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✭❍●❙✮ ❛♥❞ ❛✐-#♦❢$ ❜❡❛❞# ✭❆❙❇✮✱ ❜♦$❤ ✇✐$❤ ❛ ❝♦♠♣❛✲

-❛❜❧❡ ❞❡♥#✐$② ♦❢ ≈ 1020 ❦❣✴♠3
❛♥❞ ✻ ♠♠ ❞✐❛♠❡$❡-✳

❚❤❡ ❆❙❇ ❤❛✈❡ ❛ ❢-✐❝$✐♦♥ ❝♦❡✣❝✐❡♥$ ♦❢ µ = 0.3✱ ✇❤✐❧❡
$❤❛$ ♦❢ $❤❡ ❍●❙ ✐# ♠♦-❡ $❤❛♥ ♦♥❡ ♦-❞❡- ♦❢ ♠❛❣♥✐$✉❞❡

#♠❛❧❧❡-✳ ❲❤❡-❡❛# $❤❡ ❆❙❇ ❝❛♥ ❜❡ ❝♦♥#✐❞❡-❡❞ -✐❣✐❞

✐♥ ♦✉- ❡①♣❡-✐♠❡♥$#✱ ❍●❙ ❤❛✈❡ ❛♥ ❡❧❛#$✐❝ ♠♦❞✉❧✉# ♦❢

✺✵ $♦ ✶✵✵ ❦L❛✳ ❚❤❡② ❞❡❢♦-♠ #❧✐❣❤$❧② ✉♥❞❡- $❤❡ ♣-❡#✲

#✉-❡ ❛$ $❤❡ ❝♦♥$❛✐♥❡- ❜♦$$♦♠ ✭♦❢ $❤❡ ♦-❞❡- ♦❢ ❛ ❢❡✇

❦L❛✮✳ ❚❤❡ ❍●❙ ❛# ✇❡❧❧ ❛# $❤❡ ❆❙❇ ❛-❡ ✐♥❝♦♠♣-❡##✲

✐❜❧❡✳ ▼✺✵ ❞❡♥♦$❡# ❛ ♠✐①$✉-❡ ❝♦♥$❛✐♥✐♥❣ ✺✵✪ ❆❙❇ ❛♥❞

✺✵✪ ❍●❙✳ ❚❤❡ ❢✉❧❧ #✐❧♦ ❝♦♠♣-✐#❡# ❛❜♦✉$ ✶✵✱✵✵✵ ❣-❛✐♥#✳

❙✐♥❝❡ ❆❙❇ ❛♥❞ ❍●❙ ❤❛✈❡ #✐♠✐❧❛- ✈♦❧✉♠❡#✱ #❤❛♣❡# ❛♥❞

✇❡✐❣❤$#✱ ✇❡ ❝❛♥ #✐♥❣❧❡ ♦✉$ $❤❡ ✐♥✢✉❡♥❝❡# ♦❢ ❢-✐❝$✐♦♥❛❧

❛♥❞ ❡❧❛#$✐❝ ♣-♦♣❡-$✐❡# ♦♥ #✐❧♦ ❞✐#❝❤❛-❣❡ ❞②♥❛♠✐❝#✳

❲❡ ❝♦♠❜✐♥❡ $✇♦ ♦❜#❡-✈❛$✐♦♥ $❡❝❤♥✐P✉❡#✳ ❚❤❡ ❞✐#✲

❝❤❛-❣❡❞ ❣-❛✐♥# ❛-❡ ❝♦❧❧❡❝$❡❞ ✐♥ ❛ ❝♦♥$❛✐♥❡- ❜❡❧♦✇ $❤❡

♦-✐✜❝❡ ❛♥❞ ✇❡✐❣❤$❡❞✳ ❙✐♠✉❧$❛♥❡♦✉#❧②✱ ✈✐❞❡♦# ♦❢ $❤❡

$-❛♥#♣❛-❡♥$ #✐❧♦ ❛-❡ -❡❝♦-❞❡❞ ❢♦- $❤❡ ❞❡$❡-♠✐♥❛$✐♦♥

♦❢ $❤❡ ✷❉ ✢♦✇ ✜❡❧❞✳ L❡-♠❛♥❡♥$ ❝❧♦❣# ❛-❡ ❞❡#$-♦②❡❞

❜② ❛✐- ✢✉#❤❡# $❤-♦✉❣❤ $❤❡ ♦-✐✜❝❡ ✇❤✐❝❤ -❡#$❛-$ $❤❡

✢♦✇✳ ❆✐- ✢✉#❤❡# ✇❡-❡ $-✐❣❣❡-❡❞ ♠❛♥✉❛❧❧② ✇❤❡♥ $❤❡

✢♦✇ #$♦♣♣❡❞ ❢♦- ❛$ ❧❡❛#$ ✸✵ #❡❝♦♥❞# ✭✇❤✐❝❤ ✐# ♦✉- ❞❡❢✲

✐♥✐$✐♦♥ ❢♦- ♣❡-♠❛♥❡♥$ ❝❧♦❣# ✐♥ $❤✐# #$✉❞②✮✳ ❲❡ ♥♦$❡✱

❤♦✇❡✈❡-✱ $❤❛$ ✇❡ ❝❛♥♥♦$ ❡①❝❧✉❞❡ $❤❛$ ✐♥❞✐✈✐❞✉❛❧ ❝❧♦❣#

❝❛♥ -❡#♦❧✈❡ #♣♦♥$❛♥❡♦✉#❧② ❛❢$❡- ♠♦-❡ $❤❛♥ ✸✵ #❡❝♦♥❞#✳

❚❤❡ -❡❛#♦♥ ❢♦- $❤♦#❡ ♥♦♥✲♣❡-♠❛♥❡♥$ ❝❡##❛$✐♦♥# ♦❢ $❤❡

♦✉$✢♦✇ ❛-❡ $❤❡ #❛♠❡ $❤❛$ ✇❡-❡ ❞❡#❝-✐❜❡❞ ❢♦- ♣✉-❡ #♦❢$

❣-❛✐♥ ❛$ ρ ≈ 2 ❬✾❪✳

✸ ❊①♣❡%✐♠❡♥)❛❧ %❡,✉❧),

✸✳✶ ❙✐❧♦ ❞✐(❝❤❛,❣❡ ,❛/❡

❚❤❡ ♦✉$✢♦✇ ♦❢ ❤❛-❞ #♣❤❡-❡# ♦❢ ❞✐❛♠❡$❡- d ❢-♦♠ ❛

P✉❛#✐✲✷❉ #✐❧♦ ✇✐$❤ ❛ -❡❝$❛♥❣✉❧❛- ♦-✐✜❝❡ ♦❢ ✇✐❞$❤ D

❛♥❞ ❝❡❧❧ $❤✐❝❦♥❡## w ❝❛♥ ❜❡ ❞❡#❝-✐❜❡❞ ❜② ❇❡✈❡-❧♦♦✬#

❡P✉❛$✐♦♥ ❬✶❪✱ ✇❤✐❝❤ ✇❡ ✉#❡ ❤❡-❡ ✐♥ $❤❡ ❢♦-♠

ṁ = Cρ(D − kd)1.5g0.5w. ✭✶✮

C ❛♥❞ k ❛-❡ ❞✐♠❡♥#✐♦♥❧❡## ❝♦♥#$❛♥$#✱ w ≈ d ✐# $❤❡ #✐❧♦

$❤✐❝❦♥❡##✱ ṁ ✐# $❤❡ ♠❛## ❞✐#❝❤❛-❣❡❞ ♣❡- $✐♠❡ ✐♥$❡-✈❛❧✳

❆$ ❧❛-❣❡ ♦-✐✜❝❡ ✇✐❞$❤# ✭ρ > 5✮✱ $❤❡ #❛♠♣❧❡# ❜❡❤❛✈❡
P✉❛❧✐$❛$✐✈❡❧② #✐♠✐❧❛-✱ ❜✉$ P✉❛♥$✐$❛$✐✈❡❧② ❞✐✛❡-❡♥$✳ ❆$

ρ = 5.83 ✭D = 35 ♠♠✮✱ ❢♦- ❡①❛♠♣❧❡✱ ❆❙❇ ✢♦✇ ✇✐$❤

❛ ❝♦♥#$❛♥$ -❛$❡ ♦❢ ṁ = 35.4 ❣✴# ✉♥$✐❧ $❤❡ ❝♦♥$❛✐♥❡- ✐#
❛❧♠♦#$ ❡♠♣$②✳ ❆##✉♠✐♥❣ $❤❡ ❝♦♥#$❛♥$ k ❛# ✶✳✻✱ ✇❡ ❝❛♥

❝❛❧✐❜-❛$❡ $❤❡ ❝♦♥#$❛♥$ C ≈ 0.45✱ ✇❤✐❝❤ ✐# ❡①♣❡❝$❡❞ $♦
♠❛✐♥❧② ❞❡♣❡♥❞ ♦♥ ❛ ✜❧❧✐♥❣ ❢-❛❝$✐♦♥ ❛❜♦✈❡ $❤❡ ♦-✐✜❝❡✳

❚❤❡ ♣✉-❡ ❍●❙ ✐♥✐$✐❛❧❧② ✢♦✇ ♦✉$ ✇✐$❤ ♠♦-❡ $❤❛♥ $✇✐❝❡

$❤❛$ -❛$❡✱ ṁ = 88 ❣✴#✳ ❉✉-✐♥❣ ❞✐#❝❤❛-❣❡✱ $❤✐# -❛$❡
❞-♦♣# ❜② ❛❜♦✉$ ✷✵ ✪✳ ❚❤❡ -❡❛#♦♥ ❢♦- $❤❡ ❢❛#$❡- ❞✐#✲

❝❤❛-❣❡ ♦❢ $❤❡ #♦❢$ #♣❤❡-❡# ✐# $❤❡ ❞✐✛❡-❡♥$ ✢♦✇ #$-✉❝$✉-❡

✐♥ $❤❡ #✐❧♦✳ ❚❤❡ ❝❡♥$-❛❧ ♣❛-$ ♦❢ $❤❡ ❍●❙✲✜❧❧❡❞ #✐❧♦ ✐#

✐♥ ❝♦♥$✐♥✉♦✉# ♠♦$✐♦♥ ❞♦✇♥✇❛-❞ ❡✈❡♥ ✇❡❧❧ ❛❜♦✈❡ $❤❡

♦-✐✜❝❡✱ ✇❤✐❧❡ $❤❡ ❤❛-❞ ❣-❛✐♥# ❛-❡ -❡♣❡❛$❡❞❧② #$♦♣♣❡❞

✐♥ ✐♥$❡-♥❛❧ ❛-❝❤❡#✳ ❚❤❡② #$❛-$ $♦ ❢❛❧❧ ❢-❡❡❧② ♦♥❧② ♥❡❛-

$❤❡ ♦✉$❧❡$✳ ❚❤✐# ❛♣♣❡❛-# $♦ ❜❡ ♠❛✐♥❧② ❛ ❝♦♥#❡P✉❡♥❝❡

♦❢ ❧♦✇✲❢-✐❝$✐♦♥✿ ▲❡## ❣-❛✈✐$❛$✐♦♥❛❧ ❡♥❡-❣② ✐# ❞✐##✐♣❛$❡❞

❞✉-✐♥❣ $❤❡ ❞✐#❝❤❛-❣❡✳

❋✐❣✉-❡ ✷ #❤♦✇# ❡①❛♠♣❧❡# ♦❢ $❤❡ ❞✐#❝❤❛-❣❡ ♦❢ ❆❙❇✱

❍●❙ ❛♥❞ $❤❡ ❜❛❧❛♥❝❡❞ ♠✐① ▼✺✵ $❤-♦✉❣❤ ❛ #♠❛❧❧ ♦-✐✲

✜❝❡ ♦❢ ρ = 3 ✭D = 18♠♠✮✳ ❚❤❡ ❍●❙ #$✐❧❧ -✉♥ ♦✉$ ❝♦♥✲
$✐♥✉♦✉#❧②✱ ✐♥✐$✐❛❧❧② ✇✐$❤ ṁ = 26 ❣✴#✳ ❚❤❡ ▼✺✵ ♠✐①✲
$✉-❡✱ ❤♦✇❡✈❡-✱ ❢-❡P✉❡♥$❧② ❝❧♦❣#✳ ■♥ #♦♠❡ ❝❛#❡# $❤❡#❡

❝❧♦❣# ❞✐##♦❧✈❡ #♣♦♥$❛♥❡♦✉#❧②✳ ❚❤❡ ♠❡❛♥ ❛✈❛❧❛♥❝❤❡ #✐③❡

✐# ✺✽ ❣ ✭-♦✉❣❤❧② ✺✵✵ ❣-❛✐♥#✮✱ ❛♥❞ ❛❧#♦ $❤❡ ✐♥✐$✐❛❧ ❞✐#✲

❝❤❛-❣❡ -❛$❡ ❞✉-✐♥❣ ❛✈❛❧❛♥❝❤❡# ✐# ❧♦✇❡-❡❞ ❝♦♥#✐❞❡-❛❜❧②✱

$♦ ♦♥❧② ✽✳✷ ❣✴#✳ ❚❤❡ ♣✉-❡ ❆❙❇ ❝❧♦❣ ♠✉❝❤ ♠♦-❡ ❢-❡✲

P✉❡♥$❧②✱ ❛♥❞ ❛❧❧ ❝❧♦❣# ❛-❡ ♣❡-♠❛♥❡♥$✳ ▼❡❛♥ ❛✈❛❧❛♥❝❤❡

#✐③❡# ❛-❡ ❞♦✇♥ $♦ ✶✷ ❣ ✭-♦✉❣❤❧② ✶✵✵ ❣-❛✐♥#✮✳ ❚❤✐# ✈❛❧✉❡

♠❛② ❜❡ #❧✐❣❤$❧② ♦✈❡-❡#$✐♠❛$❡❞ #✐♥❝❡ $❤❡ ❛✐- ✢✉#❤❡# ❞✐#✲

$✉-❜ $❤❡ ♣❛❝❦✐♥❣ ♥❡❛- $❤❡ ♦-✐✜❝❡✳ ❚❤❡② ❛❧#♦ ✐♥✢✉❡♥❝❡

$❤❡ ♦✉$✢♦✇ ❛$ $❤❡ #$❛-$ ♦❢ ❛✈❛❧❛♥❝❤❡#✳ ❲❡ ❡#$✐♠❛$❡ ❛

✢♦✇ -❛$❡ ❞✉-✐♥❣ ❛✈❛❧❛♥❝❤❡# ♦❢ ❧❡## $❤❛♥ ✻ ❣✴#✳

❋✐❣✉$❡ ✷✳ ❉✐"❝❤❛&❣❡" ♦❢ ❆❙❇✱ ❍●❙ ❛♥❞ 3❤❡ ❜❛❧❛♥❝❡❞ ♠✐①✲

3✉&❡ ▼✺✵ 3❤&♦✉❣❤ ❛ D = 18 ♠♠ ♦&✐✜❝❡ ✭ρ = 3✮✳ ❚&✐❛♥❣❧❡"

♠❛&❦ ❛✐& ✢✉"❤❡"✳ D❧❛3❡❛✉" ♦❢ ❝❧♦❣❣❡❞ "3❛3❡" ❛&❡ ❝❧✐♣♣❡❞ 3♦

✶✵ "✳ ❙♣✐❦❡" ❛&❡ ❛&3✐❢❛❝3" ❝❛✉"❡❞ ❜② 3❤❡ ❛✐& ✢✉"❤❡"✳

❋✐❣✉$❡ ✸✳ ❚✇♦ ❡①❛♠♣❧❡" ♦❢ ❞✐"❝❤❛&❣❡ ♦❢ 3❤❡ ▼✺✵ ♠✐①3✉&❡

3❤&♦✉❣❤ ❛ ρ = 2.67 ✭D = 16♠♠ ♦♣❡♥✐♥❣✮✱ ✇✐3❤ 3❤❡ ♣❤❛"❡"

♦❢ ♣❡&♠❛♥❡♥3 ❝❧♦❣" ❡❧✐♠✐♥❛3❡❞✳ ❖♥❡ ❝❛♥ "3✐❧❧ "❡❡ ♣❧❛3❡❛✉"

✇❤❡&❡ 3❤❡ ♦✉3✢♦✇ "3♦♣♣❡❞ 3❡♠♣♦&❛&✐❧②✳ ❚❤❡ ❞❛"❤✲❞♦33❡❞

❧✐♥❡" ✐♥❞✐❝❛3❡ 3❤❡ ❛♣♣&♦①✐♠❛3❡ ♦✉3✢♦✇ &❛3❡" ♦❢ 3❤❡ ✐♥✐3✐❛❧
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◆❡✈❡-$❤❡❧❡##✱ ❡✈❡♥ $❤♦✉❣❤ $❤❡ $✇♦ ♠❛$❡-✐❛❧# #$✉❞✐❡❞
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