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Onset of electroconvection of homeotropically aligned nematic liquid crystals
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We present experimental measurements near the onset of electroconvection (EC) of homeotropically aligned
nematic liquid crystals Phase SA and MBBA. A voltage of amplitude \EVO and frequency f was applied. With
increasing V,, EC occurred after the bend Freedericksz transition. We found supercritical bifurcations to EC
that were either stationary bifurcations or Hopf bifurcations to traveling convection rolls, depending on the
sample conductances. Results for the onset voltages V., the critical wave numbers k,, the obliqueness angles 6,,
and the traveling-wave (Hopf) frequencies at onset w, over a range of sample conductances and driving
frequencies are presented and compared, to the extent possible, with theoretical predictions. For the most part
good agreement was found. However, the experiment revealed some unusual results for the orientations of the

convection rolls relative to the direction selected by the Freedericksz domain.
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I. INTRODUCTION

Whereas Rayleigh-Bénard convection in a thin horizontal
layer of fluid heated from below [1] has been a paradigm in
the study of pattern formation in systems with rotational
symmetry, electroconvection (EC) in nematic liquid crystals
(NLC’s) has played that role for anisotropic systems [2-8]
with a preferred direction in the plane of the sample. NLC
molecules have an inherent orientational order, but no posi-
tional order, and the direction i parallel to the average mo-
lecular alignment is referred to as the director [9,10]. The
uniaxial symmetry of nematics is reflected in the anisotropy
of the material properties—for instance, in different values
of the electrical conductivities parallel (o) and perpendicu-
lar (0,) to the local director orientation. By confining the
NLC’s between two parallel glass plates, one can obtain an
EC cell with either uniform planar (parallel to the surfaces)
or uniform homeotropic (perpendicular to the surfaces)
alignment of fi. The case that prevails depends on the par-
ticular NLC and on the treatment of the confining glass sur-
faces. When the glass plates are covered on the inside by
conducting electrodes, a voltage V=12V cos(27ft) can be
applied to the sample. This will, for a wide range of material
properties, induce convection when V,>V,. Thus at V, a
bifurcation occurs from a state that is spatially uniform in the
plane of the nematic layer to a periodic array of convection
rolls—i.e., to a pattern. Numerous experimental investiga-
tions have been devoted during the last two decades to the
study of a richness of bifurcation and pattern-formation phe-
nomena [11-26]. Unique to these anisotropic systems is the
existence of oblique-roll patterns whose wave vector forms a
nonzero angle 6 with respect to the in-plane director (or
more precisely with respect to the projection of n on the
plane parallel to the electrodes). Because the director is not a
vector, the states with angles 6 and 7— 6 are expected to be
degenerate and are referred to as zig and zag rolls. At onset
the structures can be stationary or traveling, depending on
sample properties. A great variety of spatiotemporal struc-
tures is observed, including defect chaos and chaos at onset.
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In parallel to this experimental work, truly remarkable theo-
retical progress occurred, primarily due to the Bayreuth
group of Kramer and co-workers. Here we cite only some of
the major theoretical milestones [27-29]; much else can be
found in a number of reviews [2—-6]. Many of the complex
phenomena observed in experiments are now understood
quantitatively.

For the homeotropic case the thermodynamic state, which
prevails at small applied voltages, is rotationally invariant.
This symmetry is broken at a thermodynamic phase transi-
tion that occurs at a voltage V,=V} and that is known as the
Freedericksz transition. There the director in the sample in-
terior develops a nonzero component 7, in the plane of the
sample. The transition to EC then follows at a larger voltage
V.> V. It has received somewhat less attention in the past
than the transition to EC in samples with planar alignment.
In this paper we examine the onset of EC in homeotropic
samples for the two NLC’s MBBA and Merck Phase 5A in
greater detail than has been done before. We first discuss
results for the Freedericksz transition and for the in-plane
director orientation above it. The primary purpose of this is
to provide information about the homogeneity of our
samples above V where EC first occurs and to determine the
direction of symmetry breaking by the Freedericksz domain.
We then present results for the EC onset voltage V., the
critical wave number k., the obliqueness angle 6., and the
traveling-wave (Hopf) frequency at onset, w,, over a range of
sample conductances oy and drive frequencies f. Our results
expand the findings of Richter ef al. [19,30], Téth ef al. [31],
and Buka et al. [5] to larger parameter ranges. To the extent
possible comparison with theoretical predictions by Hertrich
et al. [28] will be made. Generally the agreement is remark-
ably good, although some discrepancies do remain for the
magnitude of the wave vector of the convection rolls. Per-
haps more interesting is that the experiment reveals some
unusual features of the orientation of the convection rolls
relative to the direction selected by the Freedericksz domain.
It seems likely that this phenomenon is associated with the
soft Goldstone mode [2,3,28], characteristic of this system,
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but to our knowledge the details of this phenomenon remain
unexplained at this time.

The origin of homeotropic EC is in principle well under-
stood on the basis of the theoretical analysis of Hertrich et al.
[28]. This analysis shows that the in-plane director compo-
nent n, at the midplane grows quickly above the Freeder-
icksz transition at V,=Vp. For instance, already at V|
=1.1V a planar layer with a thickness close to half the
sample thickness d has developed. Consequently the stan-
dard Helfrich mechanism for planar convection is activated
[32]. Thus it is expected that the main characteristics of EC
in samples with planar alignment apply also to the homeo-
tropic case.

The analysis of homeotropic EC [28] uses the “standard
model” (SM) [2-6] which assumes that the sample is an
Ohmic conductor and which does not capture Hopf bifurca-
tions as observed in the present homeotropic samples as well
as in several experiments with planar nematics. In the planar
cases this discrepancy has been resolved by the introduction
of the “weak electrolyte model” (WEM) [3,29,33] which
takes into consideration the non-Ohmic nature of the conduc-
tance and the mobilities of the ions. WEM effects have not
yet been considered in the homeotropic case [28]. Thus, in
light of the discussion given above, we compared our mea-
surements of the Hopf frequency w, with predictions of the
WEM for the planar case. We find excellent agreement for
the dependence of w, on the sample spacing and the conduc-
tance.

The rest of the paper is organized as follows. In Sec. II we
describe the experimental details and the image-analysis
methods. In Sec. III we discuss the Freedericksz transition
and demonstrate that uniform large domains are obtained
above it but below the onset of EC. The results for EC in
Phase 5A and MBBA are presented in Sec. IV. There we first
show that the bifurcation to EC is supercritical. We also give
long-term results about the dependence of the onset voltage
on time and briefly discuss the nature of the thermally in-
duced fluctuations [34] near onset. Then we present the data
for V., k., 6., and o, in that order in four subsections. A brief
summary of the results is given in Sec. V.

II. EXPERIMENTAL PROCEDURE AND IMAGE
ANALYSIS

The apparatus was nearly the same as the one described in
Ref. [26]. It consisted of a shadowgraph system [35] with
computer-controlled image acquisition, a temperature-
controlled sample stage with a stability of 0.01 °C that con-
tained the electroconvection cell, and electronics for apply-
ing the ac voltage and measuring the conductivity of the cell.
The main new feature was that a mirror [36] had been added
above the lower lens to change the light path from vertical to
horizontal so that some optical components, including the
camera lens and the charge-coupled-device (CCD) camera,
could be fixed on an optical table. For the study of EC some-
times a single polarizer was used between the light source
and the sample, but it had only a modest influence on the
image contrast above onset at V..

The NLC’s Merck Phase 5A and MBBA
(p-methoxybenzylidene-p-butylaniline) were used. Phase 5A
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TABLE 1. Properties of the cells. The cell thickness d, parallel
conductance o7, surface coating, measured Freedericksz voltage Vp,
and charge relaxation time 7,=€y€, /o, are given. The last column
shows the nature of the bifurcation to EC (H=Hopf, S=stationary).
The theoretical prediction of Vy=m\k33/(€|€,|), based on param-
eters from Refs. [38,28], is 8.76 V for Phase 5A and 4.25 V for

MBBA.

Sample d I_Ogo'H_ Surface Ve 10%7,
(um) (Q7'm™)  coating (V) (s)

Phase 5A-1 12.1 37 None 8.132 211 H
Phase 5A-2 12.0 31 None 252 H
MBBA-1 28.9 42 DMOAP  3.25 1.65 S
MBBA-2 344 16.6 DMOAP 420 S
MBBA-3 29.5 3.21 DMOAP 3.25 21.7 H
MBBA-4 41.8 5.55 Polyimide  3.90 126 H

is a NLC mixture similar to Phase 5, except that it contains a
dopant that enhances its conductivity. It was used at
30.00+0.01 °C in homeotropic cells that consisted of two
parallel indium-tin-oxide- (ITO-) coated glass plates that had
been extremely well cleaned but were not covered with any
surface coating. The cell thickness and the parallel conduc-
tance o are shown in Table I. For MBBA two types of
homeotropic cells were prepared with different surface coat-
ings. In one we used dimethyloctadecyl[3-(trimethoxysilyl)-
propylJammonium chloride (DMOAP). In the other a special
polyimide for homeotropic alignment [37] was applied. Mea-
surements for MBBA were made at 25.00+£0.01 °C. In order
to get MBBA with different conductivities, it was doped with
tetra-n-butyl-ammonium bromide (TBAB) in the range from
0 to 100 parts per million by weight. The cell thicknesses
were measured with an interferometer [35] and are shown in
Table I. There the conductances o) are given as well. Unless
stated otherwise, the experimental description and results
discussed are for the Phase 5A-1 and MBBA-4 cells. How-
ever, similar phenomena were found for the other cells.

We gained information about the quality of the homeotro-
pic alignment by measuring the light intensity transmitted
with zero applied voltage and two polarizers in the optical
path, one before and another after the sample. With parallel
polarizers there was nearly complete transmission, and with
polarizers crossed at 90° there was nearly total extinction.
Figure 1 shows the intensity ratio as a function of the angle
of orientation, ¢, of the crossed pair relative to the edges of
the (rectangular) sample (the x and y axes). The open circles
were obtained with no sample in place and show the extent
of polarization of the light reflected from the mirror. One
sees that all samples yielded results not far from the blank
run, indicating that a good approximation to perfect homeo-
tropic anchoring with very little pretilt was achieved in all
cases.

At a fixed driving frequency f, we changed V,, monotoni-
cally with nonequal steps; the steps became smaller near the
estimated EC threshold. We define a parameter e=V3/V>
—1 as a measure of the dimensionless distance from the onset
of EC at V,. The voltage had a stability of better than 107 V,
which is less than 1/20 of the smallest voltage step. At each
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FIG. 1. The ratio of the transmitted intensity /., with polarizers
crossed at 90° relative to each other to the intensity /,,, with parallel
polarizers, as a function of the angle of orientation ¢ of the crossed-
polarizer pair and for V;=0. For the origin of ¢ we chose the
orientation of one of the straight edges of the sample. Open circles:
no cell. Solid circles: MBBA with DMOAP. Solid diamonds: Phase
5A-1. Solid squares: MBBA with polyimide (this cell was not used
further in this work). Solid up-triangles: MBBA-4. The area used
was about 1.23 X 1.23 mm?.

Vo, we waited 600 s and then took 256 images fi(x, €)
[x=(x,y) denotes the coordinates in the plane of the sample].
Near onset the time interval between images was 5 s, yield-
ing nearly uncorrelated images; however, the time interval
was reduced to 0.15 s for the construction of the space-time
images used in the study of traveling waves. For the
Phase 5A samples the images had a physical size of
284 X 284 um? and were digitized with a spatial resolution
of 200X 200 pixels using 4096 gray levels. A typical image
above V, for Phase 5A is shown in Fig. 2(a). The stripes in
the pattern correspond to somewhat disordered convection
rolls. For the MBBA samples the sizes of the images were
1.2X 1.2 mm? and the images had a spatial resolution of
360 X 360 pixels. Examples are shown in Figs. 3(a) and 3(c).
In this case we found oblique rolls at low [Fig. 3(a)] and
normal rolls at high [Fig. 3(c)] driving frequency. In the ob-
lique case the structure factor [Fig. 3(b)] contained two pairs
of peaks with the same & but different 6. For all other MBBA
cells only normal rolls were found.

The image-analysis method was described in detail else-
where [39,40]. Briefly, each image was normalized with a

background image in the form of Ii(x,e):fi(x,e)/fo(x,e)

—1. Here Iy(x, €) is the average of all 256 images. For each
I,(x, €) the structure factor S;(k, €) (the square of the modulus
of the Fourier transform) was calculated and 256 S;(k,e¢)
were averaged to obtain S(k, €). Here k=(k,,k,) is the wave
vector of the pattern and the length is scaled by the sample
spacing d. An example of a structure factor is shown in Fig.
2(b). The relatively weak central peak corresponds to fluc-
tuations of the Freedericksz domain and was filtered out in
further analysis of EC. Below V.. it was the only contribution
to the power and it was used to find the Freedericksz transi-
tion at Vy. The outermost two azimuthally extended peaks
are the second harmonics of the EC pattern and were also
filtered out. The two strongest peaks are from the fundamen-
tal components of the EC pattern. The existence of only one
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FIG. 2. (a) A shadowgraph image (a snapshot, after image divi-
sion and Fourier filtering) covering an area of 0.28 X 0.28 mm? for
f=500 Hz and €=0.005 from sample Phase 5A-1. The dashed hori-
zontal line indicates the selected row for the construction of the
space-time image shown in (d). It is parallel to one of the edges of
the sample corresponding to ¢=0. Its direction is chosen as the x
axis in further discussions. (b) the structure factor S(k, €) over the
range —13 < (k,,k,) <13 of images like (a), averaged over 256 im-
ages. (c) the azimuthal average S(|k|) of (b). The solid line is a fit of
a Lorentzian function to the data. (d) the shadowgraph intensity
along the dashed horizontal line in (a) as a function of time, for a
width of 0.36 mm and for 0<r=<38.4 s. (e¢) The structure factor
S(ky,w) obtained from (d), covering —2.6<w/27=<2.6 Hz and
—13<k,<13. (f) the average S(w) of S(k,,w) over k, in (e). The
solid line is a fit of a Lorentzian function to the data.

such pair of peaks shows that the pattern consists of normal
rolls, and the significant azimuthal extent of these peaks re-
flects the disorder in the pattern. The distance of the maxi-
mum of the strongest peaks from the origin gives k,
—\,k2+k2 and the orientation of this maximum yields the
angle f=tan~ 1(k /k,) of the roll pattern relative to the camera
frame. For normal rolls this angle should coincide with the
bend direction of the Freedericksz domain. The total
power P of the EC pattern is obtained by integrating the
structure factor over the relevant area in k space. A radial
structure factor S(k), as shown in Fig. 2(c), was obtained by
taking an azimuthal average of Fig. 2(b). A fit of S(k)
=SO/[§S(k—kp)2+ 1] to the data is shown in Fig. 2(c) and was
used to determine k.
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FIG. 3. Images from sample MBBA-4. (a) and (b) are a shad-
owgraph image and its structure factor at f=20 Hz and €=0.005.
(c) and (d) are a shadowgraph image and its structure factor
at f=100 Hz and €=0.005. The images cover an area of
1.21 X 1.21 mm? and the structure factors are for —9.25(kx,ky)
=9.2. The orientation is as in Fig. 2.

The traveling nature of the convection rolls was analyzed
by using space-time images [38,40] that consist of the time
evolution in the vertical direction of a particular horizontal
line in the real-space image. Figure 2(d) is the space-time
image corresponding to the horizontal dashed line in Fig.
2(a). One sees that the pattern consists of rolls traveling in
both directions. Figure 2(e), S(k,, w), is the modulus squared
of the Fourier transform of the space-time image, Fig. 2(d).
The traveling frequency w can be readily derived from the fit
of a Lorentzian function to the average S(w) of S(k,,w) over
k., as shown in Fig. 2(f).

The experimental results for the Freedericksz voltage and
for various parameters at the onset of EC will be compared
with theoretical predictions. The evaluation of the predic-
tions requires a knowledge of numerous fluid properties as
input. We collected the values used by us [28,38] in Table II.

III. FREEDERICKSZ TRANSITION

Figure 4 shows the total power P as a function of V2 at
f=500 Hz for Phase 5A-1. Only fluctuations near k=0 are
contributing. Thus the power is quite small, as can be seen
by comparison with the EC power in Fig. 7 below. However,
it increases sharply near V=66 V2. This increase identifies
the Freedericksz transition. Using a straight-line fit to the
data slightly above the transition we found V =8.132 V.
Consistent  with  the  theoretical  prediction V5
=1m\ks3/ (€] €,|) and previous experiments [3,5,41], V- was
independent of the driving frequency f [see Fig. 9(a) below].
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TABLE 1II. Properties of Phase 5A [38] and MBBA [28] used in
the evaluation of theoretical predictions.

Phase 5A MBBA

Parameters (30 °C) (25°0C)
Conductivities
o//o, 1.69 1.50
Dielectric constants
€ 5.033 4.72
€, 5.217 5.25
Viscosity coefficients
(1073 N's/m?)
a -39 -18.1
a -109 -110
a; 1.5 -1.1
ay 56.3 82.6
as 82.9 77.9
ag -24.9 -33.6
Elasticity constants
(10712 N)
ki 9.8 6.66
ko 4.6 4.2
k33 12.7 8.61

As found by others, [5,41] its value was about 7% below the
theoretical value. A similar shift, by about 8%, was found for
sample MBBA-4. These differences are larger than the pos-
sible errors due to the uncertainties of the fluid properties
used in the theory, and we attribute them primarily to weak
anchoring. In the theory perfect strong anchoring is assumed;
i.e., the director is taken to be orthogonal to the glass-NLC
interface even when the Freedericksz domain forms above
V. For real samples one expects a downward threshold shift
corresponding to Vp/Vz<1 that depends on the parameter
combination dG/ks;; where G is the anchoring energy
per unit area and ki3 is an elastic constant [42]. With
Vp/Vz=0.93 as found in the experiment, one finds

)
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FIG. 4. The fluctuation power P, in arbitrary units, of the shad-
owgraph signal as a function of V? at f=500 Hz for sample Phase
5A-1. For this work a single polarizer was used. There is a sudden
rise of P at the Freedericksz transition.
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FIG. 5. The ratio of the transmitted intensity /., with polarizers
crossed at 90° relative to each other to the intensity /,,, with parallel
polarizers as a function of the angle of orientation ¢ of the crossed-
polarizer pair. An area of about 1.34 X 1.34 mm? was used. The data
are for MBBA-4. Open squares: f=100 Hz and V,=4.30 V. The
voltage is well above Vy=3.90 V and well below the onset of EC at
V,.=9.99 V. Solid circles: f=200 Hz and V(;=4.30 V. Open circles:
/=200 Hz and V(=21.36 V (at 200 Hz V,=33.50 V). The solid
lines are fits of I,,,/1,,=Iy+ & sin[4(p— )] to the data that yielded
¢y = 1.28, 1.29, and 1.26 rad for open squares, solid circles, and
open circles, repectively. The domain orientation is given by the
location of the minima and thus is equal to 6;=¢y—7/8. In all three

cases the minimum of /,/I,,, was found to be close to 0.025.

G=1X1073 N/m. This is in the range of typical values for
homeotropic anchoring [43]. Another possible source of a
reduced Vy is a pretilt of the director (i.e., an alignment that
is not perfectly orthogonal to the surfaces). This is expected
to lead to an imperfect bifurcation, possibly leading to an
effective threshold shift. In view of the results in Fig. 1 we
expect this shift to be small, but it may contribute somewhat
to a reduction of the measured V.

Results for Vi for all samples are given in Table 1. As
mentioned above, for MBBA-4 (which was prepared with
Polyimide coating) Vy is about 8% below the theoretical
value. The MBBA samples with DMOAP coatings have con-
siderably lower transition voltages, suggesting that the an-
choring for this coating is significantly weaker.

Above Vi a single Freedericksz domain was attained after
initial transients died out [41,44]. Visual evidence for the
single-domain structure was found in the spatial uniformity
of the shadowgraph images. More quantitatively, we show in
Fig. 5 the ratio between the transmitted intensity with
crossed polarizers to that with parallel polarizers, as was
done for V=0 in Fig. 1. One sees that the ratio came remark-
ably close to zero when the crossed-polarizer orientation ¢
coincided with the domain orientation 6, This could not
have happened if different parts of the sample were occupied
by domains of different orientation. As found by others [19],
for a given sample the domain orientation 6, was always the
same from one run to another, indicating that it was chosen
from among the infinity of ideally degenerate orientations by
some minor azimuthal inhomogeneity. We rotated a sample
in the laboratory frame and found that the domain orientation
rotated with the sample, thus ruling out any influence for
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FIG. 6. (a) The domain orientation 6, above V, for MBBA-4 as
a function of the dimensionless drive frequency f7,
(7,=1.26X 107 s is the charge relaxation time) for V=4.30 V. (b)
The domain orientation above V for MBBA-4 as a function of the
drive voltage V for a drive frequency of 200 Hz.

instance from prevailing magnetic fields. Some results for 6,
are shown in Fig. 6. As one would expect, the data show that
the domain orientation was independent of the drive fre-
quency and of the drive voltage.

IV. ONSET OF ELECTROCONVECTION
A. Nature of the bifurcation

Data for the total shadowgraph power P of sample Phase
5A-1 near the transition to EC are shown in Figs. 7(a) and
7(b) [the central peak of S(k) due to the Freedericksz-domain
fluctuations was filtered out before P was calculated]. Data
were recorded at f=500 Hz first with increasing (squares)
and then with decreasing (circles) voltage. For samples with
planar alignment hysteresis had been observed over some
parameter ranges [26,34] and was indicative of a subcritical
bifurcation. For the data in the figure there is a slight shift of
the circles relative to the squares that is noticeable near on-
set, but it is in a direction opposite to that expected for hys-
teresis and we attribute it to a small drift during the 35 h that
elapsed between the two measurements of the onset. Thus
the results do not reveal hysteresis and are consistent with a
supercritical bifurcation. In Fig. 7(b) the data near the bifur-
cation are shown with greater resolution as a function of e.
The data with increasing and decreasing V|, had been fitted
separately by straight lines, and the fits had yielded
V,.=9.883 and 9.896 V for increasing and decreasing V, re-
spectively.

B. Sample stability

Figure 8(a) gives the results for V.(r) of sample Phase
5A-1 over a long time period (the second and third points
from the left are the data from Fig. 7). This cell was over a
year old, and we do not know the origin of the small drift
that can be represented well by the straight-line fit
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FIG. 7. (a) The power P as a function of Vg at f=500 Hz for
sample Phase 5A-1. The arbitrary scale of P is the same as that in
Fig. 4. The squares and circles correspond to increasing and de-
creasing voltages, respectively. (b) the power P as a function of
€= Vg/Vf—l near the onset of EC at V... The squares and circles
correspond to increasing and decreasing voltages, respectively. The
solid lines are the straight-line fits to the data slightly above the
threshold. (c) The power as a function of the absolute value of € on
logarithmic scales. The squares and circles correspond to increasing
and decreasing voltages, respectively. Solid symbols: €<0. Open
symbols: €>0. The solid line corresponds to a power law with an
exponent of —1/2.

V.(1)=9.881+1.1 X 107% V with ¢ in hours. Values of V,
used in the analysis of the experiments were based on this fit.
The drift is small compared to the frequency dependence of
V. reported below.

For MBBA we found a larger drift of V, early in the life
of a cell, but the drift slowed down exponentially in time.
This is shown for MBBA-4 and /=50 Hz in Fig. 8(b) where
the results can be represented by V.(1)=1.52 exp(—t/7)
+7.06 V with 7=363 h. Measurements on this cell were
started soon after it was built, and a likely explanation of this
transient may be found in impurity diffusion from the periph-
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FIG. 8. (a) The critical voltage V, as a function of time for
sample Phase 5A-1 at f=500 Hz. The solid line is a straight-line fit
to the data. The third and fourth data points from the left correspond
to results in Fig. 7. (b) The critical voltage V, as a function of time
for sample MBBA-4 at f=50 Hz. The solid line is a fit of an expo-
nential function to the data. For this sample the conductance was
measured at =120 and 1032 h and found to be 3.4X 107 and
5.6 X 1078 (m)~!, respectively.

ery of the cell into the interior and an associated increase of
the conductance. Indeed, we found an increase of oy from
34x108Q'm™ at t=120h to 5.6X10°% Q'm™! at
t=1032 h. Here too the fitted function was used to determine
V.. Again the drift was small compared to the frequency
dependence of V... All further MBBA results reported below
are based on MBBA cells that had been aged for about a
month or more.

C. Fluctuations

The “rounding” of the supercritical bifurcation due to
fluctuations is apparent particularly in Fig. 7(b). The solid
lines indicate the extrapolation to V.(7) (i.e., to €=0) of the
data above the bifurcation. In Fig. 7(c) we show the fluctua-
tion power, as a function of |€| on logarithmic scales. Within
the approximation of linear theory [(LT)—i.e., of the Gauss-
ian model] one expects a power-law divergence with an ex-
ponent of 1/2 [solid line in Fig. 7(c)]. The data agree with
this prediction near |e|=0.01, but begin to fall below it al-
ready for |€| =0.004. For the real system a power law cannot
continue all the way to €=0 because the power must remain
finite at onset. Thus a deviation is expected qualitatively, but
it is surprising to see it at such large || values because on the
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FIG. 9. (a) The critical voltage V. as a function of the driving
frequency f for samples Phase 5A-1 (solid circles) and Phase 5A-2
(open circles). The open squares and the dashed line show the
Freedericksz voltage V. (b) The critical voltage V.. as a function of
the dimensionless driving frequency f7, for the same samples as in
(a). The solid line is the theoretical prediction [28].

basis of the effective thermal noise intensity the crossover to
the critical region is expected to occur near |e|=107*.

D. Pattern at onset

Although a quantitative study of the patterns near onset is
beyond the scope of this paper, we mention that they are
chaotic in space and time. Spatiotemporal chaos at the onset
of EC had been predicted by Hertrich ef al. [28] in the case
of a stationary bifurcation and seen experimentally by Rich-
ter et al. [19,30]. Theoretically it was discussed further by
Rossberg et al. [45,46] for stationary bifurcations. In that
case it is associated with the Goldstone mode [28] that arises
from the degeneracy of the orientation of the Freedericksz
domain of the ideal sample. Various aspects of these patterns,
including their evolution at larger €, have been discussed in a
number of papers [5,23-25,31]. For most of the present
samples the onset of EC took the form of a Hopf bifurcation,
leading to a chaotic state that is dominated by the dynamics
of domain walls between right- and left-traveling waves,
which to our knowledge differs from the nature of the chaos
observed previously. We illustrate this by a movie [47] for
Phase 5A-1 with f=1000 Hz and €=0.003 that runs at a
speed corresponding to real time when displayed at 30
frames per second. Details of these chaotic patterns will be
discussed in a subsequent paper [48].

E. Critical voltage V,

The critical voltage V. as a function of the driving fre-
quency f for samples Phase 5A-1 and Phase 5A-2 is plotted
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in Fig. 9(a). As expected, V, increases monotonically with
increasing f, as found before for planar [38] and homeotropic
[5] alignments. There is a small difference of V,(f) between
the two samples which we attribute to the small difference of
the conductances (see Table I).

The properties at onset have been explored theoretically
[28] within the framework of the SM [2,3] of EC. For ho-
meotropic alignment the problem is more complicated than it
is for the planar case because the ground state, consisting of
the domain that formed after the Freedericksz transition, is
spatially inhomogeneous in the direction perpendicular to the
confining plates. It must first be calculated numerically.
Nonetheless, to a good approximation the dependence of V.
on o can be removed by scaling the frequency with the
charge relaxation time 7,=¢€y€, /o, . For this purpose we ob-
tained o, from our measured oy and oy/o | =1.69 [38] (see
Table II). In Fig. 9(b) we show V, as a function of f7, for
both cells. The data can be represented well by a single
curve. The solid line in Fig. 9(b) is based on the stability
analysis, carried out numerically, of the Freedericksz state
below the EC transition [28]. The results obtained using the
properties of Phase 5A-1 or Phase 5A-2 are indistinguishable
from each other within the resolution of the figure. As can be
seen, they are in quite good agreement with the data, al-
though the theory gives slightly higher values at large f7,. A
similar difference between theory and experiment was found
before [5]. It is unclear whether one can attribute this differ-
ence to small errors in the fluid properties used in the evalu-
ation of the theoretical prediction. Near-perfect agreement
between theory and experiment can be obtained by calculat-
ing 7, for the experimental points using a value of oy that is
about 13% larger than its measured value.

For the four MBBA samples V., is plotted as a function of
f in Fig. 10(a). In this case the conductance varies over a
wide range and the dependence of V. on f differs a great deal
for different samples. However, again the data collapsed
within their experimental uncertainty onto a single curve
when plotted against f7,, as shown in Fig. 10(b). It is inter-
esting to note that the difference of about 20% between the
Vi values for the cells prepared with DMOAP and polyimide
(see Table I) does not seem to noticeably influence V,. It
seems that V, is far enough above Vi so that there remains
very little influence of the director anchoring at the surface
on the director field as a whole which at this point has as-
sumed a near-planar configuration. The theoretical result for
V. is shown as a solid line in the figure. It agrees very well
with the data at small f7, but is a little low at higher frequen-
cies. Even over the large range of o, covered by the MBBA
cells, the predictions for the highest and lowest o, are al-
most indistinguishable within the resolution of the figure.
Previous experiments using MBBA [30,31] achieved better
agreement between theory and experiment, but in that work
the conductance of the sample was unknown and chosen [31]
so as to achieve this agreement. For the present data near-
perfect agreement between theory and experiment can be
achieved by calculating 7, for the experimental points using
a value of oy that is about 25% smaller than its measured
value.
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FIG. 10. (a) The critical voltage V. as a function of the driving
frequency f for samples MBBA-1 (solid circles), MBBA-2 (open
circles), MBBA-3 (solid squares), and MBBA-4 (open squares). (b)
The critical voltage V, as a function of the dimensionless driving
frequency f7, for the same samples as in (a). The solid line is the
theoretical prediction [28].

F. Critical wave number k,

Examples of experimental results for the wave number &,
at the maximum of S(k) [see Fig. 2(c)] near the onset of EC
are shown as a function of € for Phase 5A-1 in Fig. 11(a) and
for MBBA-4 in Fig. 11(b). For €<0 the results are for the
fluctuations below the onset of convection. The decrease of
k, with increasing € below onset for MBBA is similar to
what was found for the NLC 152 with planar alignment [40].
For Phase 5A the e dependence near onset is surprisingly
strong particularly at the lower frequency. For both materials
the e dependence is stronger than would be expected from
the maximal linear growth rates [40] suggesting an influence
of fluctuation interactions on the wave numbers. In all cases
k, is continuous at €=0 and passes through a minimum just
above onset. Here we are concerned with the value k.
=k,(e=0) at onset, but recognize that the fluctuation-induced
anomalous € dependence of k, may have reduced that value
by several percent below the classical value that would be
obtained by extrapolating the results well below onset to €
=0 and that would be predicted from the linear growth rates.

In Fig. 12(a) we show the results for k, as a function of
frequency for Phase SA. The two samples yielded slightly
different results. As shown in Fig. 12(b), a difference of
about 15% remains after plotting the data as a function of
Jf7,- The origin of this remains unclear. An error in the cell
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FIG. 11. (a) The peak wave number k, as a function of € for
sample Phase 5A-1 at f=500 Hz (solid circles) and f=1000 Hz
(open circles). (b) &, as a function of € for sample MBBA-4 at f
=20 Hz (solid circles) and f=100 Hz (open circles).

spacing d (which sets the length scale used to calculate k) for
one or the other of the samples is probably not the problem.
An adjustment of d would spoil the excellent scaling of the
Hopf frequency w, which is proportional to d3 [see Sec.
IV H and Fig. 18(b) below]. At low frequencies the results
for Phase 5A-1 are in excellent agreement with the predic-
tion of the theory [28] which is shown as a solid line in Fig.
12(b). However, this excellent agreement may be somewhat
illusory because, as mentioned above, the experimental val-
ues are reduced below the deterministic value by the fluctua-
tions; the effect of the fluctuations is not considered in the
deterministic theoretical calculations [28]. At higher frequen-
cies the theory departs somewhat from the Phase 5A-1 data.
Very good agreement can be achieved by calculating 7, for
the experimental points using a value of oy that is about 13%
larger than its measured value, as was the case for V, of this
sample; but the vertical offset of the Phase 5A-2 data re-
mains unexplained.

The k. results for MBBA are shown in Fig. 13. In this
case much larger differences remain between the several
samples even when the data are plotted against f7, as in Fig.
13(b). Presumably one can attribute these differences to
variations of the homeotropic anchoring strength. Indeed
MBBA-4, which has the highest Freedericksz-transition volt-
age and thus presumably the strongest anchoring, has the
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FIG. 12. (a) The critical wave number k, as a function of the
driving frequency f for samples Phase 5A-1 (solid circles) and
Phase 5A-2 (open circles). (b) The critical wave number k. as a
function of the normalized driving frequency f7, for the same
samples of (a). The solid line is the theoretical prediction [28].

lowest k. when the data are plotted as a function of f7,. The
theoretical prediction for k, [28] is also shown in Fig. 13(b).
The difference between the MBBA-4 results and the predic-
tion is in the same direction as but a bit larger than the
difference observed for V_; see Fig. 10. Here too the theory
could be brought into better agreement with experiment by
changing the value of o, used to calculate 7, for the experi-
mental points. We emphasize that the seemingly reasonable
agreement between MBBA-4 and theory should be viewed
with caution because the theory does not consider the change
of k. due to fluctuation interactions.

G. Critical obliqueness angle 6,

Understanding the orientation of the convection rolls pre-
sents a significant problem. In this section we present results
for the roll orientations of samples Phase 5A-1, Phase 5A-2,
and MBBA-4. Let us consider first Phase 5A. As shown in
Fig. 2(b), the structure factor (SF) consisted of only two
well-defined peaks at angles 6 and 6+ at all driving fre-
quencies, corresponding clearly to a single dominant fluctua-
tion orientation. One would thus expect that the prevailing
mode corresponded to normal rolls. However, near but below
the onset of EC 6 changed with €, as shown in Fig. 14(a).
Since the Freedericksz-domain orientation was independent
of V, for V,<V,, it appears that the fluctuation wave vector
was not strictly aligned with the domain. Above onset the
orientation of the wave vector was more nearly € indepen-
dent. The results for .= 6(e=0) are shown in Fig. 15 as solid
circles. They are found to be drive-frequency independent,
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FIG. 13. (a) The critical wave number k. as a function of the
driving frequency f for samples MBBA-1 (solid circles), MBBA-2
(open circles), MBBA-3 (solid squares), and MBBA-4 (open
squares). (b) The critical wave number k. as a function of the nor-
malized driving frequency f7, for the same samples of (a). The
solid line is the theoretical prediction [28].

consistent with a unique average orientation above onset that
was aligned with the Freedericksz-domain orientation.

For Phase 5A the theory [28] with the material parameters
in Table II, translated vertically to agree with the measure-
ments at high and low f, yields the solid line in Fig. 15. At
high and low frequencies normal rolls are predicted, but over
an intermediate frequency range terminating in two Lifshitz
points oblique rolls (OR’s) are expected. Previous experi-
ments with Phase 5A had confirmed the existence of the OR
range [5,49-51,51]. However, in the present experiment
there was no evidence for OR’s at any frequency. Because of
this difference between the present measurements on the one
hand and theory as well as earlier experiments on the other,
we show in Fig. 15 (as open circles) also the results for 6,
from sample Phase 5A-2. They also show only normal rolls.
When plotted as a function of f7,, the theoretical result is not
sensitive to oy, and thus it predicts oblique rolls in nearly the
same range for the two samples as shown by the dashed
curve. We do not know the reason for the absence of OR’s in
our measurements, but note that the work from Ref. [49] was
done with a sample of somewhat smaller o (the value of o |
needed to get agreement between the theoretical and
experimental  Lifshitz  frequencies corresponded to
0,=1.5%10"7 Q7' m™!). Perhaps more relevant is that our
samples were relatively thin, with d=12 um, whereas those
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FIG. 14. (a) The obliqueness angle 6 as a function of € for
sample Phase 5A-1 at =500 Hz. (b) The obliqueness angle 6 as a
function of e for sample MBBA-4 at f=20 Hz (solid circles) and
/=100 Hz (solid squares).

used in Refs. [49] to [51] had 26 <d =46 um.

Below onset the data for MBBA are in one sense easier to
understand. Here a pair of peaks occurs in the SF at angles 6,
and 6,, as shown by the solid circles in Fig. 3(b). One would
assume that the peaks correspond to two sets of degenerate
oblique rolls with orientation (6,—6,)=m7—(6,—6,) where 6,
is the domain orientation. Consistent with this assumption,
the two angles are € independent within measurement error,
as shown by the data in Fig. 14(b). However, they yield the
results for 6. shown as solid circles in Fig. 16. Also shown in
that figure, as open circles, are the domain orientations 6,
measured below V.. One sees that one of the supposedly

FIG. 15. (a) The critical angle 6, as a function of the normalized
driving frequency f7, for sample Phase 5A-1 (solid circles) and
sample Phase 5A-2 (open circles). The solid and dashed lines are
the theoretical prediction [28] shifted vertically so as to march the
data at small and large f.
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FIG. 16. The critical angle 6, as a function of the normalized
driving frequency f7, for MBBA-4. Solid circles: 6. and 6, of
oblique rolls. Solid squares: 6, of “normal” rolls. For comparison,
the domain direction 6, from Fig. 6(a) measured at V,=4.302 V is
shown again as open circles. In the inset, the difference angle
0.,— 6.1 is shown as solid circles and the solid line is the theoretical
result [28].

degenerate oblique rolls has nearly the same orientation as
the Freedericksz domain, while the other differs from 6, by
about twice the presumed angle of obliqueness. In other
words, there are two modes that (within experimental reso-
lution) acquire a positive growth rate simultaneously at V.,
and within experimental resolution one is aligned with the
orientation of the Freedericksz domain, while the other is at
an oblique angle to that domain. We have no explanation for
this unexpected result, but conjecture that it is associated
with the Goldstone mode of this system.

The difference between the two roll orientations is shown
as solid circles in the inset of Fig. 16. These results agree
reasonably with the theoretical prediction [28] which is
shown as a solid line, but of course in the theory the two
modes have degenerate orientations relative to the Freeder-
icksz director field. The data show that the obliqueness angle
vanishes at a Lifshitz frequency f;7,=0.1.

For f> f; only a single mode prevails for MBBA-4. The
measured orientation € of that mode is shown as a function
of € by the solid squares in Fig. 14(b). It is € independent,
but one sees that it does not fall halfway between the low-
frequency results for the oblique modes (solid circles). This
asymmetry can be seen also by comparing Figs. 3(b) and
3(d). It illustrates the unexpected misalignment between the
rolls and the Freedericksz domain. The critical value 6, for
this single-mode regime is shown in Fig. 16 as solid squares.
One sees that the misalignment relative to the Freedericksz
domain persists also above f;. Alignment of the roll vector
with the domain orientation is achieved only as f7, increases
to about 0.2.
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FIG. 17. (a) The traveling frequency w as a function of e for
sample Phase 5A-1 at f=500 Hz (solid circles), f=1000 Hz (open
circles), f=1800 Hz (solid squares), and f=3000 Hz (open
squares). (b) The traveling frequency w as a function of e for
sample MBBA-4 at f=20 Hz (solid circles) and f=100 Hz (open
circles).

H. Hopf frequency w,

For the Phase 5A samples and for MBBA-3 and MBBA-4
a space-time plot like Fig. 2(d) revealed the presence of trav-
eling waves (TW’s) near the onset of EC. Using the SF
S(k,,w) [Fig. 2(e)] and a fit of a Lorentzian function to its
average S(w) [Fig. 2(f)] we determined the frequencies w of
the TW. Results as a function of € at several drive frequen-
cies f for Phase 5A-1 [MBBA-4] are shown in Fig. 17(a)
[Fig. 17(b)]. The high-conductance samples MBBA-1 and
MBBA-2 (see Table II) yielded a stationary bifurcation to
EC.

For negative € the measured frequencies are those of the
TW fluctuations. It is notable that w(e) in each case varies
continuously through e=0. This again confirms the super-
critical nature of the bifurcation. Because of nonlinear dis-
persion a subcritical bifurcation usually leads to a jump in @
[34].

The results for the Hopf frequency w, (i.e., of w at €=0)
of Phase 5A are shown in Fig. 18(a) as a function of f. The
two samples yield results that differ by about 15% at small f
and by about 50% at large f. For MBBA-3 and MBBA-4 the
w, data are given in Fig. 19(a) as open and solid squares.
They differ dramatically from each other, with the higher-
conductance sample MBBA-4 yielding the lower values.
Consistent with this trend, no TW were ever observed for
MBBA-1 and MBBA-2.
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FIG. 18. (a) The Hopf frequency w, as a function of the driving
frequency f for samples Phase 5A-1 (solid circles) and Phase 5A-2
(open circles). (b) The reduced Hopf frequency w,= 1019(1)00'112d3
as a function of the dimensionless driving frequency f7, for the
same samples of (a).

Also shown in Fig. 19(a), as stars, plusses, and crosses,
are the results from Ref. [19]. For those measurements the
sample conductance was not recorded. However, we expect
that a higher conductance leads to a higher value of f where
V. diverges (the “cutoff” frequency). The cutoff frequencies
for the samples of Ref. [19] suggest that the trend of a lower
o for a higher conductance is valid also for those data.

The standard model of EC assumes an ohmic conductivity
and always predicts stationary bifurcations. In order to rem-
edy this shortcoming, the WEM was introduced [3,33]. It
permits dissociation and recombination of ions and considers
the ionic mobilities. It has been remarkably successful in
explaining the observed Hopf frequencies in samples with
planar alignment quantitatively [20,38]. At this time the
WEM has not yet been developed for the homeotropic case.
However, one would expect that the differences between the
planar and homeotropic cases are mainly at the quantitative
level (for more details, see the following subsection) and that
the trends with parameters are largely the same. For the pla-
nar case the WEM predicts [3,20,38] that, over wide param-
eter ranges, w, should be approximately proportional to 1/ d?
and to 1/\o . Thus, as was done in Refs. [20,38] for the
planar case, we show in Figs. 18(b) and 19(b) the reduced
frequency wcal/zd3 as a function of f7,. For both Phase 5A
and for MBBA we see that the data collapse on a unique
curve for each substance.

I. Comparison with planar convection

We mentioned already in the Introduction that central fea-
tures of homeotropic convection can be understood in terms
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FIG. 19. (a) The Hopf frequency w, as a function of the driving
frequency f for samples MBBA-3 (solid squares) and MBBA-4
(open squares). The results labeled (a), (b), and (c) in Fig. 7 of Ref.
[19] are shown as stars, pluses, and crosses, respectively. (b) The
reduced Hopf frequency w,= 1019%0'112(13 as a function of the di-
mensionless driving frequency f7, for samples MBBA-3 (solid
squares) and MBBA-4 (open squares).

of convection in a planar layer that expands from the mid-
plane towards the confining plates with increasing voltages
V> V. The theoretical considerations given in this section
are based on the standard model.

The situation is very transparent for MBBA, on which we
mainly concentrate. In the homeotropic configuration the
Freedericksz transition takes place at Vy=4.25 V. At low
frequencies it is followed by the EC bifurcation at V.,
=6.81 V. Here numerical calculations show that the planar
layer at the midplane already fills 65% of the cell (as an
approximate measure for the width of this layer, we take the
average (n,) of the planar component 7, of the director over
the cell thickness). With increasing f the critical voltage for
the homeotropic case Vﬁ(f) increases monotonically and
tends to diverge near the cutoff frequency 7,f.~0.35 (see
Fig. 10). The corresponding prediction for the critical voltage
VO(f) of planar convection as a function of the frequency
starts at V2(0)=6.58 V and grows steeply as well as f, is
approached, while the ratio V2(f)/V"(f) remains practically
unchanged at about 1.07+0.03 for the whole frequency
range. Thus it is evident that the homeotropic convection is
mainly governed by the planar convection mechanism of the
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underlying planar layer. It seems not to be important that the
width of this layer expands with increasing voltage as well.
At larger voltages it fills nearly 90% of the cell and the
remainder corresponds to homeotropic boundary layers.
Consistent with our picture of homeotropic convection as
planar convection in a layer thinner than the cell thickness d,
we found the critical wave numbers in the planar case always
to be about 10% smaller than the homeotropic ones.

The above reasoning in principle applies to Phase SA as
well. However, in this case Vy=8.76 V is larger than the
MBBA value, while V2(0)=5.42 V is lower. At the onset of
homeotropic convection [V?(O)=9.76] the planar layer fills
only 50% of the cells and the ratio V'(f)/VZ(f) approaches
the MBBA value 1.07 from above at larger f, when the pla-
nar layer expands.

The analysis of V. and ¢, is expected to be relevant also
for a Hopf bifurcation at threshold. According to the WEM
[3,29,33] V, and g, differ very little from the SM prediction
for the planar case. This is in agreement with experiments on
MBBA [16], Phase 5 [38], and 152 [20]. Due to the close
analogy between planar and homeotropic convection dis-
cussed above, the SM should work very well for g. and V, in
the homeotropic case as well and this has been confirmed in
this paper. For the same reason the scaling properties of w,
derived and confirmed experimentally in the planar case
[20,38] should hold in homeotropic convection. This also has
been convincingly demonstrated in this paper.

V. SUMMARY

In this paper we presented the results of a detailed quan-
titative investigation of the properties of two different ho-
meotropically aligned nematic liquid crystals near the bifur-
cation to electroconvection. We used two different samples
of the NLC Phase 5A, and four different samples of MBBA.
Particularly the MBBA samples covered a wide range of
conductance; this range was achieved by different doping
levels.

An optical study both below and above the Freedericksz
transition at Vy confirmed that monodomain samples pre-
vailed and established the domain orientation 6,. A determi-
nation of V. yielded results slightly smaller than the theoret-
ical value based on the fluid properties, suggesting that the
homeotropic anchoring, although perfect (i.e., perpendicular
to the glass surface), was not perfectly rigid.

We measured the power (or variance) P of the fluctuations
below onset and of the pattern above onset to confirm that
the bifurcations to EC were supercritical. The measurements
below onset revealed that the dependence of P on the dis-
tance € from threshold agreed well with the linear-theory
prediction P~ |€[~/? near |e|=0.01, but (as expected) ap-
proached a constant value at €=0 for smaller |e|.

The remainder of the paper was devoted to measuring the
critical bifurcation parameters for the EC onset. These pa-
rameters included the critical voltage V., the critical wave
number k., the critical angle of orientation 6, of the roll wave
vector relative to the domain orientation 6, and the traveling-
wave frequency o, in the cases where the bifurcation was to
a time-periodic state.
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Theory suggests that an important time scale in EC is the
charge relaxation time 7,. We found that the results for V.,
when plotted against the dimensionless frequency f7,, fell on
a unique curve for a given NLC. This curve was in very
good, but not perfect, agreement with a numerical evaluation
of the theoretical prediction by Hertrich et al. [28]. It is not
clear at this time whether the small difference between
theory and experiment can be attributed to errors in the fluid
properties used to evaluate the theory.

The wave number k, of the fluctuations below and the
convection patterns above onset varied significantly with € in
the vicinity of the bifurcation, suggesting an influence of
nonlinear fluctuation interactions. At V. the wave numbers
were determined as a function of drive frequency. Even when
plotted as a function of f7,, they tended to be somewhat
higher than the theoretical prediction [28]. We suggest that
this difference between theory and experiment may be due to
a combination of weak-anchoring (the theory assumes rigid
anchoring) and fluctuation effects.

Perhaps the most remarkable results are those for the roll
orientation 6. For Phase 5A this orientation depended on the
applied voltage. This was unexpected because the structure
factor revealed only a single mode, presumably correspond-
ing to “normal” rolls. One would have expected these rolls to
have a wave vector that coincides with the orientation 6, of
the Freedericksz domain. For V,<V,, 6, did not depend on
V. Thus we conclude that the rolls reorient themselves at an
oblique angle relative to 6, as € changes near onset. Presum-
ably this phenomenon is associated with the rotational in-
variance of the system at small V|, and the associated Gold-
stone mode that is expected theoretically [45,46] near the
onset of EC, but we are not aware of a detailed explanation.
At onset the pattern had a unique orientation independent of
the drive frequency.

The MBBA samples behaved differently. Their roll orien-
tations were independent of e within our resolution. How-
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ever, the orientations relative to 6, were unusual. At small
drive frequencies, two pairs of peaks were observed in the
structure factor, suggesting the existence of oblique rolls. A
Lifshitz point was found near f;7,=0.1, with only a single
pair of peaks remaining in the structure factor at larger f7,.
One of the oblique-roll modes was oriented so as to coincide
within our resolution with 6, while the other assumed an
oblique angle relative to it. Above f; the orientation of the
single remaining peak in the structure factor was dependent
upon f and coincided with 6, only at our largest drive fre-
quencies.

We found Hopf bifurcations for both Phase 5A samples
and for the two MBBA samples with the smaller conduc-
tances oy. At large oy the bifurcation in MBBA was station-
ary. This is qualitatively consistent with the predictions of
the weak electrolyte model [3,29,33], although so far the
WEM has been developed only for planar alignment. For the
planar case the WEM predicts that the Hopf frequency o,
should be approximately proportional to d‘301” 2, depending
in addition primarily on material properties of the particular
NLC. For our homeotropic case we found that the data for
W, * wcd30‘}/ 2, when plotted against S, fell onto a unique
line for each NLC. A calculation of this line for the homeo-
tropic case has not yet been carried out.

We conclude that there is overall good agreement between
experimental measurements and theoretical predictions for
this system, but that there remain some interesting differ-
ences at the quantitative level.
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