable. How-
ever, the heterogeneities we induce by the forcing F, operate
at a scale typically four times smaller, i.e., over ~5 grain
diameters. Clearly, we are here at the limit of a continuum.
Strong spatial gradients are also known to induce nonlocal
effects [48-50], which are not accounted for in the present
theory. A good test would be, of course, to run simulations
with a larger number of grains, especially in the case of
more elongated particles. This is, however, computationally
expensive, especially as averaging needs to be performed
over rather long deformations. An extension of the present
theory to account for the first nonlinear and/or nonlocal terms
is a piece of work in itself, which we do not address here
and leave for a future study. A last reason to explain the
predicted versus measured quantitative difference is that the
theory assumes incompressibility. However, as the packing
fraction maps show [Fig. 3(b)], this is not the case in the DEM

015402-8



TRANSVERSE VORTICES INDUCED BY MODULATED ...

PHYSICAL REVIEW E 112, 015402 (2025)

(©)

1073

102

10! 1 10

10.4‘//*44_*_j o .‘\\‘\M—A—v—’— .

1.12

108 F b

1.04 1

BT T e . ] 0I5f
02} .
,)—-'—'——I——H*.__._‘_ 02k
0.1 L L L L L L
112 14 16 18 2 112
o

1.2

FIG. 5. (a), (d) u, (b), (e) v2, and (c), (f) w as a function of the particle-particle coefficient of friction (a)-(c) (u,,) and (d)—(f) the particle
aspect ratio () for cell aspect ratio L,/L, = 1 and inertial number / = 1072 using results of Nagy et al. [63].

simulations. Clearly, lower packing fractions correspond to
higher velocity gradients [Fig. 3(c)]. These heterogeneities
are likely to result from the strong stream-wise perturbation
and can have significant feedback on the secondary flows and
vortex amplitude, in a nonobvious way that needs to be further
investigated, but which is beyond the scope of this paper. Note
finally that accounting for incompressible (/) rheology for
granular flows requires advanced techniques such as those
described in [46,68], leading to a substantial reformulation of
the theory.

Despite this quantitative mismatch between theory and
simulations, evidence for the inversion of the vortex pattern
and its geometrical origin is a major result of the present
paper. Also, following the rheological interpretation of the
numerical measurements, we understand that these secondary
flows are induced by the normal stress differences, and in
particular by the second one, as the factor v, is present in the
expressions of the vortex amplitudes a, and a; [see Eqs. (47)
and (48)]. Interestingly, a buoyancy-driven explanation for
secondary flows in Couette cells was proposed by the authors
of [8]. Here, although we do observe a packing fraction pat-
tern associated with the vortices [Fig. 3(b)], it cannot generate
convection as there is no gravity in the system. In addition, we
do not observe any qualitative change in these packing frac-
tion maps, nor for those of the velocity gradient [Fig. 3(c)],
when the cell aspect ratio increases, associated with the vortex
pattern inversion.

VII. CONCLUSION AND PERSPECTIVES

We studied the response of a granular shear flow of elon-
gated particles to a perturbative streamwise forcing, running
DEM numerical simulations and analytically computing the
linear flow response from the granular rheology generalized
to this type of grain. Both reveal the emergence of transverse
secondary flows that, upon averaging over sufficiently long
times, generate a four-vortex pattern when the perturbation
is a single Fourier mode. A central result is the observation

and understanding of the inversion of this pattern when the
cell aspect ratio is varied. We also observe a pattern inversion
when the particle contact friction is changed at a fixed cell
aspect ratio, but for a limited range.

We discussed the possible reasons why the agreement be-
tween simulations and theory is qualitative only. This calls
for longer simulations with a smaller perturbation amplitude
or for runs with larger systems to check finite-size effects. In
particular, we expect that gradients that are too strong at the
scale of a few grains would not match well with the continuum
theoretical approach and/or could be associated with nonlocal
effects, which the present theory does not account for. Such
tests are, however, computationally expensive, as a long time
average is necessary to see the emergence of these vortex
patterns out of the noise. We leave more systematic studies
with such additional simulations for later work.

Finally, this work offers additional insight into the heap-
ing problem observed in split-bottom shear devices [12,13].
This phenomenon, which also shows secondary vortex flows,

— a=1.1 1./1,=0.9 . .
— a=15|| == L./L,=106 _ #=00 _ H=04
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FIG. 6. The rescaled response of the system [dyrescatled =
ay(L3+L2)/(L;L2)] as function of the particle-particle coefficient of
(a) friction (11,) and (b) the particle aspect ratio () for cell aspect
ratio L,/Ly=1 (continuous lines), and I = 1072, In panel (a) for
o = 1.5, we show the influence of a slight change (£10%) of the
cell aspect ratio on the response of the system (dashed green lines).
For cell aspect ratios slightly larger than 1, we have a change of sign
in the response.
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FIG. 7. Response of the system in the shear direction for the
same simulations as presented in Fig. 4. The response is rescaled
by the system size (dyrescaled = ax/Lzz), and plotted as a function
of cell aspect ratio for two particle aspect ratios (a) o« = 1.5 and
(b) o =2, and for different particle coefficients of friction ., (leg-
ends). The strength of perturbation is A = 2 x 107, Dashed lines
show the expected values according to the theory. The symbols show
the results of simulations, averaged over five different realizations.
Their span is in the order of the point size. Importantly, note the
different vertical axes on these graphs for simulation results (left)
and theoretical predictions (right)—a qualitative-only agreement is
reached.

is, of course, more complicated than what we observe here
in the perturbed shear cell configuration. Not only is the
split-bottom geometry less easy to handle, but also because
gravity is present and can affect these flows through buoyancy
convection associated with spatial variations of the packing
fraction. Nevertheless, it is striking that the amplitude of this
heaping is sensitive to the filling height, i.e., the equivalent
of the cell aspect ratio here. Also, the understanding that
varying a microscopic parameter, such as the contact friction
coefficient u,, can invert the vortex pattern under some con-
ditions provides a possible interpretation of the observation
that nonconvex granular particles generate dipping rather than
heaping in the split-bottom cell [14]. Clearly, more numerical
simulations as well as experiments with different grains and
geometries to investigate the effect of varied normal stress
differences would be very instructive.
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APPENDIX A: RHEOLOGICAL PARAMETERS

Nagy et al. [63] studied the rheological parameters, like
the effective friction coefficient (i) and the normal stress
differences (N, and N,) of elongated grains in a plane Couette
flow for various particle aspect ratios («), particle friction
coefficients (i4,), and inertial numbers (/). In Fig. 5 we present
their measurements for the case of I = 1072, and the inter-
polated values of the rheological parameters as functions of
particle friction coefficient [Figs. 5(a) to 5(c)] and aspect ratio

[Figs. 5(d) to 5(f)]. We remind the reader that v; = w,

vy = %, and 7 =1 — %(vl + vy). Using these results, we
calculated the linear response of our system (@, rescaled), Which
is presented in Fig. 6.

APPENDIX B: TIME EVOLUTION OF THE SECONDARY
FLOW PATTERN

To show the time evolution of the secondary flow vortex
pattern, in the Supplemental Material (SM) [67] we present
the time evolution of the velocity fields for two cell aspect
ratios presented in Fig. 3(a), for L;/L, ~ 0.5 (SM Video 1,
[67]) and L,/L, ~ 1 (SM Video 2, [67]). The flow pattern with
four vortices starts to form relatively quickly; however, the
strength and relative position of the vortices change a lot as
the system evolves.
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