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The behavior of nonspherical particles in a shear flow is of significant practical and theoretical interest. These
systems have been the object of numerous investigations since the pioneering work of Jeffery a century ago. His
eponymous orbits describe the deterministic motion of an isolated, rodlike particle in a shear flow. Subsequently,
the effect of adding noise was investigated. The theory has been applied to colloidal particles, macromolecules,
anisometric granular particles, and most recently to microswimmers, for example, bacteria. We study the Jeffery
orbits of elongated (uniaxial, prolate) particles subject to noise using Langevin simulations and a Fokker-Planck
equation. We extend the analytical solution for infinitely thin needles (β = 1) obtained by Doi and Edwards
to particles with arbitrary shape factor (0 � β � 1) and validate the theory by comparing it with simulations.
We examine the rotation of the particle around the vorticity axis and study the orientational order matrix. We
use the latter to obtain scalar order parameters s and r describing nematic ordering and biaxiality from the
orientational distribution function. The value of s (nematic ordering) increases monotonically with increasing
Péclet number, while r (measure of biaxiality) displays a maximum value. From perturbation theory, we obtain
simple expressions that provide accurate descriptions at low noise (or large Péclet numbers). We also examine
the orientational distribution in the v-grad v plane and in the perpendicular direction. Finally, we present the
solution of the Fokker-Planck equation for a strictly two-dimensional (2D) system. For the same noise amplitude,
the average rotation speed of the particle in 3D is larger than in 2D.

DOI: 10.1103/PhysRevE.110.044143

I. INTRODUCTION

Two years ago marked the 100th anniversary of G.B. Jef-
fery’s landmark paper [1], “The motion of ellipsoidal particles
immersed in a viscous fluid.” By calculating the torque on
the particle in an unbounded fluid subject to a linear shear
flow (creeping flow, or zero Reynolds number), he obtained
a deterministic description of its time-dependent orientation.
The particle’s axis of revolution executes one of an infinite,
one-parameter, family of periodic orbits characterized by an
orbital constant. The distribution of orientations is anisotropic,
i.e., certain orientations are preferred over others and this
anisotropy increases with increasing elongation. There is no
orbit for which the particle ceases to rotate.

Even a century after its publication, Jeffery’s work is still
relevant to many current research fields for a deep understand-
ing of the behavior of sheared elongated particles, including
rheology of granular flows and suspensions [2–14], nanopar-
ticles, e.g., silica micro-rods in channels [15–17], red blood
cells [18], as well as self-assembly, and systems of active
particles such as microswimmers [19–28].

Many subsequent articles built on Jeffery’s pioneering
work. Bretherton [29] extended the theory to arbitrary par-
ticles of revolution and later, triaxial ellipsoids [30–32],
charged fibers [33], curved particles [34], and time-dependent
orientational distributions [35] have been studied. Other work
focused on how the effect of inertia [36,37] or the shear-
thinning character of the fluid [38] changes the nature of
particle rotation. Also, an alternative derivation of the original
equations has been given [39].

Of particular interest in the context of the present article are
the efforts to understand the effect of perturbations induced
by fluctuations of the surrounding fluid or interaction with
other particles on the trajectories. In this situation, the particle
no longer remains on a single Jeffery orbit. The addition of
a rotary Brownian motion therefore leads to a steady state
that no longer depends on the initial orientation. Early con-
tributions from Boeder [40], Peterlin [41], and Burgers [42]
were the first to consider the effect of Brownian motion on
Jeffery orbits. Years later, Leal and Hinch [43,44] derived
approximate expressions for the steady state distribution of
orbital constants for weak and intermediate Brownian motion
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and applied the results to examine the rheological properties
of suspensions of nonspherical particles.

In a landmark study, Doi and Edwards [45] developed
a theory of rodlike macromolecules in a concentrated so-
lution. Although they do not reference Jeffery’s work, a
limiting case of their model corresponds to an infinitely thin
rod (β = 1) executing a Jeffery orbit perturbed by Brow-
nian motion. They obtained an analytical solution of the
Fokker-Planck equation by expressing the associated opera-
tor in terms of the angular momentum operators of quantum
mechanics.

While most of the studies concern three-dimensional sys-
tems, there is also some interest in 2D shear flows [46].
Recently, Marschall et al. [13] examined the effect of noise
on the orientational ordering of isolated discorectangles in a
2D shear flow by performing numerical simulations of the
Langevin equation. In the absence of noise, the peak of the
orientational distribution corresponds to particles with their
long axis parallel to the flow direction, i.e., when they ro-
tate the slowest. Adding noise results in a widening of the
orientational distribution (decreasing order) and shifts the
peak backward (i.e., before the slowest rotation) [13,47]. This
leads to a larger time-averaged rotation speed of the particles.
Interestingly, for a dilute suspension without added noise,
increasing the concentration of particles, i.e., increasing the
intensity of interaction between neighbors, does not lead to
exactly the same effects. While increasing particle concen-
tration leads to a similar shift and widening of the peak of
the orientation distribution as for the case of added noise, the
order parameter and the average rotation speed change in the
opposite way: the increasing influence of the neighbors leads
to stronger ordering and to a smaller value of the average
rotation speed [13,48].

In dry dense granular flows, the intensive particle-particle
interactions between neighbors also led to noisy rotation of
the grains. Numerical simulations [46,49] and experiments
[2,50,51] showed that both the average orientation angle and
the order parameter are relatively independent of the shear rate
(inertial number), but they change with particle elongation.
For longer particles, the order parameter is larger and the av-
erage orientation of the particles is closer to the flow direction.
The angle dependence of the average rotation speed becomes
stronger with increasing particle elongation [2].

In this contribution, we present several new theoretical
and numerical results. In three dimensions, we extend the
analytical calculations of Doi and Edwards to particles with
arbitrary shape factor, β. We then consider several numerical
algorithms to simulate the Langevin equation. The Jeffery
orbits can be described using either cartesian or spherical
polar coordinates to which we add an appropriate noise term.
The analytical solutions of the Fokker-Planck equation for the
orientation distribution are validated by comparing them with
numerical simulations. The steady-state solutions depend on
the shape factor and the Péclet number, defined as the ratio
of the diffusion coefficient to the shear rate. We examine the
rotation of the particle around the vorticity axis and calculate
the orientational order matrix and the associated scalar order
parameters s and r describing nematic ordering and biaxial-
ity, respectively. Using perturbation theory, we obtain simple
analytical expressions for s and r at large values of the Péclet

FIG. 1. One of the coordinate systems used to describe the mo-
tion of an ellipsoid of revolution. In this case, with shear in the xy
(v-grad v) plane. The x, y, z axes correspond to the flow, gradient, and
vorticity directions, respectively. We also used other systems with
shear in the zz and yz planes (not shown).

number. For completeness, we also present the solution of the
Fokker-Planck equation in two dimensions.

II. JEFFERY ORBIT

The motion of an anisometric particle in a shear flow,
without noise, can be described by a Jeffery orbit. A useful
starting point is the coordinate-free representation

ṗ = Wp + β[Ep − (p.Ep)p], (1)

where p is a unit vector specifying the particle orientation,
E = (∇u + ∇uT )/2, W = (∇u − ∇uT )/2 (with the conven-
tion (∇u)i j = ∂ jui) are the strain rate and vorticity tensors and
β is the shape factor (Bretherton parameter [29])

β = e2 − 1

e2 + 1
, (2)

for a particle of elongation e. In this article, we restrict our
attention to the uniaxial, prolate case, β > 0 for which e is
the ratio of the longest axis to the shortest one. See Fig. 1.
Note that β = 1 and β = 0 correspond to infinitely elongated
and spherical particles, respectively. Particular realizations of
the Jeffery equations have been obtained by choosing the flow
geometry. See, for example, [1,26,44]. For shear in the xy
plane, i.e., u = γ̇ yx̂, substituting in (1) and using standard
spherical polar coordinates (θ, φ)

dθ

dt
= γ̇ β

4
sin(2θ ) sin(2φ), (3)

and

dφ

dt
= −γ̇

(
1 + β

2
sin2 φ + 1 − β

2
cos2 φ

)

= − γ̇

2
(1 − β cos(2φ)), (4)

which is independent of θ (and can describe a standalone 2D
system: See Sec. VII). These equations may be solved exactly:

e tan φ = − tan

(
γ̇ t

e + 1/e
+ κ

)
, (5)
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and

tan θ = Ce√
e2 sin2 φ + cos2 φ

, (6)

where C and κ are constants. The particle rotates in a nonuni-
form way about the z (vorticity) axis with period

T = 2π

γ̇

(
e + 1

e

)
= 4π

γ̇
√

1 − β2
. (7)

If shear is applied in the xz plane, u = γ̇ zx̂, we get

dθ

dt
= γ̇

(
1

2
(1 − β ) + β cos2 θ

)
cos φ, (8)

dφ

dt
= − γ̇

2
(1 + β ) cot θ sin φ. (9)

Note that in this flow, the equations for θ̇ and φ̇ are no
longer decoupled. This configuration is, however, the best
choice for solving the Fokker-Planck equation (see below).

III. LANGEVIN DESCRIPTION

To obtain the Langevin equations, we take the equations for
the Jeffery orbits given above and add rotational diffusion
[19,52–58]. As explained in Appendix A, one gets

ṗ = (I − p ⊗ p)(βE + W)p − 2Dp +
√

2Dp × ξ, (10)

where ξ is a vectorial white noise and the additional term
−2Dp corresponds to the drift induced by the multiplicative
noise (transformation from the Stratonovich to the Itô calcu-
lus). Note that this drift guarantees the conservation of the
norm of the unit vector p when Eq. (10) is interpreted in the
Itô sense, as we assume in the following.

The Langevin equation can be expressed in Cartesian co-
ordinates. In this case, Eq. (10) corresponds to randomly
displacing the point representing the orientation p in a plane
tangent to the surface of the unit sphere and then scaling it
back so that it again lies on the surface of the sphere.

However, in order to compare with the Fokker-Planck
equation, it is more convenient to express the Langevin equa-
tion directly in spherical polar coordinates. For pure diffusion,
the equations are the following [59,60]:

dθ

dt
= D

tan θ
+

√
2Dξ1(t ), (11)

dφ

dt
=

√
2D

sin θ
ξ2(t ), (12)

where ξ1(t ) and ξ2(t ) are independent Gaussian white noises.
To perform numerical simulations of these equations, we

introduce a finite timestep δt to calculate the increments:

θ (t + δt ) = θ (t ) + D

tan θ
δt +

√
2Dδtη1, (13)

φ(t + δt ) = φ(t ) +
√

2Dδt

sin θ
η2, (14)

where η1(t ) and η2(t ) are normal variates with mean zero and
standard deviation one (N (0, 1)). We can check that this algo-
rithm produces a uniform distribution of particle orientation
over the surface of a sphere. While there are singularities at

θ = 0, π , their presence does not cause serious problems in
the numerical simulations.

To simulate the Jeffery orbits with noise, these equa-
tions can be combined with those for the Jeffery orbits [19]
(the Itô drift being unchanged). For shear in the xy plane, we
obtain

θ (t + δt ) = θ (t ) + γ̇ β

4
sin(2θ ) sin(2φ)δt

+ D

tan θ
δt +

√
2Dδtη1, (15)

φ(t + δt ) = φ(t ) − γ̇

2
(1 − β cos(2φ))δt +

√
2Dδt

sin θ
η2, (16)

while for shear in the xz plane, the result is

θ (t + δt ) = θ (t ) + γ̇

(
1

2
(1 − β ) + β cos2 θ

)
cos φ δt

+ D

tan θ
δt +

√
2Dδtη1, (17)

φ(t + δt ) = φ(t ) − γ̇

2
(1 + β ) cot θ sin φ δt +

√
2Dδt

sin θ
η2.

(18)

Of course, changing the shear plane should not affect the
results. For the same parameters β and Pe (or D/γ̇ = 1/Pe)
we expect to obtain the same results in the two coordinate
systems. Examples of Jeffery orbits with noise are given in
Fig. 2.

IV. FOKKER-PLANCK DESCRIPTION

Let ψ (θ, φ, t ) be the probability density function of finding
the particle with orientation (θ, φ) at time t . This satisfies the
continuity equation

∂ψ

∂t
= −∇ · (wψ ) + ∇ · (D∇ψ ), (19)

where D is the rotational diffusion coefficient, assumed con-
stant [42,44], and where w = (I − p ⊗ p)(βE + W)p, i.e.,
the deterministic part of the Langevin equation (10).

In spherical coordinates, w(θ, φ) = (0, θ̇ , φ̇ sin θ ) and

∇ · (wψ ) = 1

sin θ
∂θ (θ̇ sin(θ )ψ ) + ∂φ (φ̇ψ ). (20)

It is particularly convenient to solve the Fokker-Planck
equation with shear (v-grad v) in the xz plane, which exploits
the higher symmetry of the system with spherical coordinates
(the reflection symmetry in the xz plane allows one to use
real spherical harmonics). Substituting (8) and (9) in (20), we
obtain for the steady state

̂ψ (θ, φ) = ε∇2ψ, (21)

where ε = D/γ̇ and

̂ = −3

2
β sin(2θ ) cos φ +

(
1 − β

2
+ β cos2 θ

)
cos φ

∂

∂θ

− 1 + β

2
cot θ sin φ

∂

∂φ
. (22)
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FIG. 2. Trajectory plots with shear v-grad v in the xy plane from numerical simulation for different elongations. In all cases the starting
orientation is θ = φ = π/3.

Doi and Edwards studied a particular case, an infinitely thin
needle, β = 1, for which

̂1 = −3 sin θ cos θ cos φ + cos2 θ cos φ
∂

∂θ
− cot θ sin φ

∂

∂φ
,

(23)

or, in terms of the angular momentum operators

̂1 =
[√

16π

45
Y 0

2 + 1

3

]
iL̂y +

√
2π

15

(
Y 1

2 + Y −1
2

)
L̂z

+ 3

√
2π

15

(
Y 1

2 − Y −1
2

)
, (24)

where L̂y = i(− cos φ∂/∂θ + cot θ sin φ∂/∂φ) and L̂z =
−i∂/∂φ. Here, we extend the Doi and Edwards solution
to arbitrary values of β by noting that the operator can be
expressed as

̂ = β̂1 + 1 − β

2
iL̂y, (25)

a result that, to the best of our knowledge, has not been given
previously. For β = 0, corresponding to a sphere, Eq. (21)
simplifies to

iL̂yψ (θ, φ) = 2ε∇2ψ (θ, φ), (26)

whose solution is ψ (θ, φ) = 1/4π . To solve the FP equation
for any value of β, following Doi and Edwards, we introduce
the functions

Sm
l (θ, φ) = 1√

2

[
Y m

l (θ, φ) + (−1)mY −m
l (θ, φ)

]
, (27)

also known as real spherical harmonics, which are real and
have the property that Sm

l (θ,−φ) = Sm
l (θ, φ). The basis set is

defined as

|lm) =
{

Y m
l (θ, φ), m = 0

Sm
l (θ, φ), m �= 0 , (28)

with the property

(l ′m′|lm) = δll ′δmm′ . (29)

We write the distribution function as

ψ (θ, φ) =
∞∑

l even

l∑
m=0

blm|lm), (30)

with b00 = 1/
√

4π .
This expansion has the required properties that ψ (π −

θ, φ + π ) = ψ (θ, φ) (even parity) and ψ (θ,−φ) = ψ (θ, φ)
(reflection symmetry in the xz plane).

Substituting Eqs. (30) and (25) in Eq. (21), we obtain

−ε l (l + 1)blm =
lmax∑

l ′�0, even

l ′∑
m′=0

(lm|̂|l ′m′)bl ′m′ , (31)

for l � lmax. From this, we generate lmax(1 + lmax/4) simul-
taneous equations that can be solved to find the coefficients
{blm}.

For convenience, the expression of (lm|̂|l ′m′) matrix
elements is given in Appendix B. With these results, the
eigenfunction expansion of the exact distribution for particles
with arbitrary shape factors can easily be obtained for any
(reasonable) value of lmax without the need to evaluate the
matrix elements by numerical integration.
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V. PROPERTIES OF INTEREST

A. Trajectories

Figure 2 illustrates the effect of Brownian motion on Jef-
fery orbits for particles of shape parameters β = 0.5, 0.8, 0.95
(corresponding to elongations of e = 1.73, 3, 6.24). The tra-
jectories were calculated from Langevin simulations using a
timestep of 0.001 starting from an orientation of φ = θ =
π/3. For zero noise, one recovers the unperturbed Jeffery
orbits with their characteristic kayaking motion. For very
small noise, D/γ̇ = 0.0001, one observes a small drift from
the initial orbit, but the general shape remains similar to the
unperturbed case. For a tenfold increase in noise, one starts to
see a concentration of the trajectories along the flow direction
(x) and this effect becomes more pronounced as the particle
elongation increases. With a still larger noise of D/γ̇ = 0.01,
the fractal nature of the trajectories is apparent as they be-
come increasingly aligned with the flow direction with only
occasional excursions to the antipodean orientation.

B. Rotation around the vorticity axis

We first examine the rotation of the particle around the
vorticity axis. For shear in the xy plane, in the steady state we
have 〈dθ/dt〉 = 0, where the angular brackets denote a time
average, giving

γ̇ β

4
〈sin(2θ ) sin(2φ)〉 + D〈cot θ〉 = 0, (32)

and 〈
dφ

dt

〉
= − γ̇

2
(1 − β〈cos(2φ)〉). (33)

With zero noise, expressing φ as a function of time using
Eq. (5) and integrating over one period, we obtain〈

dφ

dt

〉
= − γ̇ e

e2 + 1
= − γ̇

2

√
1 − β2. (34)

The rate of rotation increases with decreasing elongation
reaching a maximum value of γ̇ /2 for spherical particles,
β = 0. Infinitely thin particles, β = 1, are singular in that they
do not rotate periodically. Indeed, φ = 0 is an attractor of the
differential equation (4): the particle eventually aligns with the
flow for all starting orientations.

The effect of noise on the rate of rotation is shown in Fig. 3.
As in the noiseless case, for a fixed level of noise the rate of
rotation increases with decreasing elongation and, for fixed
elongation (β), the rate of rotation increases with increasing
noise. Perturbation theory, as developed in Appendix C, can
be used to calculate the rotation speed in the limit of large
noise (or small Pe).

C. Orientational distribution function

We present probability density functions of the particle
orientation obtained from Langevin simulations as heat maps
in Figs. 4 and 5. Figure 4 is for a needle, β = 1, with Pe = 100
for three perpendicular v-grad v planes, xy, xz, and yz. At this
relatively high Péclet number, the orientational distribution is
strongly anisotropic. For the case with shear in the xy plane,
the peak of the distribution is centered in the same plane. It

FIG. 3. Mean angular velocity for particle elongations e =
1.5, 2, 4, 8, calculated from simulations with shear in the xy plane.
The limiting values for small D are correctly given by Eq. (34). The
dashed lines show the results of perturbation theory to second order
(Appendix C).

does not point directly along the x axis, but is rotated toward
the y axis [13]. The spot is not symmetric, being somewhat
stretched in the z direction. It is clear that the remaining
distributions xz and yz are related to the first one by a simple
rotation. This helps to confirm the correct functioning of the
Langevin algorithm as well as the graphical representation.

In Fig. 5 (left), we show the effect of varying the Pé-
clet number between 1 and 100 for particles with shape
parameters β = 0.5, 0.8 and 1. As expected, with increasing
noise (decreasing Pe) the distributions spread. For a fixed
value of Pe, the distribution becomes more diffuse as the
particle becomes less elongated. We also show the solutions
of the Fokker-Planck equation (30) as contours superimposed
on the density plots. Figure 5 (right) shows the same solutions
as probability surfaces. The solution was obtained with shear
in the xz plane. The full symmetry of the distributions is more
clearly apparent in this probability surface representation.

D. Order matrix

The orientational order can be characterized by the order
matrix [61]

Q =
∫

S2

(
p ⊗ p − I

3

)
ψ (p)dp, (35)

FIG. 4. Density plots of the particle orientation from Langevin
simulations with v-grad v in the xy, xz, and yz planes for Pe = 100
and β = 1. The contours show the solution of the Fokker-Planck
equation (30) with lmax = 16.
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FIG. 5. Left: Density plots of the particle orientation calculated from Langevin simulations with v-grad v in the xz plane. The contours
show the solution of the Fokker-Planck equation (30) with lmax = 16, right: The same Fokker-Planck solutions shown as probability surfaces.
The distance of the surface from the origin in a given direction is proportional to the probability of the particle orientation in that direction.

where I is the unit matrix and p = (sin θ cos φ,

sin θ sin φ, cos θ ). It follows from the definition that Q is
a symmetric, traceless 3 × 3 matrix. It can be expressed in
terms of a triad of orthonormal vectors

Q = λ1e1 ⊗ e1 + λ2e2 ⊗ e2 + λ3e3 ⊗ e3, (36)

with λ1 + λ2 + λ3 = 0. Three kinds of order are possible:
(i) isotropic with all eigenvalues equal to zero; (ii) uniaxial
with one positive eigenvalue and two equal negative eigenval-
ues (or two equal positive and one negative, where the pre-
ferred orientation is along a plane instead of along a direction.
We observe the latter near flat walls for rodlike particles); and
(iii) biaxial with three distinct eigenvalues. The eigenvalues
satisfy −1/3 � λi � 2/3.

The Q-matrix may be represented as

Q = s

(
e1 ⊗ e1 − I

3

)
+ r

(
e2 ⊗ e2 − I

3

)
, (37)

with the scalar order parameters (s, r) describing nematic
ordering and biaxiality, given by

s = 2λ1 + λ2, r = 2λ2 + λ1, (38)

assuming that the eigenvalues are labeled so that λ1 � λ2 �
λ3. (An alternative representation of the Q tensor [62] gives
rise to another set of parameters, S = 3λ1/2, the widely used
uniaxial nematic order parameter, and T = (2λ2 + λ1)/2, an
alternative measure of biaxiality. The two sets are related
by S = s − r/2, T = r/2. For a uniaxial system, there is no
difference, s = S).

In the simulations the order tensor is evaluated by comput-
ing the tensor product p ⊗ p averaged over the time steps. We
can calculate it from the Fokker-Planck equation by substitut-
ing the orientational probability function, Eq. (30), in Eq. (35)

to obtain

Q =

⎛
⎜⎜⎜⎝

√
4π
45 (

√
3b22 − b20) 0 −

√
4π
15 b21

0 −
√

4π
45 (

√
3b22 + b20) 0

−
√

4π
15 b21 0 2

√
4π
45 b20

⎞
⎟⎟⎟⎠,

(39)
indicating that the order matrix depends only on the second
moments of the distribution b20, b21, b22. To obtain these one
chooses a value of lmax and then constructs the lmax(1 +
lmax/4)/2 simultaneous equations (31) that are solved for blm.
The values of b20, b21, b22 depend on Pe and lmax: see Fig. 6.
We typically used lmax = 24 − 36 in the results presented
here.

We also use perturbation theory to obtain analytical ex-
pressions for s and r valid at low noise. This involves

FIG. 6. Convergence of the scalar order parameters s (blue) and r
(green) as a function of lmax for Pe = 100, 1000, 10 000, curves from
bottom to top, respectively.
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FIG. 7. Scalar order parameters s and r as a function of D/γ̇ . FP equation (green); β perturbation theory (dashed); Langevin simulations
xz (blue).

expanding the orientational distribution function as a power
series in either β or Pe. With the former, we obtain s = 2r =

2β

5
√

1+36(D/γ̇ )2
while the latter yields s = 2r = βPe/15. Details

of the calculations are presented in Appendixes C and D.
Figure 7 shows the scalar order parameters s and r for β =

1, 0.95, 0.9 calculated from the simulations, the series solu-
tion of the FP equation (using lmax = 24) and β-perturbation
theory for 0.01 � D/γ̇ � 1. The simulations were performed
for 5 × 106 steps with a timestep of δt = 0.001. We verified
that the simulation results do not depend on the choice of the
shear plane. For both s and r, the simulation results are in
agreement with the FP equation for a wide range of D/γ̇ . The

value of r (biaxiality) computed from the simulations displays
larger fluctuations than the value of s. Interestingly, both the
solution of the FP equation and simulation exhibit a maximum
value of r for D/γ̇ ≈ 0.05 for β > 0.9. Perturbation theory
provides an excellent description of the nematic ordering s
for D/γ̇ > 0.1. It does not work as well as for describing the
biaxiality (r does not exhibit a maximum), but does approach
the simulation results as D/γ̇ increases.

The overall decreasing trend of s with D/γ̇ is what we
would expect: noise generally reduces nematic ordering, lead-
ing to smaller values of s. Regarding the biaxiality, the
situation is more complex: for large noise r is expected to
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FIG. 8. Scalar order parameters s (blue) and r (green) of Jeffery
orbits without noise averaged over the initial (isotropic) orientation
as a function of β.

decrease with noise as in the large noise limit the system is
expected to become isotropic. In the limit of small noise, how-
ever, where the value of s is increasing and for very elongated
particles it converges to 1 the value of r should converge to 0
by definition. This is what we see in the small noise limit in
Figs. 7(b) and 7(d).

We analyzed the behavior of the nematic ordering and the
biaxiality for Jeffery orbits without noise using the procedure
outlined in Appendix E. The results are shown in Fig. 8.
While the value of s increases more and more rapidly as β

approaches one, r displays a maximum at β = 0.876 before
rapidly decreasing to zero.

VI. IN- AND OUT-OF PLANE DISTRIBUTIONS

In addition to the full orientational distributions described
above, it is useful to examine the angular distribution of the

particle in the v-grad v plane as well as in the perpendicular
(vorticity) direction. This can be done most easily using the
simulation algorithm with the shear in the (x, y) plane. In this
case, the orientation of the particle in the v-grad v plane is
specified by φ and the orientation in the perpendicular plane
is given by δ = π/2 − θ . The corresponding distributions,
denoted by f‖(φ) and f⊥(δ) respectively, are the marginal
distributions of the full orientational distribution:

f‖(φ) =
∫ π

0
ψ (θ, φ) sin θdθ ; f⊥(δ) =

∫ 2π

0
ψ (δ, φ)dφ.

(40)

Results for three different Bretherton parameters, β =
0.5, 0.8, 1 (corresponding to elongations e = √

3, 3,∞), each
for Pe = 1, 10, 50, 100, are shown in Fig. 9.

For large noise (Pe = 1), the out-of-plane distribution
f⊥(δ) is basically equal to the uniform distribution (cos δ) for
all three particle shapes. The in-plane distribution f‖(φ) is not
perfectly uniform. Rather, it has a slight modulation, which
has a similar amplitude for the three types of grains. The peak
of the distribution is located at around 45 degrees, which is in
accordance with 2D calculations by Marschall et al. [13] and
other data [63].

For the least-elongated particle (β = 0.5), decreasing the
amplitude of the noise results in only a minor change in f⊥(δ),
while f‖(φ) changes significantly. Decreasing noise leads to
a sharper maximum and a shift of the maximum toward 0.
The out-of-plane distribution is very similar to a uniform
distribution, irrespective of the amplitude of the noise. This
means that decreasing noise does not drive the particles into
the v-grad v plane.

For a longer particle (e = 3), both distributions f⊥(δ) and
f‖(φ) change with the decreasing amplitude of the noise. The
in-plane distribution f‖(φ) becomes notably sharper than for
e = 1.73. The average angle appears to be larger for e = 3
than for e = 1.73, as observed by Marschall et al. [13]. The

FIG. 9. In-plane (upper row) and out-of-plane (bottom row) orientational distributions for Pe = 1, 10, 50, 100, for three different particle
elongations, calculated from Langevin simulations with shear in the xy plane. The dashed curve shows the out-of-plane distribution (cos δ) for
a system with random orientation.
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FIG. 10. (a) Circular mean of the in-plane orientation for e =
1.5, 2, 5, ∞ (β = 1). The dashed line is π/4; (b) Variance of out-
of-plane orientation for e = 1.5, 2, 5, ∞ (β = 1). The dashed line is
the value for a random distribution, (π2 − 8)/4.

peak of f⊥(δ) also becomes larger, meaning that for smaller
noise the e = 3 particles have a greater tendency to remain in
the proximity of the v-grad v plane than the e = 1.73 particles.

For very long particles (e = ∞; β = 1), decreasing noise
results in sharper peaks for both the in-plane and out-of-plane
orientation distributions. This means that decreasing noise not
only leads to strong ordering in the v-grad v plane, but the
particles are also clearly driven toward the v-grad v plane.

The circular mean of the in-plane orientation, 〈φ〉CM , is
shown as a function of D/γ̇ = 1/Pe in Fig. 10(a). The be-
havior is similar to the result obtained by Marschall et al. [13]
for a strictly two-dimensional system, that is the mean angle
increases with noise (D/γ̇ ) and tends to an asymptotic value
of π/4. For a given value of D/γ̇ the mean angle increases
with increasing particle elongation.

For the out-of-plane distribution, the mean angle is al-
ways zero (no symmetry breaking). We show the (standard)
variance, 〈δ2〉 as a function of D/γ̇ = 1/Pe in Fig. 10(b).
All the curves tend to the value corresponding to a uniform
distribution (π2 − 8)/4 as the noise increases. For the particle
of elongation e = 1.5, the distribution is nearly uniform for
all values of the noise and, consequently, the variance shows
little variation. For e = 2, the variance is a nonmonotonic
function of D/γ̇ , with a minimum value at about D/γ̇ = 0.5.
More elongated particles display a strongly peaked distribu-
tion, yielding a small variance, for small values of D/γ̇ .

VII. TWO DIMENSIONS

For completeness, we now present results for the purely
two-dimensional motion of an anisometric particle in a shear
flow. This case has recently been studied by Marschall et al.
[13] using numerical solutions of the Langevin equation.
Here, we present the solution of the corresponding Fokker-
Planck equation.

The overdamped Langevin equation for the orientation of
the particle at time t can be written as

dφ

dt
= f (φ) +

√
2Dξ, (41)

where ξ is Gaussian white noise and

f (φ) = − 1
2 γ̇ (1 − β cos 2φ), (42)

where β has the same definition as in 3D. Moreover, due to
the decoupling of φ and θ in 3D for v-grad v in the xy plane,
the form of f (φ) is the same as in Eq. (4). Note that with
this choice, the major axis of the ellipse is parallel to the flow
when φ = 0. The sign of the function f (φ) is chosen so that
the particle rotates in the clockwise sense.

The corresponding Fokker-Planck equation for the orienta-
tional distribution, ψ (θ, t ), is

∂ψ (θ, t )

∂t
= − ∂

∂φ
[ f (φ)ψ (φ, t )] + D

∂2ψ (φ, t )

∂φ2
. (43)

Let us first focus on the steady state for which

d

dφ
[ f (φ)ψ (φ)] = D

d2ψ

dφ2
. (44)

Integrating once we obtain

f (φ)ψ (φ) = D
dψ

dφ
+ c. (45)

If there is no noise (D = 0), we get

f (φ)ψ (φ) = c. (46)

This simple equation expresses the fact that the probability of
finding the particle at a given angle is inversely proportional
to its instantaneous angular velocity.

From the normalization condition∫ π/2

−π/2
dφ ψ (φ) = 1, (47)

we find that c = γ̇ e
π (e2+1) , so

ψ0(φ) = e

π (1 + (e2 − 1) sin2 φ)
. (48)

This is a symmetric function, ψ0(−φ) = ψ0(φ) with a maxi-
mum value of e/π at φ = 0 and a minimum value of 1/(eπ )
at φ = ±π/2. It is also independent of the shear rate.

Various approaches can be used to solve Eq. (43) including
expansion in circular harmonics, a direct method, and singular
perturbation theory. We focus on the first as it corresponds
to the method used in 3D. The direct solution only works in
2D where it gives the same results as the circular expansion
method. Perturbation theory is more limited, but it can give
information in the limit of small noise.

044143-9



J. TALBOT et al. PHYSICAL REVIEW E 110, 044143 (2024)

A. Solution using circular harmonic expansion

Since ψ (φ) is a periodic function on the interval −π/2 <

φ < π/2 it may be expanded in circular harmonics:

ψ (φ) =
∑
k=0

ak cos(2kφ) + bk sin(2kφ), (49)

that clearly satisfies ψ (−π/2) = ψ (π/2). The normalization
condition requires that a0 = 1/π . Also b0 = 0. Given the
distribution function, the coefficients can be obtained as

ak = 2

π

∫ π/2

−π/2
cos(2kθ )ψ (θ )dθ

bk = 2

π

∫ π/2

−π/2
sin(2kθ )ψ (θ )dθ. (50)

Let us first apply this to the known solution in the absence
of noise, ψ0(θ ). Since this function is symmetric bk = 0 for
all k. The coefficients of the cosine terms are obtained from

am = 2

π

(
e − 1

e + 1

)m

, m � 1. (51)

Now, to obtain the solution in the presence of noise, we write
the FP equation in the form

d

dφ
[(1 − β cos 2φ)ψ (φ)] = −2ε

d2ψ

dφ2
, (52)

where we have used the relation sin2 φ = 1
2 (1 − cos 2φ). Sub-

stituting Eq. (49) in Eq. (52), expressing the result entirely in
terms of the basis functions cos 2kφ and sin 2kφ and equating
their coefficients we find

2bk − β(bk−1 + bk+1) = 8εkak, (53)

and

−2ak + β((1 + δk,1)ak−1 + ak+1) = 8εkbk, (54)

for the cosine and sine terms, respectively, where δk,1 is the
Kronecker delta. We obtain a numerical solution by taking
the first n terms in the expansion, Eq. (49), giving 2n equa-
tions. We then set an+1 = 0 and bn+1 = 0 in the last two
equations with k = n. We have a linear system that can be
solved in the unknowns ai, bi, i = 1, n. Convergence of the
series is rapid, but more terms are required as the elongation
increases. With e = 8 in the noiseless case, for n = 8 spurious
oscillations are present, but for n = 24 the series solution
is indistinguishable from the exact solution, Eq. (48). Some
examples of the distribution are shown in Fig. 11.

B. Perturbation theory

We can apply singular perturbation theory to the Fokker-
Planck equation (44) to obtain the behavior at small noise.
Taking ε = D/γ̇ as a small parameter

ψ (φ, ε) = ψ0(φ) + εψ1(φ) + ε2ψ2(φ) + · · · , (55)

where ψ0(φ) is the solution to the unperturbed problem. Sub-
stituting in Eq. (52) we obtain

f (φ)(ψ0 + εψ1 + · · · ) = ε
dψ0

dφ
+ ε2 dψ1

dφ
+ · · · + c. (56)

FIG. 11. Orientational distributions in 2D. (a) e = 2 and D/γ̇ =
0.05, 0.1, 0.2, 0.3, 0.5, 1. The dashed line shows the distribution
without noise. (b) D/γ̇ = 0.1 and e = 1.5, 2, 3, 5.

Equating terms with the same power of ε, we obtain

f (φ)ψ0(φ) = c, f (φ)ψ1(φ) = dψ0

dφ
,

f (φ)ψ2(φ) = dψ1

dφ
, · · · . (57)

Explicitly, at first order, we find

ψ1(φ) = − e(e4 − 1) sin 2φ

π ((e2 − 1) sin2 φ + 1)3
. (58)

We note that
∫ π/2
−π/2 dφ ψ0(φ) = 1 and

∫ π/2
−π/2 dφ ψ1(φ) =

0, but
∫ π/2
−π/2 dφ ψ2(φ) �= 0. Thus perturbation theory to first

order in ε, ψ (φ, ε) = ψ0(φ) + εψ1(φ), gives directly a nor-
malized distribution. Adding the second order term, ψ2(φ)
results in a non-normalized distribution. One could, of course,
renormalize this result. Also note that, even for a modest elon-
gation of e = 1.5 the amplitude of ψk (φ) increases rapidly
with k. So we expect to obtain good results only for small ε.

Similarly, we can also use perturbation theory to obtain
the behavior at large noise by taking Pe as the expansion
parameter:

ψ (φ, Pe) = ψ0 + Peψ1(φ) + Pe2ψ2(φ) + · · · , (59)
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where ψ0 = 1/π is the (uniform) distribution in the limit of
large noise. Following the same procedure as above, we obtain

ψ1(φ) = β

4π
sin(2φ), (60)

ψ2(φ) = β

32π
cos(2φ)(2 − β cos(2φ)). (61)

From these results, we calculate

〈cos(2φ)〉 = β

32
Pe2 + O(Pe3). (62)

The corresponding results for the 3D system are presented
in Appendixes C and D.

C. Mean angular velocity

To find the mean angular velocity, we take the average of
Eq. (41)〈

dφ

dt

〉
= − γ̇

2
(1 − β〈cos 2φ〉) = − γ̇

2

(
1 − π

2
βa1

)
. (63)

For ε = 0, a1 = 2
π

e−1
e+1 giving〈

dφ

dt

〉
ε=0

= −γ̇
e

e2 + 1
, (64)

which is the same as the 3D system, Eq. (34). In the limit of
large noise, we find 〈

dφ

dt

〉
ε=∞

= − γ̇

2
. (65)

The numerical results shown in Fig. 12(a) vary smoothly
between these two limits. We also confirm that a perturbation
theory estimate, obtained by substituting Eq. (62) in Eq. (63),
describes the behavior at large noise.

It is instructive to compare the two-dimensional system
with the three-dimensional one, Fig. 12(b). The limiting be-
havior for small and large values of D/γ̇ is the same, but for
intermediate values, the mean angular velocity is higher in 3D.

D. Orientational order matrix

To quantify the ordering, we can evaluate the orientational
order matrix

Q =
[〈cos 2θ〉 〈sin 2θ〉
〈sin 2θ〉 −〈cos 2θ〉

]
. (66)

The matrix has two eigenvalues, ±S, where S is the nematic
order parameter, and the corresponding eigenvectors are(

cos θp

sin θp

)
and

(− sin θp

cos θp

)
. (67)

Due to asymmetry, the maximum of the distribution does
not necessarily occur at θ = θp. The angle at which the
distribution displays a maximum, θmax, and the eigenvector
orientation, θp, are equal in the limits of large and small noise.
At intermediate noise, θp < θmax.

When ψ (θ ) is expressed using the circular harmonic ex-
pansion, Eq. (49), the ordering matrix is

Q = π

2

[
a1 b1

b1 −a1

]
. (68)

FIG. 12. (a) Mean angular velocity for particle elongations e =
2, 8 in two dimensions (2D) from the Fokker-Planck approach (solid
lines) and Langevin simulations (points). The limiting values for
small D are correctly given by Eq. (64). The dashed curves show the
perturbation theory to second order. (b) Comparison of mean angular
velocity in 2D and 3D for e = 2, 8.

Applying perturbation theory to second order results in

S = e − 1

e + 1
− c(e)ε2 + O(ε3), (69)

FIG. 13. Nematic order parameter S as a function of the noise
for e = 1.5, 2, 3, 4, 8, bottom-to-top. The dashed lines show pertur-
bation theory to second order, Eq. (69).
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FIG. 14. Angle for which the distribution displays a maximum
θmax, (blue, solid) and θp (black, dashed) as a function of the noise
for e = 8, 4, 2, 1.5 top-to-bottom calculated from the exact solution.
For large noise, both approach π/4 (dashed line).

with c(e) = (1 + e2)2(5e8 + 2e6 − 8e5 + 8e3 − 2e2 −
5)/32e6. This, however, provides a good description only for
weakly elongated particles at small values of ε, see Fig. 13.

The orientation of the director, θp, can be computed from

tan 2θp = 〈sin 2θ〉
〈cos 2θ〉 = b1

a1
. (70)

To obtain the Taylor series expansion to order ε, we proceed
as above with the result:

tan 2θp = (1 + e)2(1 + e2)

2e2
ε + O(ε2). (71)

Figure 14 shows that θp increases monotonically with ε =
D/γ̇ and approaches an asymptotic value of π/4 in the limit of
large noise. While θp shows some variation with elongation at
low noise levels, it is insensitive to elongation at higher levels
of noise.

VIII. CONCLUSION

Jeffery orbits with noise can describe a variety of systems
with anisometric particles under shear. In this contribution,
we extended the analytical result of Doi and Edwards for
infinitely thin needles to particles with arbitrary shape factor,
β. We examined the orientation order matrix as a function of
the noise (or inverse Péclet number) and the particle elonga-
tion. The solutions of the Fokker-Planck equation agree with
numerical simulations of the Langevin equation. Nematic or-
dering increases monotonically with increasing Péclet number
at fixed shape and with increasing orientation at fixed Péclet
number. By contrast, the biaxiality obtained for an elongated
particle (β > 6) exhibits a maximum for Pe ≈ 1.2. We also
examined the behavior of the strictly two-dimensional system.
Comparing the 2D and 3D data, we find larger average rota-
tion speed of the particle in a three-dimensional system for the
same noise amplitude.

Systems of sheared inelastic particles under shear flow
[50] show alignment. These are typically dense systems
with significant particle-particle interactions. In two dimen-
sions, it appears that, at least quantitatively, the orientational

distribution of a system of inelastic hard dumbbells [46]
resembles that of the Jeffery orbit with constant noise. It
would be interesting to see if the same applies to the three-
dimensional systems considered in e.g., [50,64]. If there are
significant differences, can these systems be modeled using
Jeffery orbits with an orientation-dependent noise?
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APPENDIX A: FROM STRATONOVICH TO ITÔ
EXPRESSION OF THE LANGEVIN EQUATION

The usual Stratonovich expression of the rotational diffu-
sion (without any deterministic part)

(Strato) dp = B(p) ◦ ξ dt, (A1)

with

B(p) =
√

2D

⎛
⎝ 0 −pz py

pz 0 −px

−py px 0

⎞
⎠, (A2)

can be turned into an Itô expression with the help of Itô’s
formula

(Itô) (dp)i =
√

2D(p × ξ)i dt + 1

2

∑
j,k

Bk j∂kBi j dt, (A3)

where the last term (drift induced by the multiplicative noise
B(p)ξ dt) can also be written as −2Dpi dt , giving:

(Itô)
dp
dt

=
√

2D p × ξ − 2Dp. (A4)

Adding the deterministic part (Jeffery orbits equation) does
not modify the expression of the drift term −2Dp

(Strato)
dp
dt

= (I−p ⊗ p)(βE+W)p+B(p) ◦ ξ dt, (A5)

(Itô)
dp
dt

= (I − p ⊗ p)(βE + W)p +
√

2Dp × ξ − 2Dp,

(A6)

since the latter arises only from the multiplicative noise term,
independently from the deterministic part.

The passage from Cartesian (px, py, py ) to spherical
(pr, pθ , pφ ) coordinates is also readily obtained with the help
of the Itô’s formula for a change of variables (see [65]):

df (p)

dt
= ∇ f · A + ∇ f · Bξ + 1

2

∑
i, j

(BB�)i j∂i∂ j f (p),

(A7)
for the general case where dp

dt = A(p) + B(p)ξ.
One gets (without the deterministic part)

dθ

dt
= d

dt
(arccos (pz ))

= D cot (θ ) +
√

2D[sin (φ)ξx − cos (φ)ξy], (A8)
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dφ

dt
= d

dt
(arctan(py/px ))

=
√

2D

sin(θ )
[cos(θ )(cos(φ)ξx + sin(φ)ξy) − sin (θ )ξz].

(A9)

We can define three new Brownian motions

ξ1 = sin (φ)ξx − cos (φ)ξy, (A10)

ξ2 = cos(θ )(cos(φ)ξx + sin(φ)ξy) − sin(θ )ξz, (A11)

ξ3 = sin(θ )(cos(φ)ξx + sin(φ)ξy) + cos(θ )ξz, (A12)

as linear combinations of the independent Brownian motions
(ξx, ξy, ξz ) through an orthogonal matrix S̃

S̃ =
⎛
⎝ sin φ − cos φ 0

cos θ cos φ cos θ sin φ − sin θ

sin θ cos φ sin θ sin φ cos θ

⎞
⎠. (A13)

Then, it is easy to check that they are independent (see [65])
and orthonormal (ξi · ξ j = δi j in the {ξx, ξy, ξz} basis).

One finally obtains the expressions
dθ

dt
= D cot θ +

√
2D ξ1, (A14)

dφ

dt
=

√
2D

sin θ
ξ2, (A15)

to which the deterministic Jeffery terms must be added to get
Eqs. (15)–(18).

The conservation of the norm of the unit vector p can also
be readily seen using Itô’s formula for f (p) = p · p = p2. In
this case, the last term of Eq. (A7) becomes

1

2

∑
i, j

(BB�)i j∂i∂ j f (p) = 4Dp2, (A16)

compensating exactly the drift induced term ∇ f · A in
Eq. (A7), while the ∇ f · Bξ term vanishes since

∇ f · Bξ = −2
√

2Dp · (p × ξ) = 0. (A17)

Finally

d (p2)

dt
= 2p · (I − p ⊗ p)(βE + W)p

= 2(1 − p2)p · (βE + W)p, (A18)

showing that d (p2 )
dt = 0 at any time if p2 = 1 at the initial time.

APPENDIX B: COMPUTATION OF THE (lm|�̂|l ′m′ )

In this Appendix, we detail how to compute the
(lm|̂|l ′m′) matrix elements necessary for the evaluation of
the blm coefficients of the distribution function ψ (θ, φ) ap-
pearing in Eq. (30) and evaluated in Eq. (31).

As shown in the main text, the operator ̂ can be written as
̂ = β̂1 + 1−β

2 iL̂y for an elongated particle of shape factor
β. The operator ̂1 introduced by Doi and Edwards in [45]
depends on the usual spherical harmonics Y m

l and angular
momentum operators L̂z and L̂y.

For the contribution from L̂z and iL̂y, we use

〈l, m|L̂z|l ′, m′〉 = m δl,l ′ δm,m′ , (B1)

and

〈l, m|iL̂y|l ′, m′〉 = 1
2

√
l (l + 1) − m(m − 1) δl,l ′ δm−1,m′

− 1
2

√
l (l + 1) − m(m + 1) δl,l ′ δm+1,m′ ,

(B2)

leading to

(l, m|iL̂y|l ′, m′) = gm

2
[
√

l (l + 1) − m(m − 1)gm−1 δm−1,m′

−
√

l (l + 1)−m(m + 1)gm+1 δm+1,m′ ] δl,l ′ ,

(B3)

where g0 = √
2, gm = 1 if m > 0, and gm = 0 if m < 0.

For the terms implying the spherical harmonics in ̂1, we
use the relation

〈l, m|Y q
p |l ′, m′〉 = (−1)m

√
(2l + 1)(2p + 1)(2l ′ + 1)

4π

×
(

l p l ′
0 0 0

)(
l p l ′

−m q m′

)
, (B4)

in terms of the Wigner 3-j symbols(
j1 j2 j3

m1 m2 m3

)
= (−1) j1− j2−m3

√
2 j3 + 1

〈 j1, m1; j2, m2| j3, m3〉,
(B5)

which are different from 0 only if | j1 − j2| � j3 � j1 + j2,
m3 = −m1 − m2 and − jk � mk � jk for k = 1, 2, 3.

As noted in [45], only a few (l, m|̂1|l ′, m′) terms are
different from zero in the summation of Eq. (31). These are

(l, m|̂1|l, m − 1) = gm−1G1(l, m − 1), (B6)

(l, m|̂1|l, m + 1) = −gmG1(l,−m − 1), (B7)

(l, m|̂1|l + 2, m − 1) = gm−1G2(l, m − 1), (B8)

(l, m|̂1|l + 2, m + 1) = −gmG2(l,−m − 1), (B9)

(l, m|̂1|l − 2, m − 1) = gm−1G3(l − 2, m − 1), (B10)

(l, m|̂1|l − 2, m + 1) = −gmG3(l − 2,−m − 1), (B11)

where, as previously stated

gm =
{√

2 if m = 0
1 if m > 0
0 if m < 0

, (B12)

and

G1(l, m) = 2l2 + 2l + 3m

2(2l + 1)(2l + 3)
[(l − m)(l + m + 1)]1/2,

(B13)

G2(l, m) = l

2(2l + 3)

×
[

(l+m + 2)(l−m)(l−m + 1)(l−m+2)

(2l+1)(2l + 5)

]1/2

,

(B14)
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G3(l, m) = l + 3

2(2l + 3)

×
[

(l−m + 1)(l+m + 1)(l+m+2)(l+m + 3)

(2l+1)(2l+5)

]1/2

,

(B15)

following the notation of Doi and Edwards in [45].

APPENDIX C: PERTURBATION THEORY IN 3D USING Pe
AS THE EXPANSION PARAMETER

Here, we develop a perturbation theory using the Péclet
number Pe = γ̇ /D as the expansion parameter. The Fokker-
Planck equation may be written as

Pe ̂ψ = ∇2ψ. (C1)

Let us expand the orientational distribution function as a
power series in Pe

ψ = ψ0 + Pe ψ1 + Pe2 ψ2 + · · · , (C2)

Substituting in the FP equation and equating powers of Pe we
obtain at zeroth, first, and second order

∇2ψ0 = 0

̂ψ0 = ∇2ψ1 (C3)

̂ψ1 = ∇2ψ2.

Solving, we find

ψ0 = 1

4π
, (C4)

ψ1 = − β

4π

√
π

15
|21), (C5)

ψ2 = − (7 − β )β

336
√

5π
|20) + (7 + 3β )β

336
√

15π
|22)

− β2

420
√

π
|40) + β2

168
√

5π
|42), (C6)

which gives the scalar order parameter (defined in
Appendix D)

s = 1
15βPe + O(Pe2). (C7)

Similarly, we find

〈cos(2φ)〉 = (5 + 3β )β

720
Pe2 + O(Pe3). (C8)

APPENDIX D: PERTURBATION THEORY IN 3D USING β

AS THE EXPANSION PARAMETER

We know that when β = 0, corresponding to a sphere, the
orientational distribution is uniform: ψ (θ, φ) = 1/(4π ). This
prompts us to try a perturbation approach. Let

ψ (β, θ, φ) = ψ0(θ, φ) + βψ1(θ, φ) + β2ψ2(θ, φ) + · · · .

(D1)
Substituting in the Fokker-Planck equation gives[

β̂1 + 1 − β

2
iL̂y

]
ψ (β, θ, φ) = ε∇2ψ (β, θ, φ), (D2)

where ε = D/γ̇ . Expanding in β and equating the coefficients
of equal powers gives

1
2 iL̂yψ0 = ε∇2ψ0, (D3)

1ψ0 + 1
2 iL̂y(ψ1 − ψ0) = ε∇2ψ1. (D4)

Clearly, ψ0 = 1/4π and the second equation becomes

3

√
4π

15

S1
2

4π
+ 1

2
iL̂yψ1 = ε∇2ψ1. (D5)

Let us assume

ψ1 = b20|20) + b21|21) + b22|22). (D6)

Substituting in the above equation and using the orthonormal-
ity of the functions |lm) we find

3

√
4π

15

1

4π
+

√
3

2
b20 − 1

2
b22 = −6εb21, (D7)

−
√

3

2
b21 = −6εb20, (D8)

1

2
b21 = −6εb22, (D9)

Solving these equations and using the coefficients to evaluate
the order matrix, we find

Q =

⎛
⎜⎝

β

5(1+36ε2 ) 0 6(ε)β
5(1+36ε2 )

0 0 0
6(ε)β

5(1+36ε2 ) 0 − β

5(1+36ε2 )

⎞
⎟⎠. (D10)

The eigenvalues are(
β

5
√

36ε2 + 1
, 0,

−β

5
√

36ε2 + 1

)
, (D11)

and hence we find the scalar order parameters

s = 2r = 2β

5
√

1 + 36ε2
. (D12)

Note that for small Pe (or large D/γ̇ ) Eq. (C7) reduces to this
expression.

APPENDIX E: THE SCALAR ORDER PARAMETERS s
AND r FOR JEFFERY ORBITS WITH A UNIFORMLY

DISTRIBUTED RANDOM INITIAL ORIENTATION

For a given initial orientation specified by φ0, θ0, the cor-
responding values of the parameters C and κ are given by

C2 = tan2(θ0)(e2 sin2 φ0 + cos2 φ0)/e2, (E1)

κ = arctan(e tan(φ0)). (E2)

We can calculate the order matrix Eq. (35) by replacing the
average over the orientational probability distribution with a
time average over one period (actually, symmetry allows us
to limit this to one-quarter period). We then average Q over a
sample of random initial orientations and then finally calculate
s and r using the procedure given in the main text.

However, a more efficient method is to determine the dis-
tribution of y = C2. Assuming a uniform, random orientation,
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we obtain the probability density function

f (y) = e

π (1 + e2y)
√

1 + y
E

⎛
⎝−

√
(e2 − 1)y

1 + y

⎞
⎠, 0 � y < ∞, (E3)

where E (x) is the complete elliptic integral of the second kind. By integrating over one-quarter period of the Jeffery orbit we
can calculate the order matrix. The nonzero elements are

〈cos2 θ〉 = 1√
(1 + y)(1 + e2y)

, (E4)

〈cos2 θ sin2 φ〉 = e2y

1 + e2y +
√

(1 + y)(1 + e2y)
, (E5)

〈sin2 θ sin2 φ〉 = y

1 + y +
√

(1 + y)(1 + e2y)
. (E6)

We now average these matrix elements over the distribution of y = C2 by multiplying them by f (y) and integrating over the
domain. It does not seem possible to obtain analytical expressions for the integrals, but they can be easily evaluated numerically.
The order matrix constructed with these elements is diagonal. Evaluating s and r we obtain the results shown in Fig. 8. We note
that nematic ordering increases more and more rapidly as β approaches one, while biaxiality displays a maximum value of 0.121
for β = 0.876 before falling rapidly to zero.
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