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when the system becomes strongly correlated. I showed the strong dependence of the DMRG-
TCC solution on the basis splitting. I showed the robustness of the entropic quantities, which
are the guides in determining the optimal basis splitting, with respect to the DMRG accuracy.
In order to minimize the energy error and carry out large-scale DMRG-TCCSD calculations,
I developed a rigorous routine procedure to determine the optimal basis splitting.
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press the multireference character of the wave function. The orbital optimization provides
significantly more optimal orbitals for tensor network state methods.
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Bose—Einstein condensation. I showed that the mutual information possesses the qualitatively
similar dependence on the control parameter as the number of the condensed bosons. I showed
the existence of an excitation gap, which is usually highly demanding, and also proposed a
possible experimental realization.
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page v.
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1. CHAPTER

Introduction

Elementary particles in physics are indistinguishable in principle, and they have either
fermionic or bosonic nature. They arrange to different structures according to the environment.
In this work special problems are studied in the field of the quantum chemistry and ultracold
physics. Although their characteristic energies are of different orders of magnitude, moreover, in
the former case we deal with interacting electrons in the external potential of the nuclei, and in
the latter case we study interacting trapped bosons, they still require similar treatment because
of the emerging strong correlations in the systems.

Composite systems, for example, systems of identical particles, are described by tensor prod-
uct structure. The dimension of the composite system scales exponentially with the number
of parts, therefore, there is a need for lossy compression. The tensor network state (TNS)
methods [Hac12, Cir21] are based on the subsequent optimization of the tensor factors cor-
responding to the local factor spaces. There are three main approaches of simulating phys-
ical systems by tensor networks: tree tensor network state (TTNS) [Shi06, Murl0], ten-
sor networks with loops [Ver04, Pipl0], especially projected entangled pair states [NisO1,
Ver06b, Ver08, Sch07, Mur07, Baull]), and the multiscale entanglement renormalization
ansatz [Vid07, Eve09]. Although the density matriz renormalization group (DMRG) method
[Whi92, Whi93] was developed to simulate low dimensional strongly correlated systems appear-
ing in the field of solid-state physics, it also shows its potential in strongly correlated many-body
problems. This algorithm inherently provides the matriz product state (MPS) representation
of the wave function [695, Rom97, Sch11], which is a simple case of the TNSs. Also, MPS
is a tree tensor network state, so, by the Schmidt decomposition (or, in a numerical point of
view, singular value decomposition), we have access to the entanglement in the system for the
given bipartition. In the past two decades TNS methods have become vital alternative ap-
proaches to treat strongly correlated, that is, multireference problems in quantum chemistry
[Whi99, Leg08, Cha08, Yan09, Mar10, Woul4, Legl4, Szal5, Chal6, Bai20, Che22].
Here we investigate systems in quantum chemistry and ultracold physics that are treated by
DMRG or methods that are supported by DMRG.

In quantum chemistry, from the exact solution of the hydrogen atom [Sch26], one may
infer to the properties of the hydrogen-like atoms and ions, since they can be approximated by
a simple system, that is, the problem of the valence electron and the positive core. From the
analytic solution of the hydrogen molecule ion, H;‘ , that is, the problem of two fixed protons
and a single electron [Bur27], the notion of the covalent bond can be grasped [Lew16, Hei27].

The two analytic solutions give us deeper insight into the characteristics of molecular systems,
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however, the many-body problem of the interacting electrons are intractable both analytically
and numerically. Both in theoretical and experimental chemistry, it is of central importance to
explore the shape of the potential energy surface, since this shows the fundamental properties of a
molecule, such as the equilibrium geometry and the corresponding energy, spectroscopic constants
and dissociation energy. For this, numerous approximation techniques have been developed
[Hel0O0] to find the ground-state energy of the electronic system within chemical accuracy for a
fixed nucleus configuration, that is, in the Born—Oppenheimer approzimation. For a given orbital
set, the problem is to solve the eigenvalue problem of the Hamiltonian in the full configuration
interaction (FCI) space, which dimension scales exponentially with the number of orbitals. To
tackle this, iterative algorithms were developed to find the lowest eigenvalues [Bai00], however,
these exact diagonalization approaches only tractable for small molecules even in the restriction
on symmetry subspaces. Nevertheless, they can serve as a reference for benchmarking other
numerical methods. On the contrary, one of the simplest approximate solution can be obtained
by the Hartree—Fock method, which gives the best Slater determinant approximation, or one
can say that it is an orbital optimization with respect to the energy expectation value with
Slater determinants. Or from another point of view, the Hartree-Fock method replaces the
Coulomb repulsion of electrons by an effective one-body term, therefore it is a member of a
broader family, the mean-field methods. To go beyond the independent particle picture, but still
addressing the curse of dimensionality, kind of standard computational approaches are the coupled
cluster (CC) methods, especially the CC up to single and double excitations with perturbative
triples [Rag89, Bar90, Bar07]. These are based on the choice of a reference determinant,
which is the Hartree—Fock solution in most of the cases, therefore there is a bias in the method
[Hel00]. Also there are situations, for example, strongly open-shell systems, where the choice
of the reference determinant becomes ambiguous. Moreover, in these cases it is often observed
that the CC energy goes below the exact FCI energy, which is the major drawback of the
CC approach, namely being non-variational [Kow00]. In these cases the TTNS methods are
powerful alternatives, however, the computational demands are governed by the bond dimensions,
which are the sizes of the tensors in the approximate wave function representation. However,
the TTNS methods are variational, and the number of the variational parameters, which are the
(entries of the) tensors, can be controlled efficiently. Other broad fields, not considered in this
work, are the density functional theory based methods [DSS09] and the quantum Monte Carlo
methods [Boo09, Poz13, Veil8|. The former circumvents the curse of dimensionality, it can
be applied moderately correlated system, but the form of the functional used is rather based on
numerical experience. The latter is based on sampling, it can treat strongly correlated systems,
however, suffers from the sign problem. In general, it can be said that there is no universal
method applicable to quantum chemistry systems being superior both in numerical cost and
accuracy. Moreover, it is often observed that the correlation in the system changes when going
along a path in the potential energy surface. For example, describing the bond breaking of a
molecule requires careful treatment, since the system is dominated by dynamical correlation at
equilibrium geometry and static correlation close to dissociation. The coupled cluster method
performs well in the first case but fails in the latter [Kow00, Lyal2]. From this, two remarks
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can be drawn that we elaborate. First, hybrid numerical approaches may be developed to capture
both dynamic and static correlation in the system. Second, since the correlation in the system
is basis dependent, the optimization of the underlying basis may yield a favourable problem
setting for the numerical treatment. The corresponding methods, investigated and discussed
in this work, are the CC tailored by DMRG (DMRG-TCC) and the mode transformation and
-optimization, respectively.

Concerning ultracold gases, the Bose-Einstein condensation (BEC) is one of the most striking
quantum phenomena in nature [Gri95, Pet02, Leg06, Pit16]. While its theoretical prediction
dates back almost one hundred years ago, it has more recently seen a revival of interest due to its
realization in trapped gases [And95, Bra95, Dav95]. The accurate study of BEC by theoretical
and computational approaches, particularly for systems with strong quantum correlations is
rather challenging. This has been the reason why most studies of BEC so far were concerned with
weakly interacting bosons (corresponding to the experimental situation for ultracold gases) or
even ideal Bose gases, eventually allowing for feasible mean-field approaches. Prime examples are
the Bogoliubov theory [Bog47] for uniform systems, Gross—Pitaevskii theory [Gro61, Gro63,
Pit61] for general inhomogeneous systems, and perturbation theoretical approaches [Lee57b,
Lee57a, Bru57a, Bru57b, Bel58, Hug59, Lie63b]. Although these widely used approaches
have led to a deeper understanding of BEC, their range of validity is limited. To go beyond that
limitation, various methods were developed [Dal99, And04, Caz11, Lod20]. The occurrence
of the BEC also depends on the temperature and on the possible inhomogeneities or disorders,
for example, due to the presence of an external field [Sac11]. In this work, however, we restrict
our discussion to the interaction strength and the spatial dimensionality affecting the presence
of the BEC, which leads us the Hubbard wheel of hard-core bosons.

The structure of the thesis is the following. In chapter 2, we recall the description of quan-
tum systems, the tensor network methods (particularly the two-site DMRG) and the formalism
of identical particles. In section 3, the recently developed DMRG-TCC method is analysed
theoretically and numerically. In chapter 4, orbital optimization based on entanglement mini-
mization is detailed and demonstrated. In chapter 5, the Hubbard wheel of hard-core bosons
is studied. Finally, in chapter 6, we conclude with an outlook. Some further background is
given in the appendices. Some technical details of the DMRG are presented in appendices A and
B, regarding order optimization and initialization, respectively. In appendix C, the conventional

single-reference approaches in computational chemistry are recalled, particularly the CC method.



2. CHAPTER

Description of many-body quantum systems

In this chapter, first, in section 2.1, we recall the basic notions for describing quantum sys-
tems. One of the most distinctive features of quantum nature is revealed in composite systems,
where a special type of correlation occurs, called entanglement. In the classification of quantum
states (see section 2.2), and the quantification of correlation and entanglement (see section 2.3),
the Schmidt decomposition naturally appears, which is a simultaneous unitary basis transforma-
tion resulting diagonal coefficient tensor. This, however, works only for bipartition, and cannot
be generalized for more than two parts. Moreover, since the dimension of the composite system
scales exponentially with the number of parts, there is a need for lossy compression. These two
facts together lead us to the field of tensor decomposition and tensor network methods, detailed
in sections 2.4-2.5. The density matrix renormalization group (DMRG) method approximates
the state vector of the system in a special tensor network form, the matrix product state (MPS)
form (see sections 2.6-2.7). After the description of quantum states built up from general ele-
mentary subsystems (for example, spins, modes, (spatial) orbitals), we turn to the formalism of
identical particles (bosons and fermions) in sections 2.8-2.9. In the first quantization (or parti-
cle picture), we have particles, which are indistinguishable and can occupy some modes, in the
second quantization (or mode picture), we have modes, which are distinguishable and can be
occupied by some particles. Unitary basis transformation and operators (especially the Hamil-
ton operator, by which the physical models are formulated), are discussed in the two pictures in
sections 2.10-2.13.

2.1. Description of quantum systems

Quantum mechanics gives a statistical description of a system in terms of linear operators
represented on Hilbert spaces [Neu32, Nie00, Ben06, Pet08]. In this thesis we consider
discrete, finite quantum systems, which are represented on finite dimensional complex Hilbert
spaces H, and we omit the trivial cases, so 1 < dim(#) < oo. Observables (physical quantities
treated by quantum mechanics) are represented by self-adjoint operators O € Linga (H), and
states are linear functionals giving the expectation values (O) of the observables O. The quantum
states can be given by density operators, which are positive semidefinite, normalized operators,
the space of which is

DH) = {g € Lin(H) ‘ 0=ol >0,Tr(o) = 1}. (2.1)

Then (O) = Tr(pO) for o € D(H). The state space D(H) is a convex set, that is, the convex
combination (statistical mixture) >, p;o; of states g; with weights p; > 0, >, p; = 1, is also a

4
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FIGURE 2.1. The subsystem labels of the tripartite system L = {1,2,3}. The
lattice of power set 2{1:23} (left) and its graphical illustration (right). The

arrows denote the relation between the labels, the set inclusion.

state. The extremal points of the state space are the pure states, which turn out to be rank-one

projections, the space of which is

P(H) = Extr D(K) = {[0) (] | [9) € 1, Tr(0)(w]) = |0 = 1}. (2.2)

Then (O) = Tr(7O) = (|Ovy) for m € P(H). The normalized vector |¢)) € H, by which the pure
state is given, is called state vector. We also have that the state space is the convex hull of the

rank-one projections,

D(H) = ConvP(H) = {Zpiﬂ'i

m € P(H),pi > 072171‘ = 1}. (2.3)

Then
(0) = Tr(00) = Zpi Tr(m;0) = Zpi<¢i|0|¢i> (2.4)

for p = >, pimi € D(H). Note that the convex decomposition of a density operator in (2.3) is
highly non-unique, contrary to the classical case [Sch36, Gis89, Hug93, Ben06].

We deal with composite, or multipartite systems, where the observables of disjoint subsystems
can be measured simultaneously. These quantities are represented by operators of subalgebras
commuting with one another, leading to a tensor product structure in the Hilbert space and its
operator algebra. For composite systems let the labels of the elementary subsystems be denoted
by i € L, with |L| < oo and the associated Hilbert spaces by H;. A subsystem (not elementary
in general) is labelled by X C L, so we have the Hilbert space Hx = @), x Hi, and similarly to
(2.2) and (2.1), the set of pure states Px := P(Hx ), and the set of mixed states Dx := D(Hx)
are understood. For simplicity, the labels of the whole system is omitted, Py, =: P and Dy, =: D.
Every subsystem label X is an element of 27, the power set of L, which is a basic example for
a lattice structure [Bir73, Dav02] with respect to set inclusion, intersection and union. For

illustration, see figure 2.1.
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'\l/a

FIGURE 2.2. The partition labels of the tripartite system L = {1, 2,3}. Graph-
ical illustration of the lattice structure of the partitions of a tripartite system

{1 2,31. The arrows denote the partial order of the lattice, the refinement.

Let us have the nested subsystems Y C X C L. The observables Oy of subsystem Y among

the observables of subsystem X are given by the operator extension
ty,x + Lin(Hy) — Lin(Hx), 25)
2.5

Oy — Oy ® Ix\y.
If the state of subsystem X is given by ox € Dy, then the reduced state gy :=rx y(ox) € Dy
of subsystem Y is the state that gives back the expectation values of observables of subsystem Y,
that is, TI‘(?“X’y(Qx)Oy) = Tl‘(ngyJ((Oy)) for all Oy. This means that the operation of the
state reduction rx y is just the adjoint map (with respect to the Hilbert—Schmidt inner product)
of the operator extension ¢y, x. It turns out that this holds if and only if the state reduction is

done by the partial trace operation

Xy : DX — Dy,
(2.6)
ox +—— Trx\y(ox),
where Trx\y is linear, and given as Trx\y (Ay ® Bx\y) = Ay Tr(Bx\y) for elementary tensors
Ay ® Bx\y [NieOO, PetOS}.

2.2. Correlation and entanglement of quantum systems

A partition of the system is a set & = {X1,Xa,...,X¢} (with the shorthand notation
€ = X1|Xs|...|X¢) having parts X C L that are non-empty, X € 25\ {0}, disjoint, X N X" =0
if X # X', cover the whole system, UXeg X = L. The set of all possible partitions of the system
is IT;,. For two partitions &, v € IIy,, one can say that v is the refinement of £ (or “v is finer than
or equal to £ or “¢ is coarser than or equal to v”), if the parts of £ can be obtained by joining
some parts of v. This is given by the relation

v=¢ &L wewpdXef:YCOX, (2.7)

which turns out to be a partial order, moreover, for all pairs of partitions there exist greatest
lower bound and least upper bound with respect to =<, so the poset (partially ordered set) II,
is a lattice [Bir73, Dav02]. We have the finest and coarsest partitions, L = {{i},i € L} and
T= {L}7 respectively. For illustration, see figure 2.2.
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With respect to a partition & € Il let us introduce the correlation of observables Ox for
X €&, defined as

Ce(0:{Ox }xee) = <® OX> - H <OX> =Tr ((Q— ® ox) ® OX). (2.8)

Xe¢ Xe¢ Xeg Xeg

In mathematical statistics this is called covariance, and the normalized covariance is the corre-
lation. In physics we omit that normalization, which would make the quantity highly nonlinear
also in the observables. The state itself is called uncorrelated with respect to a partition £ € Iy,
if the correlation (2.8) vanishes for all {Ox}xce set of observables. The space of {-uncorrelated

states is

Deune = {® 0x ’ ox € Dx,VX € 5}- (2.9)

Xeg
The rest of the state space contains the &-correlated states, D\ Dg_ync, these cannot be prepared
without communication (interaction). With respect to a partition £ € Iy, the {-separable states
arise when only classical communication is allowed among £-uncorrelated subsystems [Wer89],

the space of which is
D¢ sep := Conv De_ync. (2.10)

The rest of the state space contains the {-entangled states, D \ De_sep, these cannot be prepared
by classical communication (classical interaction), genuine quantum interaction is needed for
that. This is the “local operation and classical communication” (LOCC) paradigm, also called
distant laboratory paradigm [Wer89], grabbing an important non-classical feature of quantum
correlations. In the special case of pure states, correlation and entanglement in the whole system
coincide, P N De.yne = P N De_gep, that is,

Pesop = Peane = { @ mx | mx € Px, VX € ¢}, (2.11)
Xeg

and the other pure states are {-correlated, or equivalently &-entangled, P\ Peoune = P\ Peosep
[Diir99, Diir00, Aci00, See08, Szall2, Szal13]. Correlation in pure states is a non-classical
feature of quantum theory. Note that by construction Extr Degep = Peosep. Note that the
correlation and entanglement do not coincide inside the subsystems, even if the whole system is
described by a pure state, since the state describing the subsystem is mixed in general, see (2.19)

later.
If a state is uncorrelated with respect to a partition, then it is uncorrelated with respect to

every coarser partition, that is,

v=¢§ <= Dyunc € Deunc- (2.12a)
Because of (2.10), similar expression follows for {-separable states [Szall5, Szall7],

V=€ = Dysep C Desep. (2.12b)

That is, the inclusion hierarchy of state sets De_une and De_gep is described by the poset IIy.
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To sum up, we have the structure of the state spaces

Extr D = P C D = Conv P
U (& N ¢ ) U
ExtrDeune = Peoune = Peosep € Deune € Desep = Conv Pegep (2.13)
U U U U v} U
ExtrDysune = Poounc = Posep € Duoune € Dysep = Conv Pysep,

for v < £ Note that for the trivial (coarsest) partition T = {L}, we have Dr_unc = D7-gep = D
and Pr_unc = P1sep = P.

Let us write out the special features of the pure states |¢) (1| € P(Hx @ H ) with respect to
bipartitions ¢ = X|X, where X = L\ X. Without the loss of generality, let Dx = dim(Hx) <
dim(#H ) = Dx, and consider the spectral decomposition of the reduced state,

Dx
ox =Y walX'x.a)(Xx.al € Dx, (2.14)
a=1
where the eigenvalues are ordered decreasingly, w; > ... > wp, > 0. The number of non-

zero eigenvalues are the rank of the state, rk(px). The state vector can be written with this

{\X’X,a>}§§1 C M x orthonormal basis and an arbitrary {|Xg7a>}£§1 C M 5 orthonormal basis as

Dx Dx Dx
) =3 capltia) @ IXxp) = D IXxa) ® [¥x.0); (2.15)
a=1p=1 a=1

where [¢x ) = ngl Ca,plXx 5)- (We note that in the whole work, the term basis is used for a
linearly independent complete set of vectors. In the quantum-chemistry community the similar
word is used for an orbital set, hence we use orbital set in those cases.) Applying the partial
trace (2.6) to the bipartite pure state given by the state vector (2.15), and comparing with (2.14)

yields
Dx

0= 0x — TTX(WMW) = Z (wocéa,a’ - <¢X,a’|w)?,a>> |X;(,a><X/X,a’|' (216)

a,a’=1

Since the dyads in (2.16) are linearly independent (form a basis in Lin(Hx)), the expression in

the parentheses must vanish for all o, o’ = 1,..., Dx. This leads to that the vectors ‘X/X a> —
\/%—QWJX)Q) for all the non-zero w, eigenvalues, « = 1,...,rk(ox), form an orthonormal set, and
we have
rk(ox)
W)= D Valdxa) @ X5 a), (2.17a)
a=1
tk(ex) rk(ex)
ox = Y walXxa)Wxalh 0% = Y walXsoa)Xx.al (2.17D)
a=1 a=1

The Schmidt rank of |p) € H with respect to the bipartition X|X is the number of the terms
in the above sums, which equals the rank of the reduced states, rk(|¢))) := rk(ox) = rk(ox).
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The Dx orthonormal vectors {|x'y ,)} DX in Hx were fixed by the spectral decomposition of ox
(non-uniquely, if there are degenerate eigenvalues), but only rk(px) orthonormal vector is fixed
so far in H %, however, the remaining D — rk(px) vectors can be chosen to be orthonormal on
‘H ¢, resulting an orthonormal basis {|X')—(a>}aD§1 on H . By the use of these two bases we can

also write

Dx
) =Y ValXx.a) ® X5 .0): (2.18a)
a=1

Dx DX'
ox = Y walXxa)(Xxab 0% =D walXsa)Xx.al (2.18b)
a=1 a=1

where w, = 0 for Dx < a < Dx. The two bases are called Schmidt bases (which are also the
eigenvectors of the reduced states), the coefficients \/w, Schmidt coefficients (which are also the
square roots of the eigenvalues of the reduced states), the procedure Schmidt decomposition and
the form (2.17) Schmidt canonical form [Sch07, Sch36]. Note that the sum of the square of
the Schmidt coefficients is one, being the norm square of the state vector, [[1|? = Tr(ox) =
Tr(ox) = >, wa = 1. It is also easy to see that the X|X-separable pure states (2.11) are given
by state vectors of Schmidt rank one, or equivalently having pure marginals, rk(|¢))) = rk(ox) =
rk(px) =1, that is,

V)W € Pxixsep = Trx([¥)(W]) €ePx = Trx([¥)(@]) € Px. (2.19)

Note that, with respect to partition of more than two parts, there is no (2.17)-like decompo-
sition with orthogonal vectors in the subsystems. This leads to the field of tensor decomposition,
the main concern of this work. Before turning to this, we recall the quantification of correlation
and entanglement, which also plays an important role in approaches based on tensor decompo-
sitions.

2.3. Measures of correlation and entanglement

Having introduced the notions of uncorrelated (2.9) and separable states (2.10), and corre-
lation of observables (2.8), our aim is to quantify the correlation and the entanglement of the
states themselves. We use some important functions over the state space D. The von Neumann

entropy of a state g € D,
S(e) = —Tr(eln(e)), (2:20)

quantifies the information content of the state by means of encoding (convertibility) task. It
shows important properties, it is non-negative, continuous, concave (that is, S(>_,pioi) >
>, piS(o;) for all decompositions), additive for uncorrelated states, faithful (zero if and only
if the state is pure), non-decreasing in bistochastic quantum channels and recursive [Neu27,
Ohy93, Sch95, Will3]. The recursive property means that S(3_, p;0i) = >, piS(0i) + S(p)
for decompositions of states with mutually orthogonal support, where S(p) is the Shannon en-
tropy of the weights. The main point is that the recursive property together with some fur-

ther natural ones uniquely determines the von Neumann entropy in an axiomatic treatment
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[Sha49, Khi57, Ohy93]. The Rényi entropies

SR (ox) = 7 In(Tr(o%)) (221)

with parameter a > 0 show slightly less nice properties than the von Neumann entropy. They are
non-negative, continuous, concave if 0 < a < 1, additive for uncorrelated states, faithful (zero
if and only if the state is pure) and non-decreasing in bistochastic quantum channels, however,
not recursive [Rén61, Ohy93]. In the o = 0 case it is the Hartley entropy and oo — 1 the von
Neumann entropy. The Umegaki relative entropy of the states o,0 € D,

D(ollo) = Tr(e(In(e) — In(c))), (2.22)

quantifies the distinguishability of the states as being the exponent of the error probability in
hypothesis testing tasks. It has important properties, it is non-negative, continuous, jointly
convex, additive for uncorrelated states, zero if and only if ¢ = ¢ and non-increasing in all
quantum channels [Ume62, Hia91, Ohy93, Wil13].

The correlation of observables was defined previously (2.8), however, our aim is to give to
how much extent the state g itself is correlated with respect to a partition. The correlation of
a state o € D with respect to a partition £ can be quantified by its distinguishability from the
&-uncorrelated states (2.9) using the relative entropy (2.22). This is called the relative entropy
of &-correlation, which turns out to be the same as the {-mutual information [Her04, Pet08,
Mod10, Szall5, Szall7],

le(0):= min Dlello) =Y Slex) - S(e). (2.232)
e Xeg

where ox = Trx (). This is because the minimal value is attained when 0 = @y, 0x [Mod10].
The relative entropy of £-correlation is a proper correlation measure, since it is faithful, that is,
it vanishes if and only if the state is &-uncorrelated, and non-increasing with respect to local
operations (LO). The entanglement of a state ¢ € D with respect to a partition £ can also be
quantified by its distinguishability from the ¢-separable states (2.10) using the relative entropy
(2.22). This is called the relative entropy of {-entanglement [Ved98, Mod10],

E¢(p) := min D(ol|o). (2.23b)
0E€D¢.sep

Similarly to other motivated entanglement measures [Hor01, Hor09], this cannot be expressed
with a (2.23a)-like, closed formula. The relative entropy of &-entanglement is a proper entan-
glement measure, since it is faithful, that is, it vanishes if and only if the state is {-separable,
and non-increasing with respect to local operations and classical communication (LOCC). The
quantities defined above by the relative entropy obeys the inequality E¢ < I by construction,
which is the manifestation of that entanglement is a “part” of the “whole” correlation, the “part”
which cannot be addressed classically, by means of LOCC [Mod10].
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A simple consequence of the isomorphisms (2.12) is the multipartite monotonicity of the

relative entropy of &-correlation and ¢-entanglement [Szallb, Szall7],
v¢ = I, >, (2.24a)
v2§{ = LE,>FE;. (2.24b)

That is, for finer partitions the states are more correlated and entangled, so the sets of these
functions describing correlation and entanglement inherit the structure of the poset II;. The
smallest functions correspond to the top element & = T, which vanish for all ¢ € D states,
It () =0, E7(0) = 0. The largest functions correspond to the bottom element £ = L, these are
also called total correlation and total entanglement. The total correlation can be expressed with
the entropies (2.23a),

Lot(0) :=1T1(0) = > _ S(0i) ), (2.25)

icL
where o; = Trm(g) For pure states this reduces to the sum of the entropies of the elementary
subsystems.
Let us write out the special features of a pure state of the bipartite case, [){(¢)| € P(Hx ®
Hx). Due to the Schmidt decomposition (2.17), the (non-zero part of the) spectra of the
marginals of pure states are equal, counting multiplicities, so

rk(ox)

S(Trx([9) () = S(Trx (l¥) (%)) Z wa Inwy, (2.26)

which is the Shannon entropy of the square of the Schmidt coefficients. Therefore the X|X-

mutual information (2.23a) is

I ([0)(W]) = 28 (Trg (|0) (1)) = 28 (Trx (J&) (¥])). (2.27a)

The X |X-entanglement (2.23b) can also be calculated in this case, which is a far more difficult
task [Ved98|,

Exx([9) () = S(Trx (W) (¥]) = S(Trx ([¥)(¥])). (2.27b)

This is just the usual entanglement entropy for pure states of bipartite systems, quantifying the
entanglement of the state by means of LOCC convertibility task [Ben96a, Ben96b].

2.4. Tensor decompositions

An arbitrary state vector of the composite system of n = |L| elementary subsystems can be
written with respect to tensor product basis formed by local orthonormal bases {|Xi,a>}aD;1 as

) = Z N

a1, Otn—l

Xtax) @ - @ [Xna,) € Q) Hi = Ho. (2.28)

The number of the entries of the coefficient tensor 1 € CP* ®@...®@ CP» scales exponentially with
the n number of elementary subsystems, thus the numerical treatment is unfeasible even for not
too large systems. To handle this, we consider methods of tensor decompositions. The idea of
tensor decompositions is the separation of variables, that is, write a multi-variable function as

a sum of product of single-variable functions. Note that, although normalization is not really
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an important point here, we consider only state vectors, that is, normalized vectors, |[¢] = 1,
for convenience. For the easier understanding, tensor diagrams are used consisting of boxes and
lines. The boxes represent the tensors, lines represent the indices, and the connected lines are
the summation indices. In the sequel we consider the decompositions of the coefficient tensor 1),
and also illustrate in figure 2.3.

In section 2.2 we have already seen the most basic tensor decomposition method, the Schmidt
decomposition (2.18), discussed from the point of view of bipartite quantum state vectors and
their entanglement. Now we give a more general discussion from the point of view of basis
transformations, which is in general called singular value decomposition (SVD) being applicable
to arbitrary tensors. For example, in case of Hx ® H%, this is operator SVD, while in case of
Hx ® Hx this is vector SVD, which is the Schmidt decomposition.

Let us have two finite dimensional Hilbert spaces Hx and Hx-, for which, without the loss
of generality, Dx = dim(Hyx) < dim(Hx/) = Dx/. For any operator A € Lin(Hx/, Hx) =
Hx ®H%, there exist non-negative numbers /w., called singular values, and orthonormal bases
{‘X/X,a>}£§1 C Hx and {|X/X/,a>}aD§{ C Hx+ such that

Dx
A= Voals.a) Xy al; (2.292)
a=1

which is the singular value decomposition of operator A. This fundamental result in linear al-
gebra, which provides a canonical form [Ree80], follows from that all compact operators have
polar decomposition, resulting a unitary and a positive semidefinite (that is, normal) opera-
tor, and all normal operators have spectral decomposition. We can formulate this equivalently
with matrices. Let us write A = Zf};ﬁ” A glxx,a)(Xx,5| with arbitrary orthonormal bases
{Ixx.a)}2%, € Hx and {|xx'.a)}2% C Hx. Then there exist a diagonal matrix S having non-
negative entries, and unitary matrices U € U(Dx) and V € U(Dx), such that A = USVT,

that is,

Dx,Dx: Dx

A= 3" D UarSy Vi, Ixxa) (Xx 5. (2.29D)
a,f=1 ~v=1

The connection between the two formulations is that the diagonal matrix contains the sin-
gular values, So,3 = 00,81/ Wa, and the basis transformations are performed by unitaries U =

ZaDjl IXx o) (Xx,0| and V = ZQD;‘I’ X% ) (XX ,a|, which have matrix entries Ua,5 = (Xx,a|X'x 5)
and Vo5 = (Xx/,alXx/ ) (in both bases). This decomposition is essentially unique, that is,

up to reordering and unitary transformation on subspaces corresponding to the same singular
value (phases in case of non-degenerate singular values). The Frobenius norm, which is induced
by the Hilbert—Schmidt inner product, is the Euclidean norm of the singular values, that is,
JAJ2 = Tr(ATA) = ¥, wa.

As we saw in section 2.2, the Schmidt decomposition (2.18) states that for any bipartite state
vector |[¢)) € Hx ® Hx there exist non-negative numbers, /g, called Schmidt coefficients, and
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orthonormal bases {|XI)(,B>}§D§1 C Hx and {|XIX,B>}[?§1 C Hx, such that

Dx
) =) VaslxX'xs) ® Xk 5)- (2.30a)
B=1

We can formulate this equivalently with matrices. The Schmidt decomposition (2.18) states that
if we write |¢) = foof(’:Dl’? Ya,alXx,a) @ |Xx,5) With arbitrary orthonormal bases {Ixx.a)}2x
Hx and {[xx, @>}g§1 C Hx, then, there exist a “diagonal” vector S having non-negative entries,
and unitary matrices U € U(Dx) and V' € U(Dx), such that the column vectoris ¢ = (URV')S

(or 9p = USV" if we consider S as a matrix), that is,

Dx,Dx Dx
W)= > > UapSssVasxxa) ®Xx.a) (2.30b)

a,a=1 g=1

The connection between the two formulations is that the vector S contains the Schmidt co-
efficients, Sq.a = da,ay/Wa, and the basis transformations are performed by unitaries U =
Yook X x ) (Xxal and V = S0 (X5 2)(Xx,al, which have matrix entries Un a = (Xx.a/Xx 4)
and V, 5 = <XX,0(‘X/X7&> (in both bases). The norm is the Euclidean norm of the singular values,
that is, ||¢]|> = (¥|¢)) = Y, wa. The Schmidt decomposition is illustrated in figure 2.3 (b).

We note that the SVD of the operator A is sometimes given as a triple (U,S,V) in the
literature, where the entries are the array of orthonormal vectors |xy ,) € Hx, the array of
singular values ,/w, and the array of orthonormal vectors X’ ,) € Hx, respectively, such that
(2.29a) is fulfilled. When we turn to numerics, instead of abstract tensors, we want to deal with
arrays, which can be manipulated, decomposed or approximated, therefore we fix a basis. So
we say, equivalently, that we have the SVD of A with respect to orthonormal bases {|XX,a>}o€)§1
and {|xx’.a) f;‘l/, such that (2.29b) is fulfilled. Similary, we say that we have the Schmidt
decomposition of |¢) with respect to orthonormal bases {|xx.o)}5%, and {‘XX,&>}§§1& such
that (2.30b) is fulfilled. From the numerical analysis point of view, the Schmidt decomposition
(2.18) can be considered as a direct consequence of the singular value decomposition of the
coefficient tensor ,,5. With this simultaneous basis transformation, having numerical cost
scaling O(D% D), the coefficient tensor becomes diagonal, yielding reduction of entries to Dy,
assuming Dx < Dy [Hacl2]. The main features of the Schmidt decomposition (or the SVD) are
that, on the one hand, there is only one summation, on the other hand, the transformation to the
new bases is unitary, that is, orthonormalization is preserved. For more than two tensor factors,
these cannot be fulfilled simultanously. Keeping the orthogonality we end up with the Tucker
decomposition, while keeping the single summation we end up with the canonical decomposition.

The tensor product space H1®. . .@H,, is spanned by the tensor products of n (not necessarily
basis) vectors |x;) € H;, called elementary tensors |x}) ® ... ® |x,,). Then one can write the
highly non-unique canonical decomposition or m-term representation [Hac12] of the state vector
(2.28),

[0) = IXi8) ® .- @ X p)- (2.31a)
B=1
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We can formulate this equivalently with matrices. If we have (2.28), we can separate the variables

of the coefficient tensor as ¥q,, . o, = Zg;l c((lll)ﬁ R c((;)ﬁ, then

1 (n)

Diy,....Dy, m
Cal,ﬁ"'camﬁb(lval)®"'® X700 )- (2.31b)

ay,...,ap=1p=1

(Here we moved the subsystem indices to superscript for brevity.) The connection between
the two formulations is that the basis transformations are performed by linear transformation
) =3 X} o) (Xi,al, which have matrix entries cg?ﬁ = (Xi,alX; ) (in the not-primed basis).
This is, however, not a unitary transformation, so |x;,) vectors are neither orthogonal nor
normalized in general. Finding this factorization with lowest rank m is NP-hard [Hil13|, and
also finding the best m = 1 approximation (n > 2) is NP-hard. Moreover, this decomposition
results a form that suffers from the border rank problem [Hac12], that is, sequence of vectors
with fixed rank m can converge to one with higher m for n > 2. The canonical decomposition
is illustrated in figure 2.3 (c), where the single summation index is highlighted on the horizontal
legs.

Let us have the state vector (2.28) but now written with respect to another orthonormal

tensor product basis indicated by prime. We say that the Tucker decomposition with core tensor

P is

M1, My
W)= Y DpnsalXip) @ X (2.32a)
B1y-sBn=1

where m; < D; for ¢ € [n]. We can formulate this equivalently with matrices. Consider the
Schmidt decompositions with respect to each tensor factor versus the rest, that is, for bipartitions
{i}|{i} for all i € [n] with basis {|X1.a,) ®@---®|Xn.a,)}- By the obtained unitaries U € U(D;)
we have ¥ = (UM @ ... @ U™)4p, that is,

D1,....,Dyp, Mm1,...;mp

W= > > s U U X)) ® @ X )- (2.32b)
a1,ean=1f1,...,0,=1

The connection between the two formulations is that the basis transformations are performed by

, which have matrix entries U(Z;)ﬁ = (Xi,alXj g) If the

(o3

partial isometries U =37 |y} ) (Xia
local rank m; = D;, the operator U is unitary. If the local ranks m; are less than the local
dimensions D;, this decomposition yields the reduction of entries of 1Z compared to the original
tensor v. However, the core tensor 1[} has still exponentially many entries in terms of the number
of subsystems, even by truncation to m Schmidt coefficients, scaling as O(m™). Moreover, one
can easily overshoot with a truncation m < D, since in applications for physical systems the
dimensions of the elementary subsystems are D; = O(1). In numerics this decomposition is
usually called higher order SVD, and illustrated in figure 2.3 (d).

As we begin section 2.1, we have elementary subsystems ¢ € {1,...,n} and the associated
Hilbert spaces Hy, . .., Hy,, on which observables (that is, physical quantities, for example, projec-
tion of angular momentum or the occupation number of orbitals) are represented by self-adjoint
operators. When we turn to numerics, we consider some fixed bases (for example, the eigenbases

of some distinguished observables) {|Xi,ai>}£;:1 in #H; for all ¢ € [n]. That is, the coefficient
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FIGURE 2.3. Graphical illustration of the coefficient tensor (a), its singular value
decomposition (b), its canonical decomposition (c), its Tucker decomposition (d)

and its matrix product (tensor train) decomposition (e).

tensor ¥q, ... a, 0 (2.28) determines the state vector |¢), so the a; indices are called physical

indices. While, for example in the (2.32b), indices S; appear in the given decomposition, that
is, performing the summation over them recovers the coefficient tensor ¥y, ..., . On the Hilbert
spaces associated to the indices [3;, we do not represent observables hence they are called virtual
indices. We do not even introduce those Hilbert spaces here, although, from the entanglement
point of view, the Schmidt decomposition in section 2.2 shows how to do that. In the graphical

illustration, see figure 2.3, they are called physical and virtual legs, respectively.

2.5. Matrix product states

Another way to factorize the coefficient tensor, which is of central importance in this work,

is the matriz product state (MPS) or tensor train decomposition. To see the construction of the
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MPS let us have the state vector (2.28) but now written with respect to another orthonormal
tensor product basis. We say that the left block decimation of the first ¢ subsystem is [Sch11]

i) = > Cfaf(i)m,...a")IXM,M ® |Xi+1,0i41) ® -+ @ |Xn,an) (2.33a)
Birtit1,om=1

where, besides the orthonormal bases of the ¢ + 1,...,n elementary subsystems, we have the

orthonormal basis |X[;),,) € 7%[1-] =Hp) = H1 @ ... ® H;, which groups together the elementary

subsystems 1,...,i. The ranges of the indices of the elementary subsystems are a; € [D;] and

that of the composite system is 3; € [Dy;], where Dyj = Dy - ... - D;. (Here tilde is used for the

transformed vectors because these will be truncated later.) We can formulate this equivalently

with matrices. We have the tensor train decomposition from the first to the i-th site,

_ (1) (2) (7) (i+1)
‘w> - Z U(Oél) B1 U(ﬂhaz),,@z U(/Bl 1,004), Blcﬁiv(ai+17~--an)|X1’a1> ® |X2’O‘2> ®...® |X”7a">'
Q1,Q2,...,Qn
B1,82,--,8i

(2.33Db)
The connection between the two formulations can be shown with successive Schmidt decompo-
sitions from the first to the i-th site. So let us consider (2.28) and the Schmidt decomposition

with respect to bipartition {1}/{2,3,...,n} and basis {|X1.0,) ® -.- ® |Xn.a,)}- That is, the
1)

decomposition of the reshaped ¥, as.a3,....0n, = C(m) (02,5000 100 matrix is
(1) (1) — (1) (2)
C(al),(az,as,-u,an) Z U(al) b1 ﬂ1,ﬂ1 ‘/(a27a37“-70¢n)a51 - Z(Aal )51 C(Blaa2)7(a37--<7an). (2.34a)

B1

In the second equation we merge the Schmidt coefficients S;a’ll),,@{ = dp, .5 /(3) into V'’ to

get C@ and UM should be considered as the collection of vectors A&ll). In the next step,
Schmidt decomposition is performed with respect to bipartition {1,2}/{3,4,...,n} and basis

{U(1)|X1,a1> ®...® |Xn,an>}a

(2) (2) (2) 1" (2) (3)
C(B11Oé2)7(043 ,,,,, an) Z U (B1,a2), ﬁ2552»/32 Vv(asanwan)ﬁ’z Z(A )ﬁl ﬁ2C (B2,a3),(0a;...,an)’
B2 B2

where U is considered as the collection of matrices Agi). Continuing the decomposition until
the i-th subsystem, we get (2.33b), and by setting i = n we have ¥a, ay,...a, = A&ll)A((fZ) . A&n)
That is, we can write the state vector in a matriz product state (MPS) form corresponding to

the tensor product space @, H; and bases {|X;,q;)} as

wy= Y ADAD A |x16,) @ [X2i0n) @ - @ [Xna) € Q) Hi, (2.35a)

Q1,02;...,0n =1

where the MPS matrices are (A,(;)) Bi_1.8: ‘= u® Writing out the matrix multiplications,

(Bi—1,00),8:"
we have

Dy, Doy, D1

'(/)a1,oc2,...,an = Z (A(l)),@oﬁl (A( ))ﬂ17ﬁ2 L. (AE;:L))/BV,HMB,L; (235b)
B1,82,--,Bn—1=1
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so in this decomposition the number of factor tensors are n, and each has one physical index,
and two virtual indices, except for the first and n-th which have one (8y and 3, are dummy
indices). This can be illustrated well with boxes and lines in figure 2.3 (e). Note that although
the illustration of the canonical decomposition looks similar, in that case the tensor factors were
not coming form a unitary transformation, and there was only a single summation index.

If the state vector is of maximal rank, then the size of MPS matrices grow exponentially,
that is, the range of the indices in (2.35b) are [)[Z-] = min{ Dy, Dm}. One of the main reasons for
using MPS is that the approximation of the exact tensor ¥4, as,....,a,, can be made easily by the
controlling the D[i} numbers. Also, in TNS methods we want to build a procedure in which the
approximation is performed iteratively, that is, performing local updates on the factor spaces.
In case of MPS, this means sweeping through the tensor network from the left to right and from

right to left. To elucidate this let us write the recursion of the basis transformation from the left

Dx,Diy1
Ut = Z XX, (axs041)) (XX ax | @ (Xt 1,041 ])- (2.36a)

ax,oip1=1
This shows how the composite left block X = {1,...,i} and the elementary subsystems i+ 1 are
folded into the new left block X’ = X U {i 4+ 1}. The recursion continues with the relabelling
X’ — X and the mapping of the composite index ax = (ax,a;t1) — ax. The same successive
Schmidt decompositions can be done as before in (2.34), but performing decimation from the
right, which yields the recursion of the basis transformation from the right

D;_1,Dz
VO = 37 Rznicren) (Ximtai] @ (Rzaz)- (2.:36D)
i_1,0z=1
This shows how the elementary subsystems i — 1 and the composite right block Z = {i,...,n}
are folded into the new right block Z’ = {i—1}UZ. The recursion continues with the relabelling
7' — Z and the mapping of the composite index az = (a;—1,az) — az. We obtain a subspace
approximation by applying truncation on the D x < D xDitr1 < Dx/ number of the new basis
vectors of the left block,

Span{|)ZX/7aX,> | axr = 1,...,DX/} =: 7'2X’ - 7:[X ®Hi+1 CHxr =H1® ...®Hi+1, (2.37a)

and similarly, by applying truncation on the Dy < D;_1Dz < Dz number of the new basis
vectors of the right block,

Span{|)zzx$az,> | az =1,.. .,DZ/} = 7‘22/ CHi 1 ®7:lz CHz =H;1 Q... Hp. (237b)

This reveals why we call (2.33a) decimation. This subspace approximation method will be further
motivated by the density matrix renormalization group method, discussed in the next section.
The truncation in the number of basis vectors, that is, restricting the sum in (2.36), yields not
unitaries but partial isometries on H x @Hip1 and H;—1 ® H 7, respectively. The corresponding
MPS matrices are

= Pl (2.38)

(ai—1,0z),0717

(A(i+1)

Qit1 )C“XﬂX/ T Y (ax,aiq1),00x0)

._ U(i+1) (A(i—l)

Qi1 )Olz/;OCZ
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which are of sizes DX X DX/ and DZ/ X l~)Z7 respectively. This makes the range of vir-
tual indices (horizontal legs in figure 2.3) truncated to the Dy and Dy numbers, which are
called bond dimensions. Sweeping from the left (2.36a), the MPS matrices are left-canonical,
D oa Ag +1)TA£3 AR Dy which is the consequence of the decomposition into unitary matri-
ces. After truncation to partial isometries we do not have the resolution of identity in X, that
is, >, ALY AGHDT # I . Sweeping from the right (2.36b), the MPS matrices are right-
canonical, Y, A((f_l)Ag_l)T = Iﬁz/’ which is the consequence of the decomposition into unitary
matrices. After truncation to partial isometries we do not have the resolution of identity in
Z, that is, >, Agil)TA((ffl) #+ Is,. As a consequence, the MPS decomposition in the form
of (2.35) is non-unique, moreover, arbitrary invertible Dx x Dx matrix and its inverse can be
inserted between the MPS matrices. As we will see in the DMRG algorithm, the state vector
appears in the mized-canonical MPS form, that is, there are left-canonical matrices on the left,
right-canonical ones on the right and some remaining tensors between them.

We consider the set of (normalized) state vectors which have MPS form (2.35) corresponding
to the tensor product space @, H; and bases {|xi,a,)} With fized bond dimensions D,

D =(Dyj,..., Dju_y)), AD € CPu=1%Pia iy (2.35)}. (2.39)

Mp(éﬂ) :{|¢>e(_§m

In the sequel we consider the tensor product space and the bases to be fixed in (2.39), therefore, for
simplicity, the argument of M p is dropped in (2.39). If we happen to write MPS corresponding
to a different bases, and we will do so in chapter 4, we can express it in terms of a unitary basis
transformation U € U(Hy,), that is, M p(U). This will be important when applying fermionic
mode transformation in chapter 4. Taking the sum of two vectors in M g will result in general an
MPS with bond dimensions (QDM,QD[Q}, e 2B[n_1]), therefore M p is not a vector subspace
rather a manifold in #; [Hael4]. This sum can be compressed back to a vector in M p by SVD
or by a variational method [Sch11]. We write M Dia, 1f the bond dimension on each virtual
index is maximized to Dyax. One can also think of these MPSs that the matrices are of the
same size Diax X Dmax but some are padded with zeros since we do not force full rank matrices
in the definition (2.39). We note that, contrary to the canonical decomposition, the MPS form
does not suffer from the border rank problem [Hac12]. For more about the geometry of MPS
see [Hacl12, Holl12b, Hael4].

Now the question is, which basis vectors should be kept and which thrown, and what error is
made by this truncation. For this, assume we had generated the exact left-canonical MPS form
of the state vector |¢), that is, we have access to the Schmidt coefficients and the MPS matrices
(2.38) (or equivalently to the unitary (2.36a)), which have bond dimensions min{ Dy, Dm} if the

rank is maximal. Then, according to (2.37a), the projection Iﬁm = ZaD[:]l IX[il,0) (X[i],a| maps
onto the truncated subspace ’}fl[i], and let us choose the basis vectors in (2.37a) such that they
correspond to the D[i} largest Schmidt coefficients. It is easy to see that by the application of the

series of projections P; = 17:1[‘] ® Iym, the truncated vector P,_1 ... PyP;|t) is a non-normalised

MPS (2.39) with bond dimensions D = (ﬁ[l], cee [N)[n,l]). The emerging error can be bounded
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[Ver06a] as
n—1
1) = Pacr oo PP < 3 (D, (240
i=1

where the truncation error at the i-th cut is the sum of the discarded squared Schmidt coefficients,

D
(D) :=1-Y wd. (2.41)

a=1
Note that we use again the convention of decreasingly ordered Schmidt coefficients. That is,
the accumulated truncation error from the exact successive Schmidt decompositions gives an
upper bound for the error of the state vector. In practice, of course, we have only access to the
truncation error (2.41) made on the current state vector, which can be used in applications as

an error estimator [Leg96, Leg03a].

In practice one can predefine a Dy, maximal bond dimension, however, a more sophisticated
treatment is to control the bond dimension such that the Schmidt coefficients below the fixed

truncation error threshold wr, are discarded. By this the bond dimensions
Dy (wry) = max{a | w{?) > wr, } (2.42)

are set dynamically for all i-th cut. If the decay of the Schmidt spectrum is exponential, which
is often observed in physical systems, then the truncation error (2.41) is of the same order of
magnitude as wt, [Ver06a].

The pure state of the system given by the MPS (2.35) is

_ 1) 4(2 (n)t @)1 4 ()t
|'(/]> <w| - § A¢(11)At(x2) te Az(xz)Aa;L T Aa’2 Aa’l X
A1,Q%2,...,0n
bl ol (2.43)

X |X1,o¢1><X1,a’1‘ o2y |X2,a2><X2,o/2| ®...Q ‘Xn,an><Xn,a’n |

The reduced density matrix can be obtained by the contraction on the legs on which the partial
trace is applied. The expectation value of a product observable O = O @ 0@ @ ... ® O™ in
the pure state ) (¢] is

(¥[0ly) =

Zo(n) A1 20(2) AT 20(1) AT 4 ) 4@ A (2.44)
Qo a1 a0 o af,a el o az | “Fan>

Qi Qg, a1,
’ ’ ’
a, Qo oy

where O) ¢ Lin(H;) and its matrix elements are O((;:)al = <Xi,a2|0(i)|xl',ai>. For graphical
illustrations see figure 2.4.

If we consider the Hamiltonian H € Linga (H1) of the system, we can put the MPS approx-
imation into a different, variational perspective, which will be argued in the following sections.

The g-th lowest energy eigenvalue of H, for ¢ =0,..., Dy — 1, can be expressed as

EECT = win{ (91 HI9) | ) € He, 9] = 1, (65" |) = 0, < g, (2:45)
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FIGURE 2.4. The calculation of the reduced density matrix TTW(W) (]) (a)
and the expectation value of the bilocal operator O = I 0 @ 0P @Iw...®1
(b) is performed by the contraction of the tensor network.

where the vector |¢§CI> is the corresponding minimizer. The full configuration interaction (FCI)
notation (motivated by quantum chemistry notions, and discussed in appendix C) refers to
the exact treatment of the eigenvalue problem of H in the Hilbert space Hjy. Contrary, an
approximate solution can be obtained by the MPS approach. The g-th lowest energy expectation
value of H, for ¢ =0,..., Dy — 1, among the MPSs with bond dimensions D can be expressed
as

EP = min{(|H|0) | [4) € Mp, (WPI¥) =0, <}, (2.46)

where the vector qu) ) is the corresponding minimizer. Note that, M p contains normalized
vectors only. Since M p is a submanifold in Hy, the inequality E};CI < Ef’ holds, and we say
that the energy of the system is Ef’ within the MPS the approximation with bond dimensions D.
If the bond dimensions are the maximal, that is, there is no truncation in (2.37), the MPS energy
is the exact eigenvalue. One can introduce a partial order between the bond dimension vectors,
D<DifD; < l~); for all ¢. With this we have the nested manifolds Mz C Mp, if D<D.
In (2.46) the MPS matrices can be considered as variational parameters, so the minimisation
is in bigger set, therefore, EECI < EqD' < EqD The aim is to solve (2.45), in which one meets
the curse of dimensionality, so the minimization (2.46) is considered instead. However, it is also

unfeasible to do the minimization simultaneously on the all matrices, so iterative minimization is



2.6. DENSITY MATRIX RENORMALIZATION GROUP ALGORITHM 21

carried out. This approach has an intimate connection with the density matrix renormalization

group algorithm, which is discussed in the next section.

2.6. Density matrix renormalization group algorithm
Let us consider the Hamiltonian of the composite system in a general form

H=Y Hi;®...0H, € Linga(H1®... @ Hy), (2.47)
k
where, as in (2.28), the factor Hilbert spaces H; corresponding to elementary subsystems i € L =
[n] are of dimensions D;. Here the summation over k just indicates an arbitrary decomposition
of H into elementary tensors, however, in a clever implementation there are many possibilities
for optimization, leading to the matrix product operator MPO decomposition of H [Schll].
Our aim is to find approximate solutions of some of the lowest eigenvalues and eigenvectors and
quantities calculated from them. The density matriz renormalization group (DMRG) algorithm
is based on the observation that the relevant quantities in physical systems can be captured by
a decimation (truncation) based on the spectrum of the reduced state (2.18).
In the algorithm an iteration step is called the s-site DMRG step at the ¢-th cut, where s is
usually one or two. In an s-site DMRG step the following steps are carried out,
(i) diagonalization of the effective Hamiltonian H ),
(ii) truncation of the reduced density matrix Tr+(0),

(iii) renormalization of the operators Hy:, building the effective Hamiltonian of the next

step.
A rightward sweep is the consecutive iteration steps for £ =1,2,...,n — s, and a leftward sweep
is the consecutive iteration steps for { =n—s—1,n—s—2,...,2. The whole DMRG run consists

of several consecutive leftward- and rightward sweeps. Now let us detail each step.

In step (i), the Hamiltonian of form (2.47) is approximated by the effective Hamiltonian at
the /-th cut

Hqy = Z Hx ) ® Hy ® Hy, € Linga(Hx @ Hy @ Hz). (2.48)
k

The subsystem Y = {¢ + 1,...¢ + s} consists of s elementary subsystems, Hy = ®;cyH,; of
dimension Dy = [[,.y D;. Here the operators Hy, € Lin(Hy) are written without approxima-
tion, that is, in their exact form. Contrary, the Hilbert spaces Hx and Hz correspond to the
left block and right block, compress the comprising elementary subsystems X = {1,...,¢} and
Z ={l+s+1,...,n}, respectively, which are, we will see in the sequel, subspaces Hx C Hx,
7:[2 C Hz. The dimensions of the left and right blocks are called block sizes, l~)X < Dx and
Dy < Dy, respectively, which are controlled and depending on the resources. The operators
1':IXJC € Lin(’}:lX) and ﬁz,k € Lin('}:lz) in these spaces are written in an approximate form
(hence the tilde above the operators) and constructed in an iterative manner. In figure 2.5 the
s = 2 setting is depicted. The ¢-th lowest energy eigenvalue of the effective Hamiltonian, for
q=0,...,DxDyDy — 1, can be expressed as

B = mind (6lH ) | [9) € Fix @ Hy @ Fp, 0l =1, 0P1) = 0.9 <q},  (249)
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FIGURE 2.5. Subsystems of the two-site DMRG (s = 2). Sweeping in the two-
site DMRG algorithm

where the vector |1/1,(f)> is the minimizer. Solving the full eigenvalue problem (2.49) of the effective
Hamiltonian is unfeasible, and not even necessary in most of the applications. Therefore some
of the lowest eigenvalues and the corresponding eigenvectors, which are of the form

Dx,Dy,Dz
|¢((1£)> = Z xfxq;)(,ay,az|>2X,ax> ® |XY701Y> ® |)~(Z,az>v (2'50)
ax,ay,az=1
are calculated by iterative diagonalization algorithms (for example, Lanczos or Davidson algo-
rithm).

In step (ii), the state of the whole system L = {XUYUZ}, which is in D(H), is approximated
by o € D(’}:lx R Hy ® 7—~lz) In the simplest case, which is the usual practice, the pure state
0= |w(()é)> (1#(()@) | is considered. One can also form the statistical mixture of excited eigenstates with
weights wy, for example Gibbs(-like) states, o = >, wq|¢§€)><w,§@| [Sch05, Noa05, Szal5]. The
reduced state of the extended left-/right block is constructed, and the truncation is performed
in its eigenbasis. So in case of the rightward sweep, we obtain the reduced state px: = Try7(0) €
D(Hx ® Hyy1) of the subsystem X’ = X U {¢ 4 1} by the partial trace (2.6),

Dx Dyt
ox’ = Z Z (07 (ax aes1)s (o oy ) [ XX ax ® Xetiapsn ) (XX 0% ® Xet1,0,, |
ax,ak =1 agi,a, =1

(2.51a)

where the coefficients are the entries of the reduced density matriz g@x: of the new left block X'
written in the composite Hilbert space Hy ® H¢41- This is the point in the algorithm where one
sets a limit to the growing dimensions. The reduced state px- is approximated in the subspace
Hx C Hx ® Heq1 spanned by eigenvectors |Xx/,a,,) corresponding to the Dy < ZN)XDgH
highest eigenvalues of px/. Thus the truncated reduced state gx/ € D(’;':L x/) in the eigenbasis is

Dy
Ox' = Z wax/|>~(X’,aX/><>~(X’,ax/|’ (251b)

ayr=1
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where the w, ., eigenvalues are re-normalized such that Tr(ox/) = 1. The connection between
the two states can be expressed by the partial isometry
Dys
g+ — Z X (ax,aei)) (XX ax ® Xe+1,apssls (2.51¢)
(ax,apq1)=1
where the composite index ax: = (ax, 1) is ordered such that the w, ., eigenvalues are or-
dered non-increasingly. This partial isometry maps from the composite system Hx ®@Hey1 toits
subspace, the Hilbert space of the new left block Hy:. The truncation yields U¢+Dfy¢+1) #+
L5 c@m,,,- With the projection DDt = Ly .,» which is the identity in the new left block,
the reduced state of the new left block is gx/ = I?‘:LX/QX/I?:LX//TT(I?:LX/ QX/I?:[X/). We can formu-
late this equivalently with matrices. The reduced density matrix of the new left block is w =
UHADT o, UED / Tr(UH DT o5, UEHD)| where the matrix of the partial isometry is rectan-
gular, U(HD € CDxDer1xDxr | with entries U((ﬁil,«)x“l),ax/ = (XX,0x @ Xet1,0001 XX (ax,c0s1))>
and the w is diagonal containing the eigenvalues. Similarly, in case of leftward sweep, we obtain
the reduced state 9z € Hots ® H of the subsystem Z’' = {{+s}UZ,
Deys Dy
0z = Z Z (QZ’)(aHs,az),(a}Jrs,a/Z) IXe+s,00is ® >~<Z,az><X€+s,a2+s ®Xz,a, l, (2.51d)
Qpposaly, =laz,al=1
where the coefficients are the entries of the reduced density matriz @z of the new right block Z'
written in the composite Hilbert space. The reduced state oz is approximated in the subspace
Hy C 7'[@4_5@7'22 spanned by eigenvectors [Xzs o ,,) corresponding to the Dy < De+sDZ highest
eigenvalues of pz/. Thus the truncated reduced state gz € D(’;':l z+) in the eigenbasis is
D,
0z = Z Oay,, |>2Z’7azl><>2Z’7aZ/| (2'516)
ay=1
where the o,,, eigenvalues are re-normalized such that Tr(gz/) = 1. The connection between
the two states can be expressed by the partial isometry
D,
Vit = Z |>ZZ’,(042+5,042)><XZ+s,ozz+s ® XZ,az ‘7 (2'51f)
(coys,az)=1
where the composite index oz = (ay4s,az) is ordered such that the o, ,, eigenvalues are or-
dered non-increasingly. This partial isometry maps from the composite system Hy s ®Hyz to its
subspace, the Hilbert space of the new right block # /. The truncation yields V(+s)Ty (¢+s) £
Ly, e, With the projection VIF)VIEFIT — T " which is the identity in the new right
block, the reduced state of the new right block is gz = I?lzl QZ/IQZ//TI"(L;LZ/ QZ’IﬁZ/)' We can
formulate this equivalently with matrices. The reduced density matrix of the new right block is
o =VUEtg, Vs TV )t g, V+9))  where the matrix of the partial isometry is rect-
angular, V(“+9) € CPr+:DzxD2r | with entries ‘/(((fZi),ocz),aZ/ = (Xtts,004. @ XZ,02|X2 (apse,az))s
and the o is diagonal containing the eigenvalues.
In step (iii), operators in the effective Hamiltonian are constructed such that the operators

of the new extended left-/right block are expressed in the eigenbasis of the truncated reduced
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FIGURE 2.6. Graphical representation of the energy expectation value (2.54).
The effective Hamiltonian H y) is obtained by the contractions inside the dashed
line. The renormalized operators of the left block H x,, and the right block H Z.k
can be obtained by the contractions of tensors corresponding to X = {1,...,¢}
and Z = {¢+ 3,...,n}, respectively. The operators Hy, of the subsystem
Y = {{+ 1,0+ 2} are written in their exact form.

state. In case of rightward sweep, the operators in (2.48) are transformed, we say renormalized,
according to the truncation of the reduced state (2.51c),

Hyrj, = U (Hx y ® Hygypy ) UYTDT € Lin(Hxo). (2.52a)

The algorithm steps to the next ¢ — £ + 1 iteration with the relabelling X’ — X, as depicted
in figure 2.5 for the s = 2 site case. The new operators for the right block are loaded (form the
disk or memory), which had been renormalized during leftward sweep (2.52b). Similarly, in case
of leftward sweep the renormalization is

Hy = V) (Hy g0 @ Hz ) V)T € Lin(Hy). (2.52b)

The algorithm steps to the next £ — ¢ — 1 iteration with the relabelling Z’ — Z, as depicted in
figure 2.5 for the s = 2 site case. The new operators for the left block are loaded (form the disk

or memory ), which had been renormalized during rightward sweep (2.52a).

2.7. DMRG and MPS

The main aspects of DMRG, the concept of matrix product operators and the relation
between DMRG and MPS are comprehensively detailed in reference [Sch1l]. Here we mention
just some practical points which are relevant to the present work. To show the connection of the
DMRG to the MPS, let us write out the transformation and truncation (renormalization) of the

operators of blocks X and Z. From the recursion (2.52a) and (2.52b) we are able to express the
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renormalized operators in terms of the exact operators,

Ay, =UO ( N (U<2>T (UOTH, UV @ HQ,k)U<2>) ® HM) U, (2.53a)

Fp = V(EsDE <H€+s+1,k o (V(nfl)T(Hn_Lk @ (v<">*Hn7kv<”>))v<”*1>) - > st
(2.53b)

Note that, these are not explicit expressions since the U(*) and V() isometries are determined
from the eigenvalue problem of the effective Hamiltonian, which is built from the renormalized
operators of the previous step. With this, the energy expectation value with a state vector (2.50)
(omitting the ¢ index) can be expressed as

‘ ¢ * 77y, Yy Frady,
WO@IHGW O @) i amyer, =D, D, Tagayay Ty Hyy ™ Hy 2oy oy 0z =

k oax,ay,oz
’ ! ’
OéX ,ay,az

= (M5 (@) | H WM (@) 1y et
(2.54)

where after the second equation the expectation value of the Hamiltonian in form of (2.47) is

written with a state vector

|wMPS(w)> = Z Al,()cl e Af,azwayAf+S+1,az+s+1 e A»,La” |X17a1> ® e ® ‘Xn7an>, (255)

which is expressed with left-canonical MPS matrices on the left, right-canonical MPS matrices
on the right and a remaining in-between tensor x. These messy formulas can be illustrated well
by boxes and lines in figure 2.6 for the s = 2 case. The ground-state energy in the DMRG
framework (2.49), that is, the lowest eigenvalue of the effective Hamiltonian in step (i), can be

expressed now in terms of the optimization of the local tensor x

g =min{<¢(w)|H(z)|¢(w)> ‘ @ € COxxDvxDz || = 1}

. . (2.56)
= min{ (V75 (@) H[pM75()) | @ € COXP¥ <Pz |z =1},
From the reshaping and decomposition of the minimizer 4, oy ., Of (2.56),
DxDgqy
_ (e+1) /
Tlax,aet1),ag — Z U(ax7az+1)7axl’/wo‘X’ VO‘;E'»CYX/’ (2.57a)
aX/:1
DyysDy ( |
_ / L+s
l'az’m(oéz+s,(xz), - Z UO‘Z’mOéZ/VJG‘Z’Vv(ag_,_s,az),ozz/’ (257b)
agyr=1

one can obtain the updated left- and right-canonical MPS matrices according to (2.38). Substi-
tuting (2.57a) into the DMRG state form (2.50) and applying partial trace on the pure ground
state, one can get the reduced state (2.51b) in its eigenbasis, hence the same symbol U“+1) were
used for unitaries (partial isometries) in (2.51c) and (2.57a). Similar applies for V*). The
truncation here is the same as in (2.51b) and (2.51e) in step (ii), namely, the restriction of the

range of indices ax = 1,.. .,lN?Xr < [N)XDKH and ay = 1,.. .,ﬁzr < Dusbz. That is, the
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MPS bond dimensions Dy are the block sizes in the traditional DMRG context. In step (iii) the
renormalization of operators are carried out for the left and right block, which is the contraction
of the tensors corresponding to X’ and Z’, respectively.

The variational MPS approach is the optimization of the energy expectation value in (2.46)
in terms of the MPS matrices (being variational parameters) in a fixed bond dimension manifold
Mp [Schll]. The simultaneous optimization of the MPS matrices is still unfeasible, however,
the approach is equivalent to the s = 1 site DMRG method [Tak99, Whi05] with predefined
fixed block sizes D = ([)[1], D[Q], cee D[n—1])- This can be seen by setting Y = {£+ 1} in (2.55),
so we have X’ = Z in (2.57), and by the property of the rank of the Schmidt decomposition
(2.17), the dimension of the MPS matrices cannot increase during the one-site DMRG iteration.
So the optimization is carried out in a submanifold M 5.

Contrary, the s = 2 site DMRG provides the advantageous property that the bond dimension
can increase during the iterations, that is, the decomposition (2.57) for Y = {¢ + 1,/ + 2} is

Dx D¢t
+1 04+2)\*
Llax,opq1),(qep2,0z) = Z (Agziu))axvo‘x’VWO‘X’(AEX;Q))QX,,QZ' (2'58)
ayr=1

One can control the bond dimensions Dy according to a predefined maximal value (possibly for
each ¢). The more rigorous way to control the error is setting the Dx adaptively, for example,
by a prior defined truncation error threshold (2.42) [Leg03a, Holl2a, Hol12b]. In this case
the bond dimension strongly depends on the correlation in the system, and in case of general
TNS methods, on the network topology [Leg03b, Nak13, Murl5] and on the properties of the
component tensors [Gunl8]. Also, the two-site DMRG framework provides the advantageous
property that the action of an arbitrary neighbouring two-site operator, that is, operator acting
non-trivially only on subsystem Y = {{ + 1,¢ 4+ 2}, can be evaluated easily. By this, time
evolution, imaginary time evolution and mode transformation [Krul6] can be straightforwardly
implemented.

The performance of the DMRG algorithm relies on the efficiency of the diagonalization in
step (i) [Men23]. When the full diagonalization of a matrix A is not necessary, only some of
the lowest (or highest) eigenvalues and eigenvectors are searched for, iterative diagonalization
algorithms [Bai00] can be applied (for example, by Lénczos [Lan50, Cul02, Gol13] or David-
son [Dav75, Sle96] algorithm), which needs only the efficient evaluation of the matrix-vector
product Az of an arbitrary vector x. That is, to store A as a full matrix is not even needed. The

cost of a two-site DMRG step scales as

O(D3 . D*+ D2, n%), (2.59)

max max

supposing D = D; for all i € [n]. The first term is coming from the diagonalization and the
second is from the renormalization step.

Numerical efficiency can be significantly increased by the exploitation of symmetries [McCO07,
Szal5], that is, by the restriction of the eigenvalue problem into a subspace determined by the
symmetry operator that commutes with the Hamiltonian. The examples of the Abelian U(1)

symmetry are the total spin projection conservation [Whi96], the particle number conservation
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[Cha02, Leg03b, Kur09], the point group symmetry [Leg03b, Cha04] and the translational
invariance [Xia96, Por06, Ver08, Pip10, Pir11]. Another Abelian symmetry is the Zy spin
reflection symmetry [Leg97]. Several implementation for the non-Abelian SU(2) symmetry exist
[Sie97, McCO02, Pit06, Zgi08, Weil2, Shal2, Sin12, Woul2, Kel16] and also for the more
general SU(N) case [T6t08, Sin10, Wer20).

In order to improve the convergence properties and perform large-scale DMRG simulations
routinely and consistently, some consideration are employed at the initialization stage of the
DMRG algorithm [Szal5]. These are the order optimisation (see appendix A), basis optimisa-
tion (see chapter 4) and the initialization of the MPS tensors (see appendix B). We note here,
that the sophisticated implementation of the initialization procedure, called the configuration
interaction based dynamically extended active space method [Barll, Szal5|, opens the way for
the restricted active space (RAS) methods [Bar22]. It was recently shown that the DMRG-RAS

yields a powerful extrapolation method for strongly correlated systems [Fri23|.

2.8. Identical particles: particle picture

In section 2.2, the composite quantum systems were represented on tensor product Hilbert
spaces. In the following, the formalism of identical particles is summarized.

The indistinguishability of identical particles is formulated by the symmetrization-/anti-
symmetrization postulate, which can be taken as an experimental fact. Although, it cannot be
derived from the other postulates of quantum mechanics within the non-relativistic framework,
but omitting it leads to non-physical (in sense of measurement postulate) state vectors and
operators. Based on certain assumptions, theoretical derivation can be given in quantum field
theory to show that there are two sufficient ways to construct many-body state vectors of identical
particles. By this, particles have either fermionic or bosonic nature, corresponding to the (totally)
symmetric and antisymmetric representation of the permutation group, respectively.

We would like to describe N (fermionic or bosonic) particles, so let us begin with N copies
of K., for r € [N], of the one-particle Hilbert space K. The tensor products of N (not necessarily
basis) vectors |1,) € K., called elementary tensors |11) ® ... ® |n), span the tensor product
space K&V := ®r€[N] K. The elementary symmetric and antisymmetric vectors (denoted by V

and A, respectively) are of the form

)Xo X ) 1= < 3 EDPOR (1) @ @ o)), (2.60)

o€S [N

and span the symmetric and antisymmetric subspaces AN C K®N, where Siny is the set of
permutations of the set [N], and Par(o) € {0, 1} is the parity of the permutation o, and R, is the
usual representation of the symmetric group on the tensor product space, R, (|¢1)®...®|¢YN)) =
[Vo(1) ® .. ® |Yp(n)). Note that, for N =1 we have K& = LM = V! = K, while for N = 0
we define K& = K0 = V0 = C. Tt is straightforward to show that both the symmetric and
antisymmetric vectors (2.60) are N-linear, that is, linear in each |t),.), and the inner product in

the symmetric and antisymmetric subspaces KAN are inherited from the tensor product space
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KceN

(oal X X @) (1) K X ) =

:<% > (EDED) ) det (wilhy) = 0 a0 et (wilr)  (2.61)
T oSN

where dety (1);|;) denotes the matrix permanent and determinant in the indices ¢, j, respectively.
This shows also the orthogonality of the symmetric and antisymmetric subspaces. Note, however,
that they are not othocomplements of each other in general, there are other irreps of Sy if n > 2.

The normalized vectors of K are called modes, let us single out {|;)}icq) € K orthonormal

basis describing to d modes. The standard orthonormal basis of K®V is
{lps) = i) ® ... ® |piy) | i € IZ}, (2.62)
where the index set
I9(d) = [dN = {i = (ir,...,in) | ir € [d],7 € [N]} (2.63)

has dV elements, so dim(K®Y) = dV. Tt follows from (2.61) by the identity dety(A ® B) =
(dety(A))(det4(B)) that the standard orthonormal bases of KAN are

{1y = (T ws) ™ loa) Ko Klin) | € K ], (2:64)
where the index sets
d)={iel%:1<i; <...<iy<d} (2.65a)
and
IN(d) ={ielyg:1<ii<...<iy<d} (2.65b)

have (dﬂg*l) and (]‘\i,) elements, respectively, so dim(KVY) = (d+%71) and dim(K"V) = (;\l,)
The argument of the index sets, that is, the index set of the modes, are omitted if this does not

lead to confusion. Here the occupation number v; of the mode j =1,...,d is
v; = |{r € [N] | ir = j}|. (2.66)
To be able to treat different numbers of particles simultaneously, we have the direct sum

Fi= £, (2.67)
NeNy
called Fock space, which is a Hilbert space, with inner product inherited from the KAN Hilbert
spaces. Transition among subspaces of fixed particle number can be realized by the creation
operator a'(|k)) € Lin(F) of mode |k) € K,

aT(|“>) () Koo X lvN)) = |k) Klwn) Koo X oon), (2.68a)

and its adjoint, the annihilation operator,

N

alm) ([a) X X how)) = SO sl dlun) X Jabe X o). (2.68b)

r=1
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These satisfy the canonical commutation-/anticommutation relations

[a([).af ()], = @lkL [a(0)).a(m)] =0, (2.69)

Here the commutator /anticommutator of operators A and B is [4, Bl = AB — (£BA).

The basis vectors (2.64) can be expressed as

o) = (T 23) ™ 2loi) Ko K loin) = (T102, ") 20t (loi)) - al (|i)) | vac) s (270)

where a' (|¢;)) is the creation operator of the j-th mode, and |pvac) := |¢()) € K° = C is the
zero-particle state vector, referred to as vacuum state. The eigenvalue of the particle number
operator of the j-th mode a'(|p;))a(|¢;)) is the occupation number v; indeed, which can be
expressed by (2.66). The canonical commutation/anticommutation relations with respect to the
one-particle basis take the form

[alle).a' ()] =ouls  [allen)sallen)], =o. (2.71)

+

2.9. Identical particles: mode picture

In the particle picture, also called first quantitation, the elementary subsystems were the
indistinguishable particles, which could occupy given modes, although the symmetrization-/an-
tisymmetrization principle made this picture problematic to imagine. In the mode picture,
also called second quantization, we change our focus, the elementary subsystems are the dis-
tinguishable modes, which can be occupied by given number of particles. This is formulated
with respect to a fixed mode set {|¢;)}iclq) € K, by which we express |L,0,LX> € F in terms of
the occupation numbers v;, given by (2.66). To this end, let us have the one-mode occupa-
tion Hilbert spaces N; for i € [d], and let {|¢;,,)} be orthonormal bases in these, where v;
ranges in Ny and {0,1} for bosons and fermions, respectively. The orthonormal basis vectors
o) = |P1,01) @ ... @ |Pd,) EN1® ... ® Ny =: Nig represent the occupation number configu-
rations of d modes by the linear isomorphism

F:]:—>~/V’[d]7
o8) — [60) = [du))-

where the map of the indices in (2.65) is v : ¢ — v, given by (2.66). If the occupation number space

(2.72)

./\/'[d} is not distinguished from the Fock space F, then the occupation number labelling induces
a tensor product structure in the Fock space. We make this distinction for clarity. We note that
the tensor product structure in Md] is not physical in the fermionic case [Sza21], however, it is

useful in the description in the concrete representation. We also have the N-particle subspaces

v vV
J\/'[]C}ﬁ = F(K'") = Span{|¢,) | v € v(In([d])) } € Mg (2.73a)
and the corresponding projections P[%. Also, we introduce subspaces by imposing occupation
number restrictions Ny, ..., N, to disjoint subsets X,..., X, C [d],
N = Span{|gy) | Y vi=Ne,Vk=1,...,7} C Ny (2.73D)

1€Xk
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and the corresponding projection P)]yf;}h If Xq|...|X, is a partition of [d] and N1+...+ N, =
N1,...;Nr N
N, then Ny "y C /\f[d].
The construction of the N-particle state from the vacuum (2.70) can be done in the second

quantized picture as

160) = [610) © . ® [baa) = (T 15) 2 (al)™ - (al) ™ [bvac) (2.74)

where the vacuum state |¢vac) = F(|¢vac)) = |9(0,...,0)), and the Jordan-Wigner representation
of the creation operator acting on ./\/[d] is

ol = Fal(jp;)F~! = (RrejIr) @ (Xoen, [05041)(05.0]) © (@21 k).
’ ’ (®rc; Pr) @ 167.1) D10/ @ (@, 1)

in the bosonic and fermionic cases, respectively, where the fermionic phase operator is Py =

(2.75)

|6k,0) (Pr,0l — |Pr1){(Pk,1| [JOor28]. The canonical commutation-/anticommutation relations in

the second quantized picture take the form

[ai,a;]i = (5i’jI, [ai,(lj]:t =0. (276)

2.10. Mode transformation

Changing the modes in the first quantized picture is simple, since it does not affect the
structure of F = € NeN, AN However, since the second quantized picture is constructed
with respect to fixed modes, the mode transformation in this case needs some more elabora-
tion. Having the modes {|¢;)}%; C K, let U € U(K) be a unitary transformation by which
|2:) == Ulg;) = Z?:l Uj,ilp;) in the one-particle Hilbert space K. By (2.60) the N-particle

bosonic/fermionic state vector transforms as
- - vV
U®...0U)pi) K- Alpin) = Ulpi) Koo KUlpiy) = @) K-+ K@) € KN, (2.77)

that is, KN are invariant subspaces of U®Y, acting over the whole K®V. The linearity of
a’(|p;)) in |p;) follows from its definition (2.68a) and form the N-linearity of the symmetric and
antisymmetric vectors (2.60), so the creation operator corresponding to the transformed state

vector reads as

al (12:)) = > Ujia' (|¢;)) € Lin(F), (2.78a)
Jeld]

af = Y Ujial = g(U)alg(U)" € Lin(Ng), (2.78b)
JEld]

where g(U) € U(Ng) is unitary and it is block-diagonal with respect to the fixed particle
number subspaces ./\/[% . The canonical commutation-/anticommutation relations (2.69) and
(2.71) are preserved by such a unitary transformation. Substituting the ansatz g(U)(¢) =
e ¥ 2ije Ji*jazaj, with 0 € R, J;; = J;;° € C into (2.78b), taking its derivative in 6 and

using the canonical commutation-/anticommutation relations (2.76) one can derive

g(U) = eXiselanDijala; (2.79)
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for both bosons and fermions. The important point is that the restriction of U®YN to the fixed
particle number subspace, as in (2.77), is a highly non-trivial task, which is achieved by the for-
mula (2.79) in terms of the particle number preserving combination of creation and annihilation
operators, acting naturally not only on the fixed particle number subspace, but also on the whole

Fock space or occupation number space.

2.11. Many-body observables and states: particle picture

We would like to deal with operators, states and reduced states in the particle picture. We
are interested in operators that leave the symmetric and antisymmetric subspaces KAV invariant.
For example, we have seen that the operator U®Y in (2.77) is of this kind. Now, we consider
permutation invariant operators, which are also of this kind, and we would like to express these
in terms of creation and annihilation operators. To this end, let us have a permutation invariant
operator Oy € Linpr(K®M), that is, [Ry,Opr]s = 0 for all o € Sim] permutations. For M < N,
for all M-particle subsystems X C [N], | X| = M, let Ox be the copy of Op;. With these, let us

have the permutational invariant particle operator extension
LM,N : Linpl(’C®M) — Lian(IC(gN),

Oy +— Z Ox ® I[N]\X~ (2.80)
XC[NT],
|X|=M
The main point is that this is a “collective” verison of Oj;. For example, the one-particle
identity operator I € Linpr(K®!) is mapped to ¢ n(I) = NI € Linp;(K®"), however, the two-
particle identity operator I ® I € Linpi(K®?) is mapped to to n(I® 1) = (];[)I € Linpy(K®N).
This is the natural practice in many-body physics, although, we will see that the resulting
state reduction behaves in a slightly different way than in the usual distinguishable setting
(2.6). Because of the same reason, the composition rule of this extension is the slightly unusual
UM NOLK,M = (Aj\/lj:g) ti, N for K < M < N. We note that one may define a normalized extension
IMN = (AA;)%LMW, by which inyr,n o ix,m = ik, n. The extension of the identity by this is the
identity, i1 y(I) = I € Linpr (K®V).

Let us consider M < N-particle subsystems. The observables Oy, of the M-particle sub-
system are given by the exension (2.80) among the observables of the N-particle subsystem.
If the state of the N-particle subsystem is given by vy € D(ICXN), then the reduced state
vu = rn.m(yn) of the M-particle subsystem is the state that gives back the expectation values
of observables of the M-particle subsystem, as before, Tr(rN,M('yN)OM) = ’IT(WNLM,N(OM))
for all Ops. This means again that the operation of the state reduction ry s is just the adjoint
map of the operator extension ¢)s n. It turns out that this holds if and only if the state reduction

is done by the unusually normalized partial trace operation

ryva: DIKMYY  — (A]\DD(/CXM),

I~ — (Aj\;) Trivpx (Vv) = (Aj\;) Trv-m(yn), -
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where the Try _ s symbolizes that the partial trace Try)\ x is independent on which spaces [N]\ X
it is applied, and the (1\]\/;) factor shows that the M-particle reduced state ya = rn,a(7yn) is not
normalized. For example, the trace of the one-particle reduced state y1 = ry 1 (yn) is the particle
number Tr(7;) = N. Note, that the normalization (trace) of vy is somewhat ambiguous, it is
(Al\g) (because the partial trace is trace preserving), which depends on N, the particle number
of the subsystem from which the state comes. This is the manifestation of the slightly unusual

composition rule of the reduction, 7y g ory pmr = (ﬁ:iﬁ)mw i for K < M < N, coming from that
of the extension ¢ps, ny . We note that the normalized reduction 7y = (Az\;)*er,M = Try_pr,
being the adjoint of the normalized extension sy, is free of these ambiguities, 7as x 0 T, =
7N,k , by which the reduction of a state vy € D(ICXN) is a state P (YN) € D(ICXM).

The introduction of the Fock space was motivated by the need for the treatment of different
number of particles together. So we would like to have the form of Oy; € Linpr(KX®) not only
in the N-particle collective form as in (2.80), but also that can act on the whole Fock space.

This can be achieved by utilizing the creation and annihilation operators as

L e Lian(IC®M) — Lm(]—'),

O 1o 3 (eiloulenal (e) - a (lpu))allesn)) - -allen)).

i,Gel$

(2.82)

With this map we have that all N-particle restriction of (2.80) and (2.82) are the same, that
is, tar(On)liexy = tar,n(Onr)|icxn - These operators leave the fixed particle number subspaces
KAN invariant for all N [Ali01]. Note that for N < M, these map to the null vector, which
is of course an element of the given subspace, that is, KAN C ker(tpr(Op)) for all N < M. Tt
is easy to check that ty; preserves positivity. For example, the one-particle identity operator
I € Linp;(K®') is mapped to the particle number operator ¢1(I) = Yield azai, and the two-
particle identity operator I®I € Linpr(K®?) is mapped to the pair correlation operator to(I®1) =
3 Yicla etz Gailaja; —1).

The observables Op; of the M-particle subsystem are given by the extension (2.82) among
the observables of the full Fock space. Let us consider an N-particle state yy € D(F) among
the states of the full Fock space, that is, ¢t1(I)yny = ynt1(I) = Nvywn. Then the reduced state
vy = ra(yn) of the M-particle subsystem is the state that gives back the expectation values
of observables of the M-particle subsystem, as before, Tr(rM ('YN)OM) = ’IT(VNLM (OM)) for all
Ojs. This means again that the operation of the state reduction 7, is just the adjoint map of
the operator extension ¢jps. It turns out that this holds if and only if the state reduction is done
by

M
w2 5 Tr(vat(ea) ol (end)allen)) - allen) ) lea) es),
i,5eI

(2.83)
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For example, the one-electron reduced state of an N-electron state yn € D(F) is

d d
rw) = 30 Te(wval (le)allen) ) leates = Y- Ail@i) (@l (2:84)

where the eigenvectors |@;) are called natural orbitals and the eigenvalues A; (summing up to N)
are the natural occupations. For example, if the fermionic state is the pure state of a basis vector
(2.64), then the one-body reduced state is the uniform mixture of the one-body states of the

component vectors, 71(|¢s)(0i]) = D,c; [0i) (i, so the natural orbitals are the basis vectors.

2.12. Many-body observables and states: mode picture

We can also consider operators, states and reduced states in the mode picture. Here we deal
with finite, d < oo number of modes only, labelled by L = [d].

In the bosonic case we can obtain the extension (2.5), reduction (2.6) and the reduced state
as it was introduced in the distinguishable case in section 2.2, since the modes are distinguishable,
and the bosonic mode operators of distinct mode subsets are commuting (2.76). In numerical
calculations the number of maximal occupation is restricted, leading to finite dimensional occu-
pation spaces, dim(N;) = vpax < 00 for i € [d]. In this case, however, the canonical commutation
relation (2.76) cannot be satisfied, and the formula (2.79) of the mode transformation cannot be
derived either. So such restricted occupation description is valid only if we operate on physically
and numerically relevant subspace of the Hilbert space for which v; < vpax. In the extremal
case, due to the strong one-mode repulsion, the bosons become the so-called hard-core bosons,
for which vy = 1, leading to a mixed commutation relation. We discuss this in chapter 5.

In the fermionic case, the tensor product structure on the occupation number space /\f[d] does
not resemble well the mode subset structure. This is because the Jordan-Wigner representation
of the creation and annihilation operators (2.75) are non-local with respect to that. This holds
of course not only for the Jordan-Wigner representation, the fermionic mode operators cannot
be represented locally, since they anticommute (2.76), while the local operators of disjoint mode
subsets, given by (2.5), commute. The parity superselection rule restores commutativity (al-
gebraic independence) of disjoint mode subsets, by which the locality of disjoint mode subsets
and maps acting on those become meaningful, on which the mere definition of correlation and
entanglement rely. Let us have the nested mode subsets Y C X C L = [d]. It turns out [Sza21]
that the observables Oy of mode subset Y among the observables of mode subset X are given

by the fermionic mode operator extension

ZY,X = AdUY,’ OLY7X : Lin(NY) — Lin(NX),

Y

; (2.85)
Oy —> Uyy(Oy ® IY’)UY,Y’
where the non-local unitary Uy y is diagonal, given as
Upy = Y, (F1)%er " 2exics]o,) (). (2.86)

ve{0,1}4

If the state of mode subset X is given by ox € Dx, gy := 7x,y(0x) € Dy of mode subset
Y is the state that gives back the expectation values of observables of mode subset Y, that is,
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Tr(fx,y(QX)Oy) = Tr(gxzy’x(Oy)) for all Oy. This means that the operation of the state
reduction 7x y is just the adjoint map of the operator extension Iy x. It turns out that this
holds if and only if the fermionic mode state reduction is done by the fermionic partial trace
operation
’I:X7y =TX,yo° AdUT I Lin(Nx) — Lin(Ny),
Y (2.87)
ox TrX\Y(U;L/’{/QXUY,Y)v
with the unitary above (2.86) and the partial trace (2.6).
The corresponding operator on the occupation number space ./\/'[d} can be obtained by the
map the (2.72),
_ 1 .
Fuy(O)F ' = — 3~ (0ilOnrlpjdal .. al aj, ...a;, € Lin(Ng). (2.88)

M!
i,5els

2.13. The many-body Hamiltonian

Equipped with the formulas of classical Hamiltonian mechanics, it is intuitive to construct
the quantum Hamiltonian by replacing the dynamical variables (such as positions, momenta,
angular momentum, ...) by their corresponding operators. However, there is no logical way to
derive quantum mechanics from classical mechanics, but predictions of quantum mechanics in
the high-energy limit must coincide with that of classical physics. For example, the Ehrenfest
relation and the Wentzel-Kramers—Brillouin approximation describes the connection between
the evolution of the wave packet and the trajectory of the classical point particle.

In most of the cases, we have one-particle terms (corresponding to the kinetic energy and
external potential) described by Hp € Linpr(K®!), and two-particle terms (corresponding to the
particle-particle interaction) described by Hy € Linpl(IC®2), and the number of particles is fixed
(open systems are not considered here). By (2.88), the Hamiltonian acting on the occupation

number space is
F(u1(Hy) + 1o(Hz))F~H =

d d
1 (2.89)
Z Ja aj 2 Z (HQ)(7«1>'L2) (]1»]2)a21 Izaj2ajl'

Jj=1 11,12,71,j2=1

This Hamiltonian is block diagonal with respect to the particle number subspaces, /\/[23 C J\/[d],
so the solution of the eigenvalue problem can be searched in these (“*N ') or () dimensional
subspaces. In the special case, when there are only one-particle terms, the problem reduces to
the diagonalization of the one-particle operator H; in the d dimensional one-particle Hilbert
space K. By this we have

d
Fu(H)F ™ = Fu () (Hi)iglen) (@) F ' =
1,7=1
d

d d
= > (H)ijala; = > UpkerUpala; = exalin,
i=1

i,7=1 i,5,k=1

(2.90a)
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where @ are the eigenmodes obtained by mode transformation (2.78b), @l = j Uj’ia;r-. The
solution of the one-mode energies (and also the dimension) does not depend on the number
of particles, and being independent particles, the total energy of the system is the sum of the

one-mode energies,
d
(FLl(Hl)F_l)@u) = (Z Vk5k)|éu>, (2.90b)
k=1

where [6,) = g(U)|6,).

In the presence of two-particle interactions, the solution cannot be obtained so easily. How-
ever, as we will see in chapter 4, in numerical treatment it is favourable to perform a mode
transformation to get a basis that somehow fits better to the problem. In practice, when turn
to numerical simulation including mode transformation, it is favourable not to transform the
operators themselves to keep robustness. Rather it is practical to perform mode transformation
(2.78b) in terms of the matrix elements of H; and Hs in the Hamiltonian, that is,

d d
g(U)Hg(U)T = Z ( Z Ui,,;/(Hl)i/j/U;,,j)aIaj+
ij=1 i,j'=1
1 d d
3 > ( > Uil,i;Uz'2,i;(Hz)mJ;L(jiaé)UZ,ﬁU}Z,jz)al al,aj,a;,.
i1i2,d1,d2=1  i),i,50,5=1
(2.91)
Usually the coefficients (H;); ; are the matrix elements of the operators of the kinetic energy
and the external potential, and the coefficients (Hz), i,),(j,,j,) are the matrix elements of the
operator of the particle-particle interaction. However, in many cases the model of the physical
system is formulated directly in the second-quantized framework, and there no first-quantized
form behind. We have the former case in chapters 3 and 4 (and appendix C), and the latter case

in chapter 5.



3. CHAPTER

Analysis of the tailored coupled cluster in multireference

systems

In quantum chemistry, a kind of standard computational method is the coupled cluster (CC)
up to single and double excitations with perturbative triples, which performs well in many cases
of small and medium sized molecules [Rag89, Bar90, Bar07]. Since this method relies on one
reference Slater determinant, it may work if the system can be approximated well with one Slater
determinant and fail otherwise, hence we say for these two cases that the system is of single-
reference character and multireference character, respectively. Also, we say that the system is
dynamically correlated and statically correlated (or it is strongly correlated, with terminology
in physics), respectively. Moreover, the CC approach also fails if the energy gap between the
highest occupied molecular orbital and the lowest unoccupied molecular orbital (HOMO-LUMO
gap) becomes small. (See appendix C for a brief summary of the single-reference approaces.)
On the other hand, the DMRG is a powerful method in statically correlated systems [Whi99],
however, the computational demands are governed by the bond dimension.

One of the possibilities to overcome this problem is using externally corrected CC, that is,
splitting of the FCI space into active space and an external space (see section 3.1) to resolve the
static and dynamical correlation, respectively. Computational advantages can be gained by the
CC method tailored by the density matrix renormalization group (DMRG-TCC) restricted to
single and double excitations, which was demonstrated on large and statically correlated systems
[Veil6, Veil8|. Here, in section 3.3, we show a numerical and theoretical analysis of the DMRG-

TCC method, and demonstrate it on the nitrogen dimer, providing also error analysis.

3.1. Tailored coupled cluster method

Several attempts have been made based on multireference coupled cluster theory [Bar07,
Lyal2] to make corrections for statically correlated systems, and outperform the single-reference
CC method. These methods can be grouped [Lyal2] into valence-universal, state-universal and
state-specific approaches. One of the possible refinement of the CC method is partitioning of
the cluster operator [Pie93, Pie94]. A notable advantage of the tailored coupled cluster (TCC)
approach over the conventional multireference CC methods is that the cluster operator is the
linear combination of commuting excitation operators [Kin05]. Clearly, it is worth partitioning
the L = {1,...,d} orbitals and the cluster operator accordingly. So let us write the space of
orbitals as K = Ky @ Ky, where Ky is the space of active orbitals and Ky is the space of
external orbitals, where Y C L and Y = L\ Y. The space of active orbitals is spanned by

36
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k = |Y| well-chosen orbitals, Ky = Span{y; }icy, and the space of external orbitals is spanned
by the remaining d — k = |Y| orbitals, Ky = Span{¢;};cy. This choice is of central importance,
and discussed in the sequel (section 3.5). Once a reference (C.13) is fixed, we have the occupied
and virtual orbitals for the active orbitals, Y, := Y N L,, Y, := Y N L, respectively. Similarly we
have the occupied and virtual orbitals for the external orbitals, Y, := Y NL,, Yy := Y NL,. This
partition is made because we want to perform approximative calculations in which the electrons
of the Y, orbitals are “frozen” and the Y, orbitals remain unoccupied. This can be formulated
in the occupation number space by (2.73b), and this subspace is called complete active space

(CAS)

— |Y0‘aN_D7o|70
Necas = Nymyyv . (3.1a)

We can write the corresponding projection with the excitaiton operators,

Poas:= Y [X,®")(X, "] + [HF)(@HF], (3.1b)
neJ(Y,,Yy)

The naming suggests that this subspace is of high importance and accurate numerical treatment
is demanded. The orthogonal complement of CAS is the external space, Noy such that N, £V =
Neas © Next

The TCC parametrization [Kin05] of the (intermediately normalized) state vector is

|(I)TCC> _ eT+S|CI)HF> — e(T1+T2+...)+(Sl+Sg+...)|(I)HF>’

Sy = Z S/LX/U

neJn (Yo,Yy) (3'2)
Ty = Z X0,

MEjM(YO,YV)

where the full cluster operator (C.17) is partitioned into the sum S+7'. In the cluster operator S
of the CAS, such terms from the full cluster operator are included in which the excitation indices
(both the M occupied and M virtual) are in Y, that is, u € Jy(Y,,Yy). The cluster operator
T of the rest, contains the remaining terms, that is, i € Jus (Yo, Yy) := Jar (Lo, L) \ Jar (Yo, Y.
This is merely a partition of the sum in the definition of the full cluster operator (C.17), therefore

T+S — ¢TeS. Consequently, the TCC is an externally corrected approach,

S and T commute, so e
but fundamentally a single-reference method. The motivation of this partition is that the CAS
amplitudes are to describe the so called static correlations, and the rest of the amplitudes are to
describe the dynamic correlations in the system, hence calculated by different methods.

First, calculation in the Ngas subspace is performed. The approximate solution of (C.16)
for the CAS Hamiltonian Hcas := PoasH Pcas is calculated, in our case with DMRG. Note that
the Hcag is not the restriction of the Hamiltonian to active orbital terms but also contains terms

from the frozen-core orbitals Y,. Then, the p € J (Y,,Y,) excitation terms of the confiuration
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interaction (CI) (C.15) and the CC (C.17) parametrization are matched, that is,

[+ Oy 4 Cy 4 ..)|@1F),
9 (iaj)EJI(Yva)v

Il
Qw —~
N~ S

esl—‘rSQ-'r... |(I)HF>
51

(J1,J2) __

) = ) — el ol ((i1,32), (j1, j2)) € Ja(Yo, Vo),

i1,%2) i1 iz

Next, calculation in the Ny subspace is performed with a fixed solution in the CAS. That is, the

amplitudes s in the CAS from (3.3) serve as input and kept fixed while solving the CC equations
(C.18). To be more precise, in the linked CC formalism the tailored CC equations are solved,

E(t;s) = B = (®MF e e~ T HeT 5 |0MF),

- 34

0= (X, 0" e e THe %O 1 c J(Y,,V0), (34

where J(Y,,Y,) := J(Lo,Ly) \ J(Yo,Yy) = J1(Yo,Ys) U Jo(Yo, Yy) U ..., that is, only the not-
CAS equations are considered. It is also important to note that in this scheme the CAS cluster
amplitudes J(Y,,Y,) are independent of the rest of the amplitudes J (Y, Y).

3.2. Properties of the tailored coupled cluster approach

Here we consider the formal properties of the TCC aproach. First, the lack of equivalence of
linked and unlinked TCC equations, then, the size-consistency of the TCC. These are the direct
consequences of the parametrization (3.2) and the tailoring (3.3) and (3.4).

It is important to highlight that, unlike in the conventional CC case (C.18), the linked and
unlinked TCC equations are in general not equivalent [Faul9b]. To show this, we follow the
argument of textbooks [Hel00] adapted to the TCC case. We say that J is excitation complete
(or complete under deexcitations) if for all y1, v € J we have (X,,)TX, |®"F) € Span{X,|®"F) | n €
J} &) Span{\CDHF>}. For example, CCSD, CCSDT,.. ., or CCD are of this kind. We assume that

J(Y,,Y,) is excitation complete, consequently,

o P L)
1EJ(Yo,Yy) neJ(Yo,Yy)
(3.5)

that is, the expression in the parenthesis acts identically on the exponential of cluster operators
containing excitation complete excitations. Now, we consider the matrix (X, ®1F|e%e”|X,,®HF)
for p,v € J(L,, Ly), which is block-lower triangular with respect to the excitation rank, and all
the diagonal elements are one, therefore being not singular. So with this matrix the system of

equations for the linked TCC (3.4) can be transformed, that is, we have an equivalent system of
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equations

0= Y (X, @"[e%"|X, 0" ) (X, 0" |e % " He e"|01F)

HGJ(YmYV)
=(X, oM |He %01 — B(X, ®MF|eTed | @HF) (3.6)
_ Z <XV®HF|eSeT|XH¢HF><XM(I)HF|efsefTHeTeS|(I)HF>
neJ(Yo,Yy)

for all v € J(Y,,Y,). In the second equation (3.5) and the energy expression of the linked
TCC equations (3.4) are used. The first two terms in the right-hand-side of (3.6) cancel each
other because they describe the unlinked CC equations (see section C.6), however, the last
term is non-zero. This is because of the fact that the product of a CAS- and an external-
type excitation results external-type excitation(s), that is, there are some non-zero vectors
X, X, |®%F) € Span{X,|®"F) | v € J(Y,,Yy)}, for some p € J(Y,,Yy) and v € J(Yo,Ys).
Obviously, if Y is the empty set, the TCC (3.4) simplifies to the conventional CC (C.18) ap-
proach, in which the sum over p € J(Y,, Y,) is empty, proving the equivalence of the linked and
unlinked formulations in that case.

To prove the size-extensivity of the DMRG-TCC, as in section C.5, consider the bipartition
of the orbitals Ly C L and Lg = L\ L4, and the corresponding occupied and virtual orbitals,
Lgo := LaN L, and Ly, = La N Ly, respectively; and similarly for subsystem B. Let
the projected Schrodinger equation in the linked TCC from (3.4) for subsystem A with the
Hamiltonian of H4 be fulfilled by |@4:TCC) = oI+ T3+ )+ (S +57+.)| pHF)  where the CAS
solution of A is described by S4; = ZueJM(YA,o,YA.V) 5, X, and TCC solution of A is described
by TI\“}[ = ZueJ_M(YA,O,YA,V) t,X,, that is, excitaion indices are only in subsystem A; and similarly
for subsystem B. If the subsystems are independent, the Hamiltonian can be written as H =
H 4+ Hpg, then the projected Schrodinger equation in the linked TCC from (3.4) for H = Ha+Hp
is fulfilled by |®TCC) = 5" +T%eS"+T7 |QHF) that is,

0 :<XM(I)HF|e—SA—TAe—SB—TB (Ha + HB)eSA+TAeSB+TB‘q)HF>

(X, ®TF|e=5" =T F 45" 77 |HF) 1 (3.7)

(X, ®"F |5~ T" HpeS"HT7 108F) e J(Y,, V4.

In the second equation we used that the cluster operators of subsystem A (B) commutes with the
Hamiltonian of the independent subsystem B (A). For indices 1 € J(Ya,0,Ya,v), the first term is
zero by assumption, the second is zero because X,, commutes with operators acting on the B sub-
system. Similar argument applies for indices u € J(Y5 0, Ypv). It remains to see that for indices
in J(Ys, YV)\(j(YA)O, YA)V)UJ(YB)O, YB’V)) the expression (3.7) vanishes. This is because, X,, acts

non-trivially on both subsystems, but the similarity-transformed Hamiltonian is the sum of that

of the subsystems. To be more precise, if the HF reference is |®HF) = ale . ale a}l e a;Nz |Dvac),
with {i} = Iy, (La,) and {j} = I}, (Lp,o), then X,,|®"F) = al, .. al, al, .. al, @), with
N1 2

4
IN.
different indices in both subsystems, with @ # i’ € Iy (La) and j # j' € Iy, (Lp), resulting
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orthogonality in both terms, which establish (3.7). Because of the exponential ansatz, the trunca-
tion of the excitation rank does not lead to the violation of size-consistency. The size-consistency
of the conventional CC (C.18) follows from the special case if Y is the empty set.

3.3. Local analysis of the DMRG-TCC

As it was highlighted in section C.6, a major difference between the CI and CC method is
that the CC is not variational, and since the TCC method is merely the partition of the cluster
operator (3.2), it is also not variational. The analysis of the CC and TCC can be formulated as
a nonlinear Galerkin scheme, which is a well-established framework in numerical analysis. Note
that, however, the analysis of the TCC [Faul9a] is more involved than that of the CC [Sch09,
Roh13, Lael9]. In spite of being nonvariational, thus not obeying (C.3), the local uniqueness
and quasioptimality of the DMRG-TCC solution can be proved under two assumptions [Faul9a].
The quasioptimality means that taking a fixed DMRG solution in Ngag, the CC solution in
Next converges in the truncation hierarchy (with respect to the excitation rank), and gives
the best possible solution up to a multiplicative constant. Based on Zarantonello’s theorem
[Zei90, Lael9], this property can be formulated with an inequality, which replaces (C.3a)
[Faul9a]. The local uniqueness means that taking a fixed DMRG solution in Ngag, the CC
solution in My is unique around the exact solution [Faul9al].

The two assumptions are the following. First, the Fock operator F; € Lin(K), defined in
(C.10), is assumed to be bounded and have a CAS-external (CAS-ext) gap

0<A(Y,YNL,) = (mine¢;) — (maxe;) (3.8)

jeYy ey

in its spectrum, which is the gap between the energy of the lowest unoccupied external orbital
and that of the highest active orbital (unoccupied or occupied). As it is noted in section C.6, the
numerical convergence of the quasi-Newton method depends on the HOMO-LUMO gap (C.22),
and this assumption is standard in the analysis of dynamically correlated systems. In our TCC
approach we circumvent and replace this condition by the CAS-external gap (3.8) assumption.
Moreover, it turns out that due to the fixed CAS amplitudes s, the crucial stability condition in
the solution of the TCC equations (3.4) becomes larger than the CAS-external gap (3.8) and can
be estimated by A(Y,,Y,), which is the gap between the energy of the LUMO in the external
space and that of the HOMO in the CAS [Faul9b, Faul9a].

Second, let us have fixed CAS amplitudes s and the corresponding CAS cluster operator S,
then the map

t— e~ Te IWeel |OHF) (3.9)

is assumed to have a small enough Lipschitz-continuity constant, where W := 13 y(H1) +
to,N(H2) — 11,8 (F1) is the fluctuation operator. Since W is the difference of the Hamiltonian
and the Fock operator, it describes the difference between the effective electron-electron repul-
sion and the true two-electron (Coulomb) potential. The physical interpretation of the Lipschitz
condition of the map (3.9), containing the similarity transformed W with fixed CAS amplitudes

s, is at the moment unclear.
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We note again that in this chapter the mathematical and numerical analysis was performed
for a fixed orbital set. However, in the DMRG framework, both the extrapolation to the complete
basis limit (d — oo) [Fri22b], and optimization of the underlying basis (see chapter 4) can be

analysed.

3.4. Error estimates for the DMRG-TCC method

The energy error of the DMRG-TCC method, being nonvariational, does not obey the bound
(C.3b). However, derivations shows that the absolute value of the energy error measured from
the FCI energy obeys a quadratic bound in terms of the CC amplitudes [Faul9a]. Here we
summarise the most important points of the analysis, for the precise construction and more
details see [Faul9a, Faul9b].

In the FCI space N7, defined by |L| orbitals used in the Ritz—Galerkin scheme, the numer-

ically exact ground state |@FC!

) of H in the second quantized form (2.89) is still not accessible,
and the task is to be approximated by the DMRG-TCCSD solution. The error estimation is given
for a given CAS-ext partition Y|V, hence we write the unknown exact solution vector |®¥CT) and

ground-state energy EFCT = £(tFCL; sFCT) in the FCI space in the TCC parametrization (3.2),
H|®FCY) = £(FCL, gFOI)|pFOTy |PFCTy = eTFCIeSFCI|<I>HF>' (3.10)
First we consider the eigenvalue problem of the CAS Hamiltonian,
Heag|®CAS) = EOAS|pOAS), |pCAS) = eSCAS|(I)HF>’ (3.11)

where the Hoas = PoasH Poas, with the projection (3.1b). So there is no coupling between
the active and external orbitals, only the frozen-core contribution apperas. Therefore, the CAS
solution (3.11) is not equal to the CAS part of the FCI solution (3.10), sC4S o s¥CI. Moreover,
in general we cannot access to the exact solution of Hgag, only approximated, in our case by
the DMRG solution 5"

DMRG
eS

|®HF). To sum up, we have
CAS FCI
|(I)HF> ~ eS |(I)HF> ~ eS’ |q)HF> _ PCAS|(PFCI>~ (312)

The solution of the problem in the DMRG-TCCSD approach is

FCCSD  GDMRG
e

g({CCSD; gDMRG)7 |<I)DMRG—TCCSD> |<I>HF>7 (3.13)

that is, the amplitudes (PMRG) .= (sPMRG) for singles and doubles p € J; U Jo have been
extracted and passed as inputs for the system of equations (3.4). By the solution of the TCCSD
part of the system of equations (3.4), we obtain (t““SP), for singles and doubles p € J; U Js.
For clarity, tilde is used for indicating the truncation in the excitation rank, that is, keeping only
singles and doubles. (The solution up to higher excitation ranks are out of the scope of this
work.) Then the total DMRG-TCCSD error measured from the exact FCI solution is estimated
as

AFE := |E(195P; sPMRG) _ g(4FCL (FCI)| < Ae + Accas + Acias, (3.14)

where the terms on the right-hand side are the following. The first term,

Ae = |5(£CCSD;§DMRG) _ g(tCC; SDMRG)|, (3.15&)
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describes the truncation error of the CCSD method from the untruncated CC for a fixed tailoring
DMRG solution, that is, CAS amplitudes are truncated accordingly §°MRG  sPMRG Hence, the
analysis of this error is similar to that of the conventional single-reference CC method [Sch09,

Roh13]. The second term,
Accas = |E(tCF; sPMRG) _ g(£CC; sOAS)| (3.15Db)

descibes the effect of different CAS solutions for a fixed external untruncated CC solution. This
includes the error of the DMRG solution on the CAS compared to the FCI solution on the CAS,
which can be controlled by the DMRG truncation error threshold (2.42). The third term,

AeEAS — |5(tCC; SCAS) o g(tFCI;SFCI)l7 (315C)

is caused by the splitting Y|V, so the correlation “from” the external part “into” the CAS is
ignored in the sense of fixing the CAS cluster amplitudes. Therefore, the best possible solution
for a given splitting differs in general from the exact solution on A¥. For the detailed analysis
of the quadratic bounds of each error term, we refer to [Faul9b, Faul9a].

The TCC solution depends strongly on the choice of the active orbitals Y, and the derived
error bounds has a highly complicated Y-dependence. Therefore the analysis [Faul9a] summa-
rized above is not directly applicable, so it is motivated to further investigate the Y-dependence
of the overall error AFE (3.14). Let (t€C;sPMRG) be the solution of (3.4). If sPMRG . sCAS
then we obtain that (t©C;s“A%) is also close to a solution of (3.4) since the TCC method is
numerically stable (section 3.3), that is, a small perturbation in the input s corresponds to a

DMRG _, gCAS limit can again be controlled and

small perturbation in the solution ¢. This s
analysed by tuning the DMRG truncation error threshold (2.42). Furthermore, if we assume

that t°CSP ~ ¢t€C which is reasonable for the equilibrium bond length of Ny, the error can be

bound as
AE < CY(Z (i‘CCSD)i n HECCSD _ {Fm”% 4 ||§DMRG B §FCIH§)' (3.16)
nEJ1
Here the subscript Y in Cy highlights the CAS dependence, however, the amplitudes 3°MRG and

t€CSD are also depend on Y. In the sequel, we refer to the error arising from the choice of the

active orbitals Y and the fact that the CAS amplitudes are kept fixed during the CC calculation
as methodological error of the DMRG-TCC. These are discussed and investigated numerically in
section 3.7.3.

3.5. The choice of the active space

As it was formulated in (3.2), the TCC method relies on the selection of the complete
active space (CAS), that is, on the choice of the active orbitals Y C L. For this we have
S (4) = 2 choices, assuming |L| = d. Including this dependence in the above shown error
analysis explicitly is a highly non-trivial task, involving many mathematical obstacles and is a
part of our ongoing work. Therefore, here we extend the mathematical results of the previous

sections with a numerical study on this Y-dependence.
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The DMRG-TCC method becomes the bare DMRG method in the special case when all
orbitals are active, Y = L, on the other hand, if there are no active orbitals, Y = @, the
problem reduces to the bare CC method. We note again that the CCSD method can not resolve
static correlation and the DMRG method needs high bond dimension or small truncation error
threshold for dynamically correlated systems. This suggests, qualitatively, a large enough CAS
with well-chosen orbitals that covers the static correlation of the system. Consequently, we
require a quantitative measurement for the quality of the CAS, which presents the first obstacle
for creating a non-empirical model, since the chemical concept of correlation is not well-defined
[Lyal2]. In the DMRG-TCC method, we use a quantum information theory approach to classify
the orbital correlation. This classification is based on the one-orbital entropy (2.20), S(oy;}), and
the two-orital mutual information (2.23a), I;); = S(eiy) +S(0g51) —S(0gi,51), where i, j € L. We
emphasize that in practice these are basis dependent quantities, which is in agreement with the
chemical definition of correlation concepts [Lyal2]. Note that the two-orbital mutual information
describes two-orbital correlations, for a more general connection between multipartite correlations
and chemical bonding, see [Szall7].

As we will see in the sequel for the entropy and mutual information profile of Ny, one can
identify pairs of orbitals with to a high mutual information value as strongly correlated, the pairs
contributing to the plateau region as non-dynamically correlated and the pairs contributing to
the mutual information tail as dynamically correlated. Also one can draw the conclusion that
the orbitals with large entropies (which at the same time correspond to orbitals contributing
to the largest elements of the mutual information I;j;) can be identified already from the low
bond dimension calculations. This provides us a routine procedure to form the CAS with the
strongly correlated orbitals. Thus, the decreasingly ordered values of the one-orbital entropy
provide guide in what order to extend the CAS by including additional orbitals. In our study,
the size of the active space k = |Y (k)| is systematically increased by including orbitals with the

largest one-orbital entropy values,

Y (k) i= Lo U{{ir,- . ig-n} C Ly | Siy > ... > Sip o} (3.17)

This results that there are no occupied external orbitals, Y,, and the smallest active space
consists of all the occupied spin-orbitals, Y (V) = L,, for which the dimension of the FCI space
is dim(lC/L\iV) = 1, so this also reduces to the CC method. By assumption (3.8), and to avoid
numerical instabilities, the degenerate orbitals in orbital energy are not separated, hence Y (k) for
these k values are not considered. The preceding arguments suggest that the energy error AF in
(3.14) takes its minimum for some Y (k) C L, so there exists an optimal choice of k determining
the basis splitting. Note that this feature becomes important for large systems, since calculations

with high bond dimensions become unfeasible.

3.6. Computational details of the DMRG-TCCSD method

Here we give a short description how to perform DMRG-TCCSD calculations in practice, that

is, finding a good set of active orbitals and the corresponding TCCSD energy &£ (£¢C5P; sPMRG)

that approximates the FCI energy EYC! of the problem with high accuracy.
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After choosing the molecule and setting its geometry (which may be optimized also), HF
calculation is performed with a chosen atomic orbital set {|¢°)};cia by solving the Roothan-
Hall equation (C.12). From the resulting HF canonical molecular orbitals (C.11), the integrals
(C.7), that is, the coefficients in the Hamiltonian (2.89) are computed. Then, the following steps
are carried out:

(i) determine the active orbitals Y (k) in terms of k,
(ii) calculate the ground state of the CAS Hamiltonian Hcas by DMRG (for each Y'(k)),
(iii) extract amplitudes §°MRG from the DMRG solution (for each Y (k)),
(iv) calculate the tailored CCSD energy & (£€CSP; sPMRG) (for each Y (k)),
(v) large-scale calculation for the best Y (k).

Now let us detail each step.

In step (i), a preliminary DMRG calculation is carried out for the full orbital set, that is,
by setting Y = L. First, the order of orbitals is optimized, which is routinely used in quantum
chemistry DMRG calculations (see appendix A). Then, a DMRG with a fixed low bond dimension
(or with a large truncation error threshold) is carried out, and the corresponding one-orbital
entropies and two-orbital mutual informations are calculated. This rough calculation already
provide a qualitatively good description of the entropy profile with respect to the exact solution,
so the strongly correlated orbitals can be identified. With this, the series of active spaces Y (k)
is determined, as described above in (3.17). Our main concern is studying the k-dependence of
the quantities.

In step (ii), for each active space Y (k) the projected Hamiltoian Hcoas = PoasH Poas is
formed. First, the order of the k orbitals is optimized again. Then, large-scale DMRG calculation
is carried out (that is, low truncation error threshold is used) for the ground state to get an
accurate approximation of the CAS ground state, €5 |PHF) ~ S |@HEY .

In step (iii), the CC algorithm is tailored by the DMRG. The entries of the full coefficient
tensor 1 of the state vector (2.28) are not appearing explicitly in the DMRG algorithm but
they can be accessed by the contraction of the tensor network. The number of MPS matrix
multiplication in (2.55) scales exponentially, however, only the coefficient of the reference, singly
and doubly excited configuration are needed. Also, the contrations of the network are performed
in an optimized way, that is, common matrix product strings are pre-contracted [Faul9b]. Note
that the DMRG method yields the normalized MPS form (2.55), but in the CI parametrization
(C.15) the state vector is intermediately normalized. By the connection between the CI and CC
parametrization (3.3), the Spyra amplitudes are calculated, which form the input of the CCSD
calculation.

In step (iv), the TCC equations (3.4) are solved for single and double excitations. That is, the
cluster amplitudes £°“SP for the external part and the corresponding energy &(t¢¢SP; sPMRG) are
calculated with quasi-Newton iteration techniques, implemented by standard quantum chemistry
program packages [Nee22, Val10].

In step (v), large-scale DMRG-TCCSD calculation is performed for the best k value. As
we discussed above, finding the optimal Y is a highly non-trivial problem, and this presented

protocol is considered as a heuristic approach in terms of rigorous mathematics. In practice,
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we carry out steps (ii)-(iv) using a relatively cheap DMRG-TCCSD scheme, that is, for some
high DMRG truncation error thresholds wry, to find local energy minima as a function of k,
N < k < d (see figure 3.5 later). This can be done parallel since runs for different values of k and
wry are independent. Around such a local minimum we perform more accurate DMRG-TCCSD
calculations by lowering the wry in order to refine the best k. We also monitor the maximal MPS
bond dimension required to reach the a priori defined wry as a function of k. It can happen that
several k values lead to low DMRG-TCCSD energy error AFE, while the computational effort
increases significantly with increasing k. Hence we select the best k that leads to low DMRG-
TCCSD energy error and also have the lowest MPS bond dimension. Using this best k value
we perform large-scale (that is, up to the available computational resource) DMRG-TCCSD
calculation using a relatively tight wry.

Our numerical study was restricted to the DMRG-TCCSD method, but the results presented
here should also hold for other TNS approaches [Mur10, Nak13, Murl5, Szal5, Gunl8|.

3.7. Analysis of the splitting error for the nitrogen dimer

In practice, a routine application of the TCC method to strongly correlated molecular sys-
tems, that is, to multireference problems, became possible only recently since it requires a very
accurate solution in a large CAS including all static correlations. Tensor network state methods
fulfil such a high accuracy criterion, but the efficiency of the DMRG-TCCSD method strongly
depends on various parameters of the involved algorithms. Some of these are defined rigorously,
while others are more heuristic from the mathematical point of view. In this section we present
the optimization steps for the most important parameters of the DMRG-TCCSD method and
outline how the numerical error study is performed.

In our numerical study we have the nitrogen dimer Ny with the cc-pVDZ orbital set, which
is a common basis for benchmark computations [Dun89]. The HF calculation yields d = 28
canonical spatial orbitals with N = 14 electrons, so the FCI space is NV, where the L = {(1,1
), (1, )),...,(d, 1), (d,])}, with the notations of section C.3. We exploit the total spin projection
(Abelian) symmetry, that is, the ground state is searched in the subspace where the total spin
projection of the electron system is zero, Nlﬁ/ifv/z C NY (where Ly = {(1,1),...,(d,D)}).
We remark here that in our calculations the FCI space N} is used indeed, opposed to the
typical frozen-core calculations, where the two 1s spatial orbitals are omitted from Hy,, leading
to a smaller space Ni\,ﬂ7 with L' = L\ {(1,1),(1,1),(2,1),(2,])} and N’ = N — 4. The Ns
molecule is linear, so the geometry can be defined by one parameter, the distance r of the nuclei.
We investigate three different geometries by stretching the molecule, thus the performance of
DMRG-TCCSD method is assessed against pure DMRG and single-reference CC methods for
bond lengths r = 2.118 ag, 2.700 ag and 3.600 ag, where aq is the Bohr radius. At r = 2.118 a¢ the
system is close to the equilibrium geometry, so the system is not strongly correlated, implying that
single-reference CC methods yield reliable results. For increasing bond length r, the system shows
multireference character, that is, static correlations become more dominant. For r > 3.500 ag
this results in the variational breakdown of single-reference CC methods [Kow00], which means

that the CC energy goes well below the FCI energy. This breakdown can be overcome with
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the DMRG-TCCSD method when a large and well-chosen CAS is used. Therefore we refer to
the DMRG-TCCSD method as numerically stable with respect to the bond length along the
potential energy surface.

As mentioned before, the DMRG method is in general less efficient for dynamic correlations
since it requires large computational resources. However, due to our specific CAS choice, the
computational resource for the DMRG part of the TCC scheme is expected to be significantly
lower than a pure DMRG calculation for the same level of accuracy in terms of the overall error
AFE (3.14). We investigate the overall error dependence of DMRG-TCCSD as a function of the
active orbitals Y (k) via k (3.17) and as a function of the DMRG truncation error threshold wry.
That is, for our numerical error study, we perform steps (i)-(iv) for different DMRG accuracies.
Also, these steps are carried out for each geometry r = 2.118 ag,2.700 ag and 3.600aq of the
Ny molecule. We obtain reference energies for the FCI solution by very high accuracy DMRG

calculations on the full orbital set (Y = L) with setting a prior truncation error to wr, = 1075.

3.7.1. Entropic quantities of the full orbital set Before we turn to the selection of the
active orbitals Y C L based on entropic quantities, we show DMRG results for the full orbital
set, that is, the CAS is formed by the Y = L orbitals, for various fixed bond dimension D values
and for various a priori defined truncation error thresholds up to wr, = 1078, In the latter case
the maximal bond dimension was set to Dmax = 10000. In figure 3.1 (a) we show the relative
error AF,. of the ground-state energy as a function of the DMRG truncation error threshold
on a logarithmic scale. The reference energies for the relative errors are obtained by DMRG
calculations with truncation error threshold wr, = 1078, We note that for equilibrium geometry
r = 2.118 ag we could have choosen deeper referece energy available in the literature, obtained by
CCSDTQPH-fc calculation [Cha04], however, for stretched geometries our DMRG energy with
wrr = 1078 are below that of CCSDTQPH-fc. It can be seen that the relative error is a linear
function of the truncation error on a logarithmic scale, thus extrapolation to the truncation free
solution of the energy can be carried out according to references [Leg96, Leg03a).

To establish step (i) in section 3.6, in figures 3.2 and 3.3, we present the sorted values of the
one-orbital entropy and of the two-orbital mutual information, respectively, obtained for fixed
D= 64,256,512 bond dimensions and with wr, = 1078 truncation error threshold for the three
geometries. Because of the spatial orbital formulation we have dim(A;) = 4, so the entropy varies
between 0 and In(4), while the mutual information of two spatial orbitals varies between 0 and
21n(4). As it can be seen in the figures, the profiles of the entropic quantities are robust, that
is, low-accuracy profiles already resemble the main characteristics of the high-accuracy profiles
(D ~ 10000). This allows one to approximate the entropy and mutual information profile of the
full system L from a prior DMRG computation with low bond dimension, so low computational
cost. Therefore, orbitals with large one-orbital entropies, also contributing to large values of I; ;,
can easily be identified from a low-accuracy computation. According to (3.17), the active space
can be extended systematically for our DMRG-TCCSD study, that is, performing steps (ii)-(v)
in section 3.6.
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FIGURE 3.1. (a) Relative error of the ground-state energy as a function of the

DMRG truncation error threshold on a logarithmic scale obtained for the full
orbital set (k = 28) for r = 2.118 ag (blue), 2.700 ag (green) and 3.600 ag (red).
The reference energies are DMRG calculations with truncation error threshold
wrr = 1078, (b) Maximum bond dimension as a function of the number of the

active orbitals for the a priori defined truncation error threshold wr, = 1078,

Taking a look at figure 3.2, it becomes apparent that S; shifts upwards for increasing r,
indicating the higher contribution of static correlations for the stretched geometries. Similarly,
the first 50-100 highest values of I;); take larger values for larger r, while the exponential tail,
corresponding to dynamic correlations, is less effected. The gap between large and small values
of the orbital entropies gets larger, and its position shifts rightward for larger . Thus, for the
stretched geometries, more orbitals must be included in the CAS during the TCC scheme in order
to determine the static correlations accurately. We remark here that the orbitals contributing to
the high values of the one-orbital entropy and two-orbital mutual information values may change
for the different geometries according to chemical bond forming and breaking processes [Bog13].
In figure 3.4, the one-orbital entropies are shown for more stretched geometries, and also the
index label of the first six orbitals with highest entropy are inscribed. We note again that the
orbitals are obtained from HF calculation, and the spactial orbital index labels {1,2,...,28} are

such that bigger indices correspond to higher Hartree—Fock orbital energies. By this, we can
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FIGURE 3.2. One-orbital entropies for r = 2.118 ag (blue), 2.700 ag (green) and
3.600ag (red) obtained for the full orbital set (k = 28) with DMRG for fixed
D = 64,256,512 and for wr, = 1078 with Dyay = 10000.

identify the four m and two o molecular orbitals, coming from the 2p atomic orbitals, which
take part in the bond breaking process indeed. The effect of stretching the geometry on the
multireference character will be further discussed in chapter 4.

3.7.2. Numerical investigation of the CAS-dependence of the error Here we present
the numerical results of the ground-state energy errors in terms of k£ for the DMRG-TCCSD for
different accuracies and geometries. Single-reference coupled cluster calculations were also per-
formed in NWChem program package [Vall0], where we employed the cc-pVDZ basis set in
the spherical representation. For the errors AFE, shown in figures 3.5, 3.6 and 3.7, the reference
energies are the DMRG energy with truncation error threshold wr, = 10~® for the full orbitals
set k = d = 28. In the figures, there are some missing data points in terms of k because, as
before, some orbitals are added together to the active space due to symmetry considerations and
also taking (3.8) into account, see the discussion after (3.17). This also manifests itself in the
degenerate one-orbital entropies, so can be routinely checked in the workflow within step (i) in
section 3.6.

We make the following findings from the ground-state errors.

1. The DMRG energy starts from the Hartree—Fock energy for k = 7 and decreases mono-
tonically with increasing &, which is because of the variational property of the DMRG method,
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FIGURE 3.3. Two-orbital mutual informations for r = 2.118 ag (blue), 2.700 ag
(green) and 3.600 ag (red) obtained for the full orbital set (k = 28) with DMRG
for fixed D = 64,256,512 and for wr, = 10~ with Dyyay = 10000.

until the full orbital solution with & = 28 is reached. It is remarkable that the DMRG-TCCSD
energy is significantly below the CCSD energy for all CAS choices, even for a very small k = 9.
The error, however, shows an irregular behaviour. This is clearly seen as the energy error in-
creases between k = 10 and k = 15, even for different DMRG accuracies wry, although the CAS
covers more of the static correlation of the system with increasing k. This is due to the fact that
the DMRG-TCCSD approach suffers from a methodological error, discussed in section 3.4, since
the CAS solution is frozen in the during the CCSD calculation. Therefore, whether orbital k is
part of the CAS or external part provides a different methodological error. This supports the
hypothesis of a k-dependent constant in (3.16) and is investigated in more detail in section 3.7.3.

2. Since several choices of CAS orbitals Y (k) lead to small DMRG-TCCSD errors, the value
of k, best from the computational point of view, is determined not only by the error minimum but
also by the minimal computational time, that is, we need to take the computational requirements
of the DMRG into account. Note that the bond dimension in the MPS contributes significantly to
the computational cost of the DMRG calculation (2.59). The connection of the bond dimension
to the CAS choice is shown in figure 3.1 (b), where the maximal bond dimension appearing in
the DMRG algorithm is depicted as a function of k for the a priori defined truncation error
threshold wt, = 1078, In the DMRG calculations the total spin projection (Abelian) symmetry
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FIGURE 3.4. One-orbital entropies for equilibrium and stretched geometries
obtained for the full orbital set (k = 28) with DMRG for wr, = 1078 with
Dimax = 10000. For each geometry we indicate the labels of the first six spatial
orbitals with highest entropy. The labels of the orbitals {1,2,...,28} are as-

signed according to increasing Hartree—Fock energy.

is exploited, that is, the ground state is searched where the total spin projection of the electron
system is zero. In our CAS construction all the 7 occupied spatial orbitals are included for all &,
therefore the number of electrons are N = 14. These two facts yield that the dimension of the
CAS with Y (k) is dim(./\/g{f,fv/g) = (7;)2 The optimal CAS is therefore chosen such that the
bond dimensions are not too large and the DMRG-TCCSD provides a low error, that is, a local
minimum in the energy error with respect to k.

3. It is important to note that, based on figure 3.5, the DMRG-TCCSD energy got very
close to, or even dropped below, the CCSDT energy for several k& values. Since close to the
equilibrium geometry the exact wave function is dominated by one determinant, it is expected
that DMRG-TCCSD leads to even more robust improvements for the stretched geometries, that
is, when the multireference character of the wave function is more pronounced. Our results for
the stretched geometries, » = 2.700ay and 3.600 ay, are shown in figures 3.2 and 3.3 for the
entropic quantities, and in figures 3.6 and 3.7 for the ground-state energy errors. As mentioned
in section 3.7.1, for larger r values static correlations gain importance, which is signaled by the

increase in the one-orbital entropy in figure 3.2. Thus the multireference character of the wave



3.7. ANALYSIS OF THE SPLITTING ERROR FOR THE NITROGEN DIMER 51

*."|”!!$!rl.I...."""I"...l.l.lI...""""I.....l.l..I...""".I....l.l.l..I."""".I".""."I."."""
0.014 e J
: gl gt
T |
0.012 |-t > > p
". @ led )
0.01 I '.‘. .- 1le-h ‘-.> _
B r=2.118aqay A 1e-6
T:O.OOS B . .- 1e-8 i
) g A N Ly les CAS
& 3 L s CCSD 3
<0006 F ‘." Y, |= = =CCSDT > @
r | [===e=CCSDTQ e
0.004 | » .’ LR
e s o ":-—-—-—-—-—-—-‘;—-;i“—,
0 i Il Il Il Il Il Il t Il Il Il Il

8 10 12 14 16 18 20 22 24 26 28
k

FI1GURE 3.5. Ground-state energy of the Ny molecule near the equilibrium ge-
ometry, r = 2.118 ag, obtained with DMRG-TCCSD for 7 < k£ < 28 and for
various DMRG truncation error thresholds wr,. The CCSD, CCSDT and CCS-
DTQ reference energies are shown by dotted, dashed and dashed-dotted lines,
respectively. The DMRG energy with wr, = 10~ on the full space, that is,
k = 28, is taken as a reference for the FCI energy. For wr, = 10~° the reverse
CAS extensions, labeled by CAST, was additionally formed by taking k orbitals
according to increasing values of the one-orbital entropy.

function becomes apparent through the entropy profiles. For r = 2.700 ag, according to figure
3.6, the DMRG-TCCSD energy is again below the CCSD computation for all k£ > 7 values and it
is even below the CCSDT reference energy for k£ > 15. For » = 3.600 ag, according to figure 3.7,
the CC computation fluctuates with increasing excitation ranks, and CCSDT is even far below
the reference energy, revealing the variational breakdown of the single-reference CC method for
multireference problems [Kow00]. In contrast to this, for r = 3.600a9 the DMRG-TCCSD
energy is again below the CCSD energy for all £ > 7, but above the CCSDT energy. The
error furthermore shows a local minimum around & = 19. For the stretched geometries static
correlations are more pronounced, there are more orbitals with large entropies, thus the maximal
bond dimension in DMRG calculations increases more rapidly with & compared to the situation
near the equilibrium geometry (see figure 3.1 (b)). Thus, obtaining an error margin within

1uEy for £ = 19 <« 28 leads to a significant save in computational time and resources. Here
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FIGURE 3.6. Ground-state energy of the Ny molecule with bond length r =

2.700 ag, obtained with DMRG-TCCSD for 7 < k < 28 and for various DMRG
truncation error thresholds wr,. The CCSD, CCSDT and CCSDTQ reference
energies are shown by dotted, dashed and dashed-dotted lines, respectively. The
DMRG energy with wr, = 10~® on the full space, that is, k = 28, is taken as
a reference for the FCI energy. For wr, = 107° the reverse CAS extensions,
labeled by CAST, was additionally formed by taking k orbitals according to

increasing values of the one-orbital entropy.

we emphasize again that DMRG-TCCSD is fundamentally a single-reference method, as it was
formulated in (3.4), therefore, the choice of the reference determinant can effect its performance.
However, we have verified that for » < 4.000 ag and for all k& values the weight of the Hartree—
Fock determinant was significantly larger than all other determinants. In chapter 4, based on
reference [Mat23], however, this multireference character is studied in terms of the weight of
determinants in wide range of nuclei distances.

4. In practice, we do not intend to carry out untruncated DMRG calculations, that is, exact
treatment of N, ;,V / iz/’iN/ 2 space, thus usually a larger truncation error threshold is used. Therefore,
we have made calculations for larger truncation errors thresholds in the range of 10~ and 1078
to study its influence. Our results are shown also in figures 3.5, 3.6 and 3.7. For small k the
DMRG solution basically provides the exact limit since the a priori set minimum bond dimension

Dpin = 64 already leads to a very small truncation by (2.42). (It is a common technique in
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FIGURE 3.7. Ground-state energy of the Ny molecule with bond length r =
3.600 ag, obtained with DMRG-TCCSD for 7 < k£ < 28 and for various DMRG
truncation error thresholds wr,. The CCSD, CCSDT and CCSDTQ reference
energies are shown by dotted, dashed and dashed-dotted lines, respectively. The
DMRG energy with wp, = 10~® on the full space, that is, k = 28, is taken as
a reference for the FCI energy. For wp, = 107> the reverse CAS extensions,
labeled by CAST, was additionally formed by taking k orbitals according to

increasing values of the one-orbital entropy.

numerical practice to set such a minimum Dy, to improve convergence.) Therefore, the error
of the DMRG-TCCSD is dominated by the methodological error discussed in section 3.4, and
the markers in the figures are on the top of each other for different truncation error thresholds
wry. For k > 15 the effect of the DMRG truncation error becomes visible, and for large &k the
overall error AFE is basically determined by the DMRG solution. For larger wr, between 10~4
and 107, the DMRG-TCCSD error shows a prominent, clearly visible minimum with respect to
k. This is exactly the expected trend, since the CCSD method fails to capture static correlations
while DMRG requires large bond dimension, that is, a low truncation error threshold, to capture
dynamic correlations. In addition, the error minima for different truncation error thresholds wry
happen to be around the same k values. This has an important practical consequence: not just
the entropy profiles but also the best Y (k)|Y (k) split can be determined by performing cheap
DMRG-TCCSD calculations using large DMRG truncation error threshold as a function of k.
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FIGURE 3.8. (a) Sorted values of the two-orbital mutual informations obtained
by DMRG for 9 < k < 28 on a semi-logarithmic scale for No at r = 2.118 ag. (b)
Sorted 20 largest matrix elements of two-orbital mutual informations obtained
by DMRG for 9 < k < 28 on a lin-lin scale for Ny at r = 2.118 ag.

3.7.3. Numerical investigation on CAS-external correlations As we have seen, the
figures 3.5, 3.6 and 3.7 show that AFE has a high peak for 9 < k < 16, where the DMRG is
close to the numerical exact solution. This indicates the methodological error of the method (see
section 3.1), that is, the Y-dependence of the energy. In order to demonstrate the importance of
the choice of the CAS orbitals, we also performed calculations with reverse CAS extension for
wry = 107°. That is, we form Y (k) by taking k orbitals according to increasing values of the
one-orbital entropy values. The corresponding error profiles as a function of k are labelled by
CAS" in figures 3.5, 3.6 and 3.7. As expected, the improvement of DMRG-TCCSD is marginal
compared to CCSD up to a very large k =~ 23 split.

Taking another look at figure 3.2 we can confirm that already for small k& values the most
important orbitals, that is, those with the largest entropies, are included in the active ones. In
figure 3.8 the sorted values of the two-orbital mutual informations of system PcasH Pcas are
shown obtained by DMRG for 9 < k < 28. It is apparent from the figure 3.8 (b) that the
largest values of I;); change only slightly with increasing k, thus static correlations are basically
included for all restricted CAS. This verifies our claims about the CAS choice in section 3.5. The

exponential tail of I;; corresponding to dynamic correlations, however, becomes more visible
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FIGURE 3.9. (a) The active-orbital entropy S(oy (1)) as a function of & for r =
2.118 ay obtained by DMRG with orbital ordering according to CAS extension
(3.17) and the reversed CAS extension, labelled by CAS and CAST, respectively.
(b) The amplitude expression e(wrty) as a function of k for r = 2.118ag for
DMRG truncation error thresholds wr, between 10~* and 1078.

only for larger k values, as figure 3.8 (a) shows. We conclude that for a given k split the DMRG
method computes the static correlations efficiently, and the missing tail of the mutual information
with respect to the full orbital set (k = 28) calculation is captured by the TCC scheme.
Correlations between the active and external orbitals can also be simulated by a DMRG
calculation on the full orbital set using an orbital ordering defined by our CAS extension method
according to (3.17). That is, the first k site in the DMRG chain represents orbitals Y (k) (for
k < 7, that is, for the occupied HF orbitals L, the order is arbitrary). The correlation in

the pure ground state with respect to the bipartition Y (k)|Y (k) is twice the entropy of the
reduced state 25(oy(x)) (see (2.27a)). The construction of the reduced state gy (x) is inherent
in the DMRG algorithm (2.51). The active-orbital entropy S(oyx)), shown in figure 3.9 (a),
decays monotonically for k > 7, that is, the correlations between the active and external orbitals
vanish with increasing k. In contrast to this, when an ordering according to CAST is used, the
correlation between CAS and external part remains always strong for k < 28, that is, some of
the highly correlated orbitals are distributed among the active and external ones. Nevertheless,

both curves are smooth and they cannot explain the error profile shown in figure 3.5.
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Since correlation analysis based on the entropic quantities cannot reveal the error profile
shown in figure 3.5, here we reinvestigate the error behaviour as a function of k but in terms of
the CC amplitudes. Let us write out more explicitly the amplitude expression in (3.16),

e(wry) = Z (fCCSD(wTr))i n Z (fCCSD(wTr) - fFCI)“ + Z (gDMRG(wTr) - gFCI)H’
I pe1UT: peEJ1UJ2
(3.18)

so e(wry) denotes the expression in the bracket in (3.16). Here we indicate the truncation error
threshold wr, used in the DMRG calculation in the DMRG-TCCSD method. Since the FCI
solution is unknown, it is approximated by high-accuracy DMRG calculation for the full orbital
set k = 28, and the amplitudes ¥“! and 5! were obtained according to (3.10) and (3.3). In
figure 3.9 (b), the amplitude expression e(wry) is shown as a function of k for several DMRG
truncation error thresholds wr, for the near-equilibrium geometry. Note that the quantitative
behaviour is quite robust with respect to the DMRG accuracy. We emphasize that the error
contribution in figure 3.9 is dominated by the second term in (3.18), which this is an order of
magnitude larger than the contribution from the first and third terms.D in (3.18), respectively.
The first term in (3.18) is furthermore related to the usual 77 diagnostic in CC [Lee89b], so it
is not a surprise that a small value, in order of 1073, was found. Comparing this error profile to
the one shown in figure 3.5, we can understand the irregular behaviour and the peak in the error
in AE between k =9 and 17, and the other peaks for & > 17, but the error minimum found for
k = 19 remains unexplained. Furthermore, we can conclude from figure 3.9 (b) that the quotient
AFE/e(wry) is not constant with respect to k. This indicates that the constant involved in (3.16)
is indeed Y (k)-dependent.

3.8. Summary

In this chapter, we presented a fundamental study of the DMRG-TCCSD method. We
showed formal properties, such as the energy size extensivity, and that, unlike the traditional
single-reference CC method, the linked and unlinked TCC equations are in general not equiv-
alent. We presented the mathematical error analysis of the DMRG-TCC method, performed
in the original work [Faul9a], with emphasizing the quantum chemistry perspective. We re-
called the local uniqueness and quasioptimality of the DMRG-TCC solution, and highlighted
the importance of the CAS-ext gap, that is, a spectral gap assumption allowing to perform the
analysis presented. Furthermore, the analysis resulted in a quadratic a priori error estimate for
the DMRG-TCC method, which aligns the error behaviour of the DMRG-TCC method with
variational methods except for the upper bound condition. The key point we emphasized is
the strong CAS dependence of the DMRG-TCC solution, which was neglected in the former
analysis [Faul9a] since the explicit consideration of this dependence carries many mathematical
challenges. Therefore we extended our work with a numerical study of the CAS dependence of
the DMRG-TCCSD error. We perform a systematic study on the nitrogen dimer with different
geometries by increasing the size of the CAS according to entropic quantities. Our computations

showed that these properties, for example, the one-orbital entropy and the two-orbital mutual
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information are qualitatively very robust. This means that their qualitative behaviour is well-
represented by means of an approximation with low bond dimension, which is a computational
benefit. Also, we could clearly observe that the error indeed first decays (for 7 < k < 9) and
then increases again (for 25 < k < 28) for low-rank approximations, that is, for truncation errors
104, 10~°. This oscillatory behaviour was not able to be answered so far using entropy based
measures but a similar irregular behaviour can be detected by a cluster amplitude error analysis.

An important feature that we would like to highlight here is that a small CAS (k = 9) yields
a significant improvement of the energy, and that the energies for all three geometries and all
CAS choices outrun the single-reference CC method. Although the computational costs of the
DMRG-TCCSD method exceed the costs of the CCSD method, this leads to a computational
drawback of the method only if the treatment of large CAS becomes necessary. In addition,
the DMRG-TCCSD method avoids the numerical breakdown of the CC approach even for multi-
reference (strongly correlated) systems and, using concepts of quantum information theory, allows
an efficient routine implementation. The practical result of our study is that we proposed a

protocol to find the best active orbitals for carrying out large-scale DMRG-TCCSD calculations.



4. CHAPTER

Compressing multireference character via fermionic mode

transformation

In this chapter, in section 4.1, we start with pointing out that the choice of orbital set for
the discretisation (and truncation) is crucial in quantum chemistry. Also there are situations,
for example, strongly open-shell systems, where the choice of a reference determinant becomes
ambiguous, therefore, methods based on single-reference formulation (CC, DMRG-TCC) could
potentially run into problems, and the choice of the reference is a bias in the method. Qual-
itatively we say that a many-body system is of multireference character if the single-reference
methods fail. In this chapter we investigate the multireference character quantitatively via the
tomography of the state. We demonstrate that orbital optimization based on entanglement local-
ization has the potential to compress the multireference character of the state vector. In sections
4.2-4.4, we discuss orbital optimization within mode transformation in TNS methods and the
numerical details of the joint optimization in the two-site DMRG framework. In sections 4.5-4.6,
numerical simulations are performed for the nitrogen dimer for the equilibrium and for stretched

geometries in the cc-pVDZ orbital set.

4.1. Orbital optimisation and multireference character

We recall concepts detailed in appendix C in the context of orbital optimisation. As we can
see in the formulation (C.9), the HF method can be viewed as an orbital optimisation, where
the cost function is the expectation value of the Hamiltonian with one Slater determinant. The
optimal orbitals can be written as the unitary transformation of some arbitrary orthonormal
orbital set, and the optimal energy is the HF energy. This optimization problem (C.9) leads
to the eigenvalue problem of the Fock operator (C.10), or in the LCAO scheme (C.11) to the
Roothan—Hall equation (C.12). In general, the optimization of the orbitals is not a new concept.
For example, the localized molecular orbitals (LMO) has a long history in quantum chemistry.
The aim of the localization of orbitals there is two-fold. On the one hand, localization leads to
chemically intuitive orbitals for rationalizing electronic structure of molecular systems. On the
other hand, LMOs has proven to be useful in making the high-level correlated quantum chem-
ical methods more tractable computationally [Pip89, Sto80, Sze03, Sir00, Smi85]. Among
many others, we can recall Foster—Boys localization [Fos60, Boy60], which minimizes the radial
extent of the localized orbitals, or Pipek—Mezey localization [Pip89], which is based on maxi-
mizing the charge of each orbital. Optimal modes can lead to localization of the correlation and

entanglement in the system [Fer14], so here we present an orbital optimization that is based
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on the entanglement localization. Although only the quantum chemistry application is studied
here, this optimisation scheme is more general [Krul6, Kru2l] and can be applicable also in
solid-state and nuclear physics.

In computational quantum chemistry it is of central importance how good a single-Slater-
determinant approximation is, and to how much extent does the accurate wave function (in the
FCI space) differs from it. In numerical methods the idea of the excitation operator is emerged
from the assumption that the correlation energy can be resolved by dealing with low excitation
ranks and using the HF Slater determinant as a reference (see the singe-reference CI and CC
methods in sections C.5 and C.6). In section 3.7 we demonstrated with the nitrogen dimer how
one can transfer the system from single- to multireference by stretching the geometry. In the
CC approach the T diagnostic (norm of the amplitude vector ¢, with single excitation, p € J;)
was proposed to characterise the reliability of a single-reference calculation [Lee89a, Lee89b].
A TNS method provides an approximate solution of the Hamiltonian in the FCI space, and the
coeflicients of the eigenstate can be obtained by the contraction of the tensor network. The full
tomography, that is, the calculation of all the coefficients are of exponential cost. Therefore, one
might interested in the profile of the coefficients with the highest weight, which can reveal the
multireference character of the system. So among other quantities this is used to monitor the

performance of the orbital optimization.

4.2. Basis transformation on matrix product states

The entanglement in a state vector i) for a given bipartition can be kept track easily in
the MPS language by taking advantage of the gauge invariance [Vid03]. If |¢) is in the mixed-
canonical MPS form and the in-between tensor is decomposed into left- and right-canonical ones
(see in (2.57)), the remaining tensor is diagonal and contains the Schmidt coefficients. From this,
the von Neumann entropy (2.20) can be calculated, which is the entanglement (2.27b) for this
bipartition. The Schmidt rank, which is the number of non-zero Schmidt coefficients in (2.18),
gives the size of the matrices in the truncation-free MPS form. In case of truncation, the sum of
the discarded squared Schmidt coefficients (2.41) provides a heuristic error measure. In (2.46),
in the computational point of view, we might take advantage of optimising over the underlying
basis too, resulting lower bond dimensions, therefore computational cost, for the description of
the system with the same accuracy.

Let us have a unitary basis transformation Uy, € U(#H 1), which maps from the original tensor
product structure ®?:1 H; = H1, to a new tensor product structure ®/:-L:17-l§ ~ Hr. We can
consider this unitary map as the transformations of the basis vectors, |x.) := UL|X«), given for
each multiindex a = (v, ..., ay), where a; = 1,..., D; for i € [n]. For simplicity, if the unitary
transformation does not change the dimensions of the factor spaces, dim(#;) = dim(#}) = D;

for all i € [n], we can write

X100) © - @ [Xnan) = UL(Xt,00) @ -+ ® [Xnsan))- (4.1)
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Then, obviously, the transformed MPS in the new basis can be expressed with the same matrices,

Uy = > AYAD L ADIN L) @@ [Xa,) € Mp(UL), (4.2a)

a1,002,...,&

however, we cannot say anything about the bond dimensions when writing it in the original basis,

Uy = 3 (X Un)eadDAD. AL )has) @ ® s & Mp(D),  (4.20)
Qlyees@n B1yeesBn

where the matrix entries of the unitary are (Ur)g,o = (Xg|Xk) (in both bases). For graphical
illustration see figure 4.1. Note that in terms of passive transformation, that is, expressing the
original vector in the new basis, we say |¢) ¢ M p(Ur). One can get the new MPS form, and
find out the bond dimensions needed, again by the subsequent Schmidt decompositions (2.34).

We consider now basis transformations for identical particles, especially for fermions. Let
us have a mode transformations by unitary U on the one-orbital basis K. According to (2.79),
the N-particle occupation number space J\/[](}g C ./\f[d] is an invariant subspace of subspace of the
unitary g(U), and the tensor product structure of the MPSs is given by the whole occupation
number space, Hr = Njg. The ground-state energy of the system within the MPS approximation

in an optimal basis is
P =min{ (6|H|Y) | [v) € Mp (9(U)),U € UK)} (4:30)
—min{ (wlg(U) Hg(U)'[0) | 14) € Mp(D),U € UKO)}. (4.3b)

The optimization task (4.3a) can be seen as an optimization of [1/(U)) = g(U)T|¢), that is, finding
the minimal expectation value of the Hamiltonian H in the fixed bond dimension MPS manifold
over the arbitrary transformed basis. Or (4.3b) can be seen as an optimization of both the
transformed Hamiltonian H(U) = g(U)Hg(U)" and the state vector in the fixed bond dimension
MPS manifold. Obviously, by the optimization we have the inequality Ey < EZ°P" < EOD . In
the special case, for bond dimensions D = (1,1,...,1) the optimization problem (4.3) reduces
to the Hartree—Fock approximation (C.9¢). Or as we have seen in section 2.13, if we have
independent-particle model (2.90a), then the optimal unitary is the one that diagonalizes the
one-particle operator, and with this the solution (2.90b) is a product, that is, D = (1,1,...,1).
On the other hand, there are lattice models which have product-state solutions in the momentum
basis, which means that the optimal unitary transformation is the Fourier transformation. We
note that an interesting result has been derived for N = 2 electron systems, namely, in the
Dyyax = 3 manifold one can find an optimizer Ugpg in (4.3) such that the exact (FCI) energy is
recovered, Ey = Ey°P [Fri22a]. Determining the minimizers or approximate solutions of (4.3)
could provide information about the entanglement structure of quantum many-body systems.

Since (4.3) is a non-convex problem, approximate approach is needed.

4.3. Joint optimization of the matrix product state and the underlying basis

The optimal unitary U and MPS |¢) in (4.3) is approximated iteratively within the two-
site DMRG framework. First note that acting with an (arbitrary) operator on a MPS-based
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algorithm requires the MPO decomposition of the operator and the contraction of each physical
indices. (For example, a global unitary is acting on the MPS in figure 4.1 (a).) Or equivalently
in the s-site DMRG language (see figure 2.6), acting on the contracted MPS (2.50) requires
the effective operator of form (2.48), which can be a costly calculation on-the-fly. However,
the action of operators of type Ix ® Oy ® Iz can be easily performed, as it is illustrated in
figure 4.1. (The notations of section 2.6 is used, that is, at the ¢-th cut we have the blocks
X={l,....4yand Z={l+s+1,...,n},and Y = {{+1,...,£+s}.) The subsequent action of
two-site operators on sites Y = {£+1,£+2} can be straightforwardly implemented in the two-site
DMRG framework because the algorithm is based on sweeping through the tensor network. Also
note that every unitary U € U(K) in the one-particle space K can be written (non-uniquely) as
the product of two-mode unitaries with maximal number of factors d(d—1)/2, where d = dim(K)
[Li13]. Although there are unitaries in this decomposition acting on non-neighbouring orbitals,
but orbital permutations can also be decomposed into unitaries acting on neighbouring orbitals.
The two-mode unitaries are of the form u &® Im, with u € U(Ky; ;1), where i, j € [d], and they
yield bilocal unitaries g(u @® IW) in the occupation number space J\/'[gﬁ , which can be seen from
the explicit formula (2.79). So, in principal every U € U(K) can be achieved in the two-site
DMRG algorithm.

Therefore, we use the following joint optimization strategy. First, as it is in a two-site DMRG

step (2.49), we considered the minimization of the energy expectation value
By = min{ (7S (@)| HI¢MPS (@) | @ € COx*PrnxPuaxDz gl =11, (44a)

and the state vector in terms of the minimizer coefficient tensor is |1,) = [MP5(z.)). As we
have seen in section 2.7, the two-site DMRG step leaves the fixed rank MPS manifold because
1) can have at most min{Dx Dyy1, D¢12Dz} non-zero Schmidt coefficients for the bipartition
X'[X7, where X' = X U{{+1}. When [1),) is truncated back into the M5 manifold, we have

a truncation error €(Dpay) given by (2.41). To reduce this error, the optimal two-mode unitary
U, = arg min{ Fx (o (U)) | U=ueLue U(/c{eﬂ,m})}, (4.4D)

is determined, where fx is the cost function, and |1, (U)) = g(U)T|1,) is the transformed state
vector. The two-mode unitary in (4.4b) transforms “over the DMRG cut”, that is, transforms
the neighbouring modes £ + 1 and ¢ 4 2, hence the Schmidt spectrum {,/ws} with respect to
bipartition X’|X” is modified. The cost function fx: is chosen such that it takes its minimum
value when the truncation error e(ﬁmax) is minimal, or in other words, when the sum of the
discarded squared Schmidt coefficients is minimal. For example, the one-norm of the Schmidt
spectrum

F(l)) = (wa)? (4.5)

[

is suitable. We note that this is a monotone function of the half-Rényi entropy (2.21) of the
reduced state gxs, so by its minimization, the entanglement or correlation between X'|X’ is
minimized. With this mode transformation the energy expectation value (4.4a) is unchanged,
Ey = (o (U)|H(UD)|¢+(U,)). The optimization continues with this transformation on the
Hamiltonian, truncation on the MPS and step to the next bipartition, £ — ¢+ 1. The product of
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overlapping two-mode unitaries U, build up a global unitary. To avoid sticking in local minima,
we apply (global) reorderings during the optimization procedure. In this way we may converge
to the solution of (4.4), that is to an optimal Usp, and an opimal MPS in the Mz (g(Uspt))
manifold.

4.4. Computational details of the orbital optimization

In the context of non-relativistic quantum chemistry, we have again the Schrédinger equation
(C.1), and the concepts in appendix C apply. In case of time-reversal symmetry, which our
presented system has, the problem can be solved over the field of real numbers. Therefore, a
single real parameter 6 can parametrize the two-mode unitary (orthogonal operator) in the one-
particle space K, and the corresponding bilocal unitary follows from (2.79) in the occupation

number space Ng),

0 0
cosf)  siné cosf) —sinf
ulf) = sinf  cos6 © Ny (4.6)

0 0

—sinf cos6

] g(u(®) 1) =

o O O =
= o O O

respectively. The analysis, again, begins with choosing the molecule and setting its geometry,
then HF calculation is performed with a chosen orbital set, resulting the HF canonical molecular
orbitals, and the integrals (C.7) of them are computed. Next, with the aid of the entropy
analysis (see section 3.5) and according to considerations from chemistry, the active space (3.1)
is formed, that is, the orbitals to be optimized are selected, while keeping the rest of the orbitals
unchanged. Here we give an overview of the computational details of the joint optimization
procedure described in the foregoing, namely, the simultaneous optimization of MPS matrices
and the underlying orbital basis.

In the DMRG iteration step we have a (leftward or rightward) step, as discussed in section
2.7, for the two-site case. That is, at cut £ the tensors at Y = {¢ + 1,¢ + 2} are optimized, so
we carry out the minimization of the energy expectation value (4.4a), then we decompose the
minimizer tensor and truncate the MPS matrices (2.58).

The micro-iteration step is a two-site DMRG iteration step with an extra two-site unitary
mode transformation on tensor spaces at Y = {¢ + 1,¢+ 2}. With this the DMRG step further
optimizes the eigenvector, and the mode transformation reduces the entanglement in the eigen-
vector with respect to the split X’|X’. That is, after optimizing the eigenvector in (4.4a), the
optimal two-mode unitary is determined in (4.4b). The new state vector g(U.)'[MFPS(z,)) is
obtained by the transformation in terms of the coefficient tensor x,. For graphical illustration
see figure 4.1. Then the decomposition and truncation of MPS matrices are carried out (2.58).
Accordingly, the new Hamiltonian g(U,)"Hg(U,) is obtained by the transformation in terms of
the integrals (2.91).

A macro-iteration step consists of two parts. First, for a small number of sweeps, bare
DMRG iterations are performed to attain a sufficiently good tensor network approximation of

the system. Then, micro-iteration steps are performed to optimize the orbitals. In order to
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FIGURE 4.1. Mode transformation in terms of transformation on the tensor
network. The global unitary ¢g(U) is acting on the MPS (a), and the bilocal (or

¢

two-site) unitary g(u) is acting on the DMRG state vector of form (2.55).

monitor the optimization and to avoid sticking local minima, several quantities are calculated
after the last micro-iteration, such as the one-orbital entropy (2.20), the two-orbital mutual
information (2.23a), the total correlation (2.25), the correlation distance laist = _; ; Ll — j|%,
the occupation number distribution (n;), and the one-particle reduced density matrix (2.84)
and its eigenvalues (natural occupation numbers) and eigenvectors (natural orbitals), where
i,j € {1,...,d}. Also the CI coefficients (C.15) are calculated, depending on the dimension
of the FCI space J\/[%, at least for singles and doubles. As it was discussed in section 2.6 and
appendix B, to improve the convergence of the DMRG calculation, the DEAS procedure is
utilized, which takes the values of the one-orbital entropy S; and the new Hartree—Fock reference
configuration (calculated from the occupations (n;)) as inputs. Also a new orbital order, that is,
the permutation U = P, is determined similarly as it is discussed in appendix A. These, together
with the transformed integrals of the Hamiltonian, are all used as inputs to the subsequent macro-
iteration.

4.5. Orbital optimization of the nitrogen dimer: small active space

In our numerical study we have the nitrogen dimer Ny for various bond lengths with the
cc-pVDZ orbital set [Dun89]. As it was discussed in 3.7, the HF calculation yields d = 28
canonical spatial orbitals with N = 14 electrons, so the FCI space is N iv , where the L =
{(1,M),(1,)),...,(d,1),(d,])}, with the notations of section C.3. We exploit the total spin
projection (Abelian) symmetry, that is, the ground state is searched in the subspace where
the total spin projection of the electron system is zero, NL]YZN/Q C NV (where Ly = {(1,7
)y-..,(d,1)}). To respect the total spin projection symmetry, the superpositions of modes with
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FIGURE 4.2. One-orbital entropy profiles {S;}, sorted values of the natural or-
bital occupation numbers {\;} and occupation numbers {(n;)}, and two-orbital
mutual informations {; ;} for the initial orbitals in CAS(6,14) (first row), and
after the 20" orbital optimization macro-iterations (second row) for the nitro-
gen dimer for bond length r = 2.118 ag using bond dimension D = 4096.

different spins are omitted, so we have &;g = Eje[d] Uj%aa;’g, for o € {1,]}. We note that,
due to the structure of the Hamiltonian for this system, it is not necessary to use different
unitaries for spin up and down, U; j+ = U, |, although the implementation is applicable for
the unrestricted case too. In the orbital optimization the bond dimension was systematically
increased, Dyax = 16,64, 256,512, 1024, 2048, 4096, for each we have used 9 DMRG sweeps and
20 orbital optimization macro-iterations. When [)max < 512 is used, after converging to Upt,
large scale DMRG calculations are performed in M jj(g(Uopt)) and also in the original basis
M 5(I) with bond dimension D = 4096. We note that, for large Dmax bond dimension, orbital
optimization converges already after 4-5 macro-iterations.

In earlier works, it has been demonstrated that DMRG calculations after orbital optimiza-
tion can lead to significantly more accurate results for the same computational complexity (for
example, for the same truncated bond dimension D), due to the tremendous reduction of the
entanglement in the system [Krul6, Krul8, Kru21]. Or one can say that the bond dimension
D can be pushed to a much lower value while keeping the same accuracy. Here we focus on the
emerging orbitals and on the structure of the wave function. Therefore, first we choose a small
active space, namely, 6 electrons on 14 spatial orbitals, which we denote by CAS(6,14). Here,
we set the bond dimension to Dyyax = 4096 to obtain numerically exact result (since & in (2.56)
is of dimension 4% x 4 x 4 x 45). The dimension of the subspace of zero total spin projection is
(134)2 ~ 10°, hence it is feasible to calculate all the entries of the coefficient tensor.
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FIGURE 4.3. Similar to figure 4.2, but for a stretched geometry at r = 4.200 ay.

To monitor numerically the performance of the fermionic orbital optimization, a selected set
of quantities are shown in figure 4.2 for the equilibrium geometry with bond length r = 2.118 a,
obtained in the initial orbitals (first row) and for the optimized orbitals (second row), that is, in
the M 5(I) and Mp (g(UOpt)) manifolds, respectively, with D = 4096. Here it can clearly be seen
that the orbital optimization has no effect, except that the orbitals have been reordered along
the DMRG chain in order to reduce the correlation distance in the system (calculated from the
two-orbital mutual informations plotted also in figure 4.2), T4y = 18.8575 changes to 12.6095.
The ground-state energy F = —109.0931 E}, is unchanged, the single-orbital entropy profiles
changed only marginally (plotted also in figure 4.2), so i, (calculated from the single-orbital
entropies) changes slightly from 1.3373 to 1.2696. Three orbitals are almost doubly occupied,
and the (n;) and \; fall on the top of each other for the initial and optimized orbitals, resembling
the characteristics of NO-like orbitals. The sharp Fermi edge indicates that the system is weakly
correlated, that is, of single-reference problem.

In contrast to this, for a stretched geometry r = 4.200 ag, the sharp drop off in (n;) and
A; at the Fermi edge disappears, see in figure 4.3. The corresponding six partially occupied
orbitals possess very large orbital entropies, indicating that these orbitals are in mixed states
and are highly entangled with the rest of the system. The two orbitals with occupation number
close to 1.5 and 0.5 are the ¢ bonding and antibonding orbitals, while the four orbitals with
0.5 < (n;) < 1.5 are orbitals with = symmetry. The underlying bond breaking effect has already
been analyzed in terms of entropies in reference [Bog13], however, such analysis depends on the
choice of the orbital set and on the orbital optimization, as will be addressed below. Carrying out
optimization, new orbitals are found, which are no longer natural-orbital-like (see the difference
between the profiles of (n;) and A;). Here, (n;) = 1 and S; ~ 0.8 for four orbitals, that is,
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FIGURE 4.4. Absolute value of the 50 largest elements of the coefficient tensor
1 in decreasing order for various bond lengths for the initial orbitals (red) and
for the optimized orbitals (blue), obtained by numerically exact calculations in
CAS(6,14). Here the relabelling ¢, for a = 1,2,... ,4% is used for the Yoy,
elements of the coefficient tensor, such that |1q] > |¢] if @ < b.

the electrons are uniformly distributed on the corresponding 7 orbitals. The orbital entropy for
the two o orbitals remains close to one, which also signals that the 7 bonds break first. Note
that the results of this quantitative analysis in terms of orbital entropies are the opposite as
those in reference [Bog13], which demonstrates again that the entropic analysis depends on the
orbital set and the orbital transformation. Although the ground-state energy does not change
during the macro-iterations, £ = —108.7935 Ey,, the orbital entropies are reduced. Therefore, the
overall quantum correlation encoded in the wave function, i, reduces from 7.3585 to 5.3188,
and Igist from 36.6702 to 28.3941. Further stretching the nitrogen dimer, the orbital entropies
of the partially occupied orbitals scale towards In(4) a 1.38 in the initial orbitals, while they
are reduced to In(2) = 0.69 in the optimized orbitals. For the optimized orbitals, (n;) takes
values very close to one or zero, that is, the six electrons are distributed uniformly on the six
partially occupied orbitals. Note that these six orbitals are almost uncorrelated with the rest
of the orbitals, that is, the problem reduces to CAS(6,6), as expected. In this almost half-filled
configuration, the empty and doubly occupied configurations provides no contribution for the
orbitals of CAS(6,6), giving S; ~ {In(2),0}. For r = 20.000 ag, even the initial orbitals lead to
the latter configuration.

Besides the entropic quantities and occupation numbers, it is interesting to study the entries
of the coefficient tensor % in (2.28), extracted from the MPS wave function (2.35a) obtained
by the DMRG algorithm (2.55). Figure 4.4 shows the absolute value of the 50 largest elements

of the coefficient tensor g, ..., in decreasing order, for various bond lengths. It is clearly

d

visible that at the equilibrium geometry (r = 2.118ag) for the initial orbitals (red), there is

one determinant of weight almost one, and the remaining coefficients are smaller by at least an
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FIGURE 4.5. (a) Sum of the square of the absolute values of the 1000 largest

CI coefficients for the nitrogen dimer in CAS(6,14) for various bond lengths,
extracted from the MPS wave function, obtained by the DMRG algorithm, with
a bond dimension D = 4096. (b) Similar to (a), but for the optimized orbitals.

order of magnitude. This single-reference property, however, changes as the nitrogen dimer is
stretched, and the leading coefficient gets smaller and smaller, until degenerate plateaus appear.
This multireference behaviour is in accordance with the entropic analysis discussed above. When
orbital optimization is also utilized, the resulting profile of the entries of the coefficient tensor
changes significantly with increasing bond length, compared to the initial orbitals, as is shown in
figure 4.4 by blue colour. For the equilibrium geometry at r = 2.118 ag, the difference between
the initial and optimized orbitals is negligible, as the initial orbitals already provides a single-
reference approach for the problem. In contrast to this, for » > 3.600ag, the effect of orbital
optimization becomes more drastic. For r > 4.200 aq, the leading coefficients become two-fold
degenerate, corresponding to a determinant and its spin flipped component, and their weight
increase rapidly to the saturation value of 1/4/2 with increasing bond length. The plateau
observed in the initial orbitals for » > 10.000 ag completely disappears. Along these lines, the
sum of the square of the absolute values of the largest coefficients also shows a more rapid
convergence to one in the optimized modes for the stretched geometries, as shown in figure 4.5.
The fast decay of the 1 tensor coefficients in the optimized orbitals leads to a more suitable basis
for DMRG, thus lower computational demands are needed to reach the same level of accuracy,

as mentioned before.
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FIGURE 4.6. One-orbital entropy profiles {S;}, sorted values of the natural or-
bital occupation numbers {A;} and occupation numbers {(n;)}, and two-orbital
mutual informations {I; ;} for the initial orbitals in CAS(14,28) (first row), and
after the 20" orbital optimization macro-iterations (second row) for the nitro-
gen dimer for bond length r = 2.118 ag using bond dimension D = 4096.

4.6. Orbital optimization of the nitrogen dimer: full orbital set

Repeating the same analysis but for the full cc-pVDZ orbital set, namely, 14 electrons on 28
spatial orbitals, CAS(14,28), similar conclusions have been reached. Here, however, numerically
exact calculations could not be performed, thus the effects of bond dimension truncation also
influence the results. Also, since the number of the entries of the coefficient in the singlet sector
is (278)2 ~ 10'2, only single and double CI coefficients are calculated. Similarly to the analysis of
the smaller active space, various selected quantities are shown in figures 4.6 and 4.7 for the full
orbital set, to monitor the performance of the fermionic orbital optimization procedure. While
figure 4.8 (a) shows the absolute value of the first 25 largest elements of the coefficient tensor
1) up to double excitation levels in decreasing order for various bond lengths. The reference
determinant was obtained by the occupation number profile (n;).

Here, for the equilibrium bond length r = 2.118 ag, a sharp Fermi edge separates again the
almost doubly occupied seven orbitals from the remaining almost unoccupied orbitals for both
the initial and the optimized orbitals. For the stretched geometries, six electrons get again shared
among the six spatial orbitals that take part in the bond breaking, which get superposed under
the action of orbital optimization. Since these orbitals are only marginally correlated with the
rest of the orbitals, the previous analysis holds, the problem reduces to CAS(6,6).

For the initial orbitals, according to figure 4.8 (a), the absolute values of the leading 1, ..oy

coefficients of the tensor, together with the norm squares of the wave function components
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FIGURE 4.8. (a) Absolute values of the first 25 largest CI coefficients includ-
ing single and double excitation levels for the initial orbitals in CAS(14,28) for
various bond lengths of the nitrogen dimer, extracted from the MPS wave func-
tion, obtained by the DMRG algorithm, with a bond dimension D = 4096. The
inscribed numbers are the norm squares of the wave function component cor-
responding to single and double excitations for the various bond lengths. (b)
Similar to (a), but for the optimized orbitals with Dy.y = 512. (c) Convergence
of the absolute values of the first 25 largest CI coefficients including single and
double excitation levels for r = 4.200 ag for the optimized orbitals, as a function
of the bond dimension D.
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corresponding to single and double excitation levels systematically decrease with r increasing
from 2.118 ag to 10.000 ag, as expected. Thus, in the large r limit, higher level excitations besides
singles and doubles get more and more weight. Here, since the initial orbitals are HF orbitals,
we have used the original HF determinant as reference determinant, in which configuration
the first seven orbitals are doubly occupied. For the optimized orbitals, however, the leading
coefficient increases drastically, and, again, the fast decay of the values is observed, see in figure
4.8 (b). The two-fold degeneracy of the leading coefficient, on the other hand, is sensitive to
the bond dimension. This is illustrated in figure 4.8 (c¢) for » = 4.200, where the optimized
orbitals have been obtained with Dy = 512, and the CI coefficients were extracted from
DMRG calculations in the M j((g(Uspt)) manifold for different D values. Here, two reference
determinants, given by the occupation number profile, connected by spin-flip transformation,
have been used. It is clear that for small bond dimensions, 16 < D < 256, the problem looks like
a single-reference one in the optimized orbitals, while for larger D values, the correct degeneracy
of the leading coefficient is recovered. In addition, for D = 4096, the norm square of the wave
function component corresponding to single and double excitation levels gets close to one, see
in figure 4.8(b), indicating that orbital optimization has the potential to convert higher level
excitations to lower ones, that is, compressing multireference character of wave functions. This
provides a significantly more optimal orbitals for DMRG computation, which is also validated

by the resulting lower energies in the M5 (g(Uopt)) manifold.

4.7. Summary

An optimization task was considered on a fixed rank MPS manifold and on the Stiefel
manifold over the space spanned by the initial sites. To obtain approximate solution, a joint
optimization procedure was utilized that fits to the TNS sturucture of the two-site DMRG, that is,
subsequent two-site tensor optimizations are carried out. The algorithm consists of bare DMRG
optimization steps, two-site unitary transformations and global reorderings. The method was
demonstrated for the nitrogen dimer in the cc-pVDZ basis for the equilibrium and for stretched
geometries. We analyzed the properties of the wave function, based on various entropic quantities,
and on the profile of the coeflicient tensor, highlighting the basis and orbital transformation
dependent nature of such quantities. This orbital optimization has the potential to reduce
significantly the correlation and entanglement encoded in the quantum many-body wave function,
and to convert coefficients of higher level excitations to those of lower level ones, resulting in a
rapidly decaying entries of the coefficient tensor of the wave function. These all together provide
compression of the multirefernce character of wave functions, and significantly more optimal MOs
for TNS methods (such as DMRG and DMRG-RAS) and conventional multireference methods.



5. CHAPTER

The Hubbard wheel - a crossover between one- and infinite

dimensional models

In this chapter, we recall the challenges in the study of ultracold gases in section 5.1, espe-
cially the realization of the Bose-Einstein condensate. Then in section 5.2, we propose the
Hubbard wheel lattice model of hard-core bosons, which exhibits a crossover between quasi-
condensation and complete Bose—Einstein condensation. The model is studied both analytically
and numerically in sections 5.3 and 5.4, then a potential experimental realization is proposed in

section 5.4.

5.1. Quasi-condensation and Bose—Einstein condensation

After experimental realization of the Bose-Einstein condensation (BEC), the respective field
of ultracold gases has become one of the most exciting fields of research with a fruitful interplay
between theory and experiment. It allowed for the experimental verification of numerous other
theoretical predictions as well, stimulated further theoretical investigations of trapped particles
[Dal99] and even revealed phenomena not observed before such as the crossover from BEC-
superfluidity to Bardeen—Cooper—Schrieffer (BCS) superconductivity [Gre03, Bar04, Zwi04,
Bou04]. One of the most promising recent field has been the study of effectively one-dimensional
quantum systems [Gre01, Det01, G01, Orz01, Par04b, Kin04, St604]. Their most striking
difference to three-dimensional systems is probably the absence of BEC. That is, already an
infinitesimally weak interaction between the N bosons leads to a sublinear behaviour of the
number of condensed bosons, Ny(N) x N*, where 0 < a < 1 [Len64, Pop72], which holds even
at zero temperature, for homogeneous gases as well for gases in a harmonic trap and regardless of
the form of the interaction [Pop72, Wid73, Sch77, Gir01, For03, Gan04, Rig04b, Rig04a].
A prominent system giving rise to this phase called quasi-condensation [Pop72] is the Lieb—
Liniger model [Lie63c, Lie63a], a ring system with N spinless bosons interacting via a J-
potential. Tuning the coupling constant to infinity leads to impenetrable bosons, called Tonks—
Girardeau gas [Gir60] with the proven scaling No(N) o< v/N [Len64].

Thermodynamic phase transitions (at finite temperatures) in three dimensions have been
studied for more than a century. However, the study of quantum phase transitions (at zero tem-
perature) [Sac11], and particularly of the entanglement close to that transition [Ost02, Osb02]
have attracted much attention only in recent years. The latter studies were performed mostly for
low-dimensional lattice models. They have revealed a striking similarity between the behaviour

of the order parameter and of quantum informational quantities, like entanglement entropy. As
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discussed above, at zero-temperature an interacting Bose gas exhibits two qualitatively different
phases, a quasi-condensate in one dimension and a true Bose-Einstein condensate in three or
higher dimensions. Therefore, it is of interest to search for a model which exhibits a transition
(or a crossover) between these two phases, and in particular allows to check whether this special
transition has common properties with general quantum phase transitions.

The BEC was explored in cylindrical or torroidal trap geometries, both experimentally
[Gre01, Det01, G0O1, Orz01, Par04b, Kin04, St504] and theoretically [Das02, Sal04,
Sal05]. But, changing the radial dimension of the confinement, neither the transition from the
sublinear N-dependence of Ny(N) of the quasi-condensate to the linear dependence of the true
condensate, nor its entanglement properties have been investigated. The only systematic study
of such a transition was performed for a one-dimensional Bose gas in a harmonic trap [Pet00].
However, that transition occurs only at temperatures 7 > 0.

Here we investigate strongly interacting bosons in the hard-core limit and a lattice model,
consisting of a ring and a central site, which allows one to drive such a transition by changing just
a single parameter, s/t, which is the ratio of the hopping rate s between the ring and the center
site and hopping rate ¢ between ring sites in the model, as explained below in section 5.2. One of

4

our major results is to establish by this model a mechanism which can generate “infinite”-range
hopping by increasing s/t. This is important since enhancing the mobility of bosons allows to
overcompensate the destructive effects of the repulsive interactions, leading finally to maximal
possible condensation, despite infinitely strong repulsion. A further important feature of the
model is the generation of an excitation gap in the N-particle spectrum for s/¢ > 0. This makes
BEC even robust to thermal noise and quantum fluctuations and thus may allow experimentalists
to overcome the typical obstacles faced while realizing BEC. The other important result concerns
the application of tools from quantum information theory. We show that the mutual information
possesses the qualitatively similar dependence on s/t as the number Ny(N) of condensed bosons.
This supports the connection between the behaviour of an order parameter and of entanglement
at a quantum phase transition even for the transition (or crossover) from a quasi-condensate to
a true one.

All these key findings can be derived by analytical or exact numerical means despite the
nonperturbative character of the system [Mat21]. It is also worth noticing that various other
studies of BEC for inhomogeneous lattices differ significantly from the one presented below.
They either consider the rather trivial case of ideal bosons [Bur00, Bur01, Buo02, Bru04,
Vid11, Oli13, Lyr14] or restrict to the mean field regime [Buo04, Hall2]. At the same time,
our proposed model could be particularly appealing to experimentalists since the underlying
graph emerges from a Mexican hat potential (see in section 5.5) and hard-core bosons can be
realized experimentally [DeP99, Par04b]| by tuning the interactions at the Feshbach resonance
[Blo08, Chil0, Weill, Zi2].

5.2. The model: hard-core bosons on the Hubbard wheel

The lattice systems have the great advantage that the ratio between the kinetic energy and

the interaction energy can be manipulated by varying the hopping (range) between the lattice
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sites. The most prominent lattice model for (spinless) bosons is the widely studied Bose-Hubbard

model of interacting spinless bosons [Fis89)]

d d
Hpg = — Z ti’jajaj + Un Zalai(azai — I), (51)

i,j=1 i=1
where alT and a; are the bosonic creation and annihilation operators of site ¢ in the Jordan-Wigner
representation (2.75), and t; ; is the hopping rate between sites ¢ and j, and Ugg is the on-site
interaction between bosons. It was shown that the Bose-Hubbard model can be experimentally
realized by ultracold bosonic atoms in an optical lattice [Jak98]. In general, the occurrence
of the BEC also depends on the temperature and on the possible inhomogeneities or disorder,
for example, due to the presence of an external field, but here we restrict our discussion to the

interaction strength and the spatial dimensionality affecting the presence of the BEC.

Concerning the spatial dimensionality, that is, ¢; ; in (5.1), the effect of the interaction
on BEC is distinctively destructive in one-dimensional systems. At zero temperature even an
infinitesimally weak interaction already leads to a departure from BEC to the phase of quasi-
condensation. This raises a fundamental question which shall be answered in an affirmative and
constructive way: After having confined a three-dimensional Bose gas to one dimension, whether
it is possible to tweak in an experimentally feasibly way this one-dimensional system with the
effect of enhancing the mobility of the interacting bosons to reintroduce BEC. From a general
point of view, one is immediately tempted to negate this question. The hopping amplitudes ¢; ;
namely resemble the overlap of Wannier orbitals at sites 4, j which in turn decays exponentially
as function of the spatial separation |i —j|. Screening effects reduce the hopping even further and
eventually motivate the common restriction of ¢; ; in the Bose-Hubbard model to just nearest
neighbours. The potential physical significance of long-range hopping has motivated experimen-
talists in recent years to realize, at least, effective hopping terms beyond nearest neighbours.
Despite a remarkable effort, the regime of infinite-range hopping has been out of reach but only
the typical decay of t; ; could be slowed down to algebraic dipolar- and van der Walls-type ones
[G1i13, Sch15]. It will be one of our key achievements to propose a model which eventually
would allow one to enhance the mobility even to infinite-range. In contrast to the rather in-
volved experimental realisation of algebraically decaying hopping rates our proposal to realize
“infinite”-range hopping will be surprisingly simple, namely introducing a central site to the ring
system.

Concerning the interaction strength, that is, Ugg in (5.1), the conflict between interaction
and mobility is maximized in the limit of strong interactions Uy — oo, in which the bosons
become hard-core [Mat56, Mat57]. Hard-core bosons were originally introduced as a model for
liquid Helium-IT in order to investigate superfluidity [Mat56, Mat57]. The hard-core constraint
can be given by hard-core boson creation and annihilation operators, hz and h;, which obey to

the mixzed commutation relations,
[hi,hl]- =1, [hi, hi]— =0, i€ [d], (5.2a)
[hi, hi]4 =0, [hi, hjl+ =0, i,j € [d],i# j. (5.2b)
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1D System ‘Wheel Star

FIGURE 5.1. Topology of the Hubbard wheel lattice model. An interpolation
between the one-dimensional regime and the star through the wheel with pa-

rameter s/t.

The first row shows a fermionic property, namely the maximal occupartion number of a site is one,
while the second row expresses a bosonic property on different modes, namely hard-core bosons
are symmetric under exchange. The defining mixed commutation relations (5.2) can be fullfiled
by the tensor product of two-by-two matrices similar to the Jordan-Wigner representation (2.75)
for fermions, but without the phases operator,

hl = (@) @ (1651 (6500) @ (QTe)- (5.3)

k<j i<k

In other words, the hard-core boson operators are obtained by the standard extension of the local
operators [Sza21]. This is, however, not a true second quantized formulation since there is no
first quantized picture behind, particularly an (2.72)-like isomorphism. Although, an interesting
connection was shown in one dimension, where the fermions and hard-core bosons have similar
phase-independent quantities, for example, similar energy spectra [Gir60]. So, in the hard-core

limit, the (5.1) takes the compact form

d
Hhc = — Z ti,jhzhj' (54)

i,j=1
Particularly the case of hard-core bosons makes clear the important role of the hopping range
since hard-core bosons exhibit BEC even at finite temperatures for infinite-range hopping (a kind
of mean field limit [Fis89]), despite their infinitely strong repulsion [T6t90, Pen91, Kir00].
The hard-core constraint itself results that there is a universal upper bound on the BEC,

NP*(N,d) = N(d— N +1)/d, (5.5)

which is independent of the topology, encoded in ¢; ; [Ten17].
The Hamiltonian of the Hubbard wheel of hard-core bosons reads

d d
H=—t> (hlhig1 +hl 1hi) = s> (hlhe + hihs), (5.6)

i=1 i=1
where hl,h. denote the operators corresponding to the central site, and the periodicity in the

peripheral sites can be expressed as hgy1 = hi, as it is illustrated in figure 5.1. We consider N
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hard-core bosons on a lattice consisting of a ring with d sites, lattice constant a and one additional
site at its center. We assume that the particle number density or filling factor n = N/d < 1/2,
which is not a restriction due to the particle-hole duality. The ring gives rise to a hopping
between nearest neighbors at a rate ¢ > 0. The crucial point is now that the topology of the ring
allows hopping between the central site and any ring site at a rate s > 0. Accordingly, the central
site has an effect similar to an impurity, making the one-dimensional lattice inhomogeneous. We

also refer to the ring model, that is, (5.6) with s = 0, as the unperturbed system.

5.3. Analytical results

Our model (5.6) reduces to the pure ring model in casae of s/t — 0 (left of figure 5.1), and to
the star model in the limit s/t — oo (right of figure 5.1). The solutions of the eigenvalue problems
for these two limiting cases are known. In the ring limit, we have the one-dimensional system of
impenetrable bosons with periodic boundary condition, which exhibits only quasi-condensation
[Gir60, Lie63c, Lie63a]. The population of this quasi-condensation has scaling Ny o< v/N.
In the continuous ring limit, d — oo (with fixed ad, where a is the lattice constant), we have
the Tonks—Girardeau gas [Gir60] of impenetrable (spinless) bosons, which was experimentally
reallized with utracold gases [Par04a]. In the star limit, which is a model related to the infinite-
range hopping, the existence of the true BEC was proved [Tenl7]. Moreover the theoretical
maximal possible number of condensed hard-core bosons (5.5) is attained. For intermediate
values of s/t, the Hamiltonian (5.6) interpolates between the ring lattice and the star lattice (see
figure 5.1). Hence, changing the single parameter s/t allows us to investigate in a systematic
way the crossover from the regime of quasi-condensation to maximally possible condensation,
eventually leading to a number of remarkable insights.

In the following only the crucial steps are mentioned. The technical details can be found
in reference [Mat21] and particularly in its “Supplementary Information”. The Hubbard wheel
consists of sites L = {1,...,d, c}, where the sites on the ring are [d] = {1,...,d} and a central
one is ¢. The central site couples the N- and (N — 1)-particle ring-states, that is, the state space
of N hard-core bosons on sites L can be partitioned into (N — 1)- and N-particle state space
on the ring, with the notation of (2.73b), NV = N0 g J\f[gg;l’l. Hence we can express the

[d],c
normalized state vector of the wheel by the superposition

W) = a]|®™N) @ [ge,0) + BION ) @ |ge1), (5.7)

where the normalized ring-states are |®(V)) and |®V=1) and the orthonormal basis of the
central site is {|¢c,)}L_y. The solution of the pure ring problem can be obtained by the Bethe
ansatz, yielding the eigenvectors |¢,(€N)> and |¢Z(N_1)>. With these eigenbases we write the N-
and (N — 1)-particle ring-states in (5.7) as

N)| (N - N—1)| (N—1
@) =>4V, @) = 3T AN g, (5.8)
k 1
where the summations run until ( I’f[) and ( N‘il), respectively. This expansion allows one to

decouple the original eigenvalue problem. After implementing a number of steps, the eigenvalue
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FIGURE 5.2. Schematic representation of the unperturbed and perturbed spec-
trum for n < 1/2 from [Mat21]. (a) The unperturbed band spectrum of (N —1)
hard-core bosons (red dashed lines) and N hard-core bosons (blue solid lines).
The crosses mark those levels which disappear under the perturbation. (b) The
perturbed spectrum consisting of the shifted unperturbed levels (dashed red and
solid blue lines) and the crosses mark those levels of the unperturbed (N — 1)-
particle spectrum which have disappeared. The open circles are the new levels

generated by the perturbation.

problem for Hamiltonian (5.6) can be rewritten in the general from
1=s2Fy" (B {A0)), (5.9)

where a simple and fully analytic solution for the eigenvalue E does not exist.

Although (5.9) cannot be solved analytically for the entire regime of s, it allows us to derive
important qualitatively correct features of the spectrum in a nontrivial way. The unperturbed
(N —1)- and N-particle spectrum forms a band of discrete levels, illustrated in figure 5.2 (a), which
becomes continuous for d — co. The hopping between the central site and the ring introduces
a “hybridization” of these two spectra. This leads, on the one hand, to a shift of order 1/d of
the unperturbed band-levels, on the other hand, some energy levels (marked by crosses) of the
smaller (N — 1)-particle band are found to disappear. These levels, however, reappear as new
discrete eigenvalues symmetrically below and above the perturbed N-particle band (see open
circles in figure 5.2 (b)). The larger s and N are, the more of those new discrete energy levels
occur. As a matter of fact, they follow from the eigenvalues of an effective Hamiltonian for N
hard-core bosons with “infinite”-range,

d
H = 5= 3" hlh;, (5.10)
ij=1

SHE
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where the parameter § = \/Es/t is the scaled dimensionless hopping rate. This mapping of the
original model (5.6) to the effective one (5.10) holds for two asymptotic regimes, the diluted and
the strong coupling regime. The system is diluted if n < 1 with § > 2v/2 7/+/d, and it is in the
strong coupling regime if 5§ > (4/w)\/asin(ﬂn)/\/m) with 0 < n < 1. Energy gap opens
between the ground-state energy FEy(N,d,§) of (5.6) and the unperturbed ground-state energy
Ey(N,d,0), that is, the lower edge of the N-particle band of the ring. The gap, in both the
diluted and strong coupling cases, can be approximated by

AE :=Ey(N,d,0) — Ey(N, d, 3)
~|Er /2|[\/1+ 8%dn(1 —n)/(Er/2t)2 — 1],

where Ep := Ey(N,d,0) — Eo(N — 1,d,0) is the Fermi energy. Also the number Ny of the
condensed hard-core bosons can be approximated since it is related to the largest eigenvalue of
He°®. We obtain

(5.11)

No==(| > hlhjle)
ij€ld] (5.12)

~N[(1—n)—[B[*(1—2n)N""],

SHE

where the prefactor |3|? of the 1/N-correction depends on (N, d, §) and is given in the “Supple-
mentary Information” of [Mat21].

5.4. Numerical results

In order to support and check the range of validity of the analytic results in the previous
section and to extend those for to undiluted densities n and for intermediate coupling strengths §,
large-scale DMRG computations have been performed. The DMRG calculations were performed
for d < 199 and N < 98 such that various densities n = N/d < 1/2 and couplings 1073 <5<
1073 were simulated for each system size. We have set a tight error bound on the diagonalization
procedure, that is, we set the residual error of the Davidson method to 10~ and used 10 DMRG
sweeps. We have checked that the various quantities of interest are practically insensitive on
the bond dimension being larger than D = 1024. Besides the energy eigenvalues, we have
calculated the one-site entropies (2.20), the two-site mutual informations (2.23a), the occupation
number distribution (n;) and the number of the condensed hard-core bosons (5.12), where 4, j €
{1,...,d,c}. The corresponding results together with the analytical ones are presented in figures
5.3, 5.4 and 5.5.

In figure 5.3, the log-log plot of the gap AFE in terms of § reveals a distinctive crossover from
a §2-dependence for § < 1 to the linear dependence on 3 for § > 1. For the diluted gas, that is,
n < 1, the analytical and DMRG results in the 32- and 3-regime are in good agreement. When
the density is increased, this agreement remains excellent in the linear (strong coupling) regime,
while it gets worse in the complementary range.

Concerning figure 5.4, three main observations can be made. First, the DMRG-results for
fixed (NN, d) values exhibit the crossover from quasi-condensate to BEC in all cases. Of course,

the transition from Ny « vV N to Ny « N becomes more pronounced with the increase of N.
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F1GURE 5.3. The log-log plot for the excitation gap as a function of § for
d = 199 and various densities n. Results from DMRG calculations (symbols)
and the analytical result (5.11) (solid lines). The dashed-dotted and dashed

lines represent slopes two and one, respectively.

Second, in case of the quasi-condensation (log(§) < 0), the agreement between the DMRG-results
and the result for impenetrable bosons [For03] is very good in the diluted regime. This holds
because in the limit d — oo with fixed IV the ground state of hard-core bosons becomes identical
to that of the impenetrable bosons. In this case, No(N) for small N follows from the numerical
exact computation of the Toeplitz determinant [For03], which is indicated by dotted lines. Yet,
in the limit N — oo, d — oo with fixed n not in the diluted regime, the hard-core bosons
on the ring lattice differ from impenetrable bosons in one dimension. Third, in case of BEC
(log(5) > 0), that is, in the strong coupling regime, the DMRG results also fit well with the
analytical one (5.12) for all densities. Even the non-monotone §-dependence stemming from the
1/N-correction in (5.12) is reproduced for small N (see, for example, the result in figure 5.4 (a)
for d = 39, corresponding to N = 2). With increasing N the DMRG-result approaches the
maximally possible condensation (5.5), which is No(N,n) &~ N(1 — n) for large d system sizes,
which is indicated with full circles in figure 5.4 (b).

To explore a possible relation between BEC and the entanglement structure of the ground
state, we have used DMRG for calculating the mutual information between the central site c
and any ring site ¢ € [d], I, and between two f-th nearest neighbour ring sites, I;;1¢. The
corresponding results for d = 199 and n =~ 0.05 are shown in figure 5.5. The change in the
respective pattern related to the crossover from quasi-condensation to genuine BEC is clearly
visible through the mutual information, as well. The correlation between the central and any
ring site, I;|., vanishes for small § while it saturates to a finite value in the limit of large § when

the model exhibits “infinite”-range hopping. The correlation among ring-sites, I;;1, saturates
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FIGURE 5.4. The number of condensed bosons. (a) Ny as a function of log(3)
for fixed low density n = 0.05 and various site numbers d. (b) Ny as a function
of log(§), various numbers of particles N, and fixed number of sites d = 199.
The dots on the vertical axis represent N(1—n). Symbols: Results from DMRG
calculations, dashed lines: guide for the eye, solid lines: analytical result. The
dotted lines mark the asymptotic values for finite N, s = 0,d — oo obtained by

the exact numerical calculation of a Toeplitz determinant [For03].

also with increasing § to a constant value for all ¢, demonstrating the growth of long range
correlations. This relates to the generation of BEC. For § = 0 the correlation I;j;y, decays
algebraically with increasing ¢, which reflects the algebraic dependence of the quasi-condensate
on N. Whereas for non-zero values of s its decay becomes exponential as the gap opens, and
saturates to a non-zero value for large £ — d/2 values.

5.5. Potential experimental realization

As a possible experimental realization of our model (5.6) we propose in a first step to confine
N ultracold bosonic atoms into two dimensions subject to a Mexican-hat-type potential with d
local wells. For illustration, see figure 5.6 (a). This is in complete analogy to several experiments
from recent years [Ami05, FA07, Ram11, Amil4, Bel16]. Then, one may tune the interaction
at the Feshbach resonance to realize hard-core bosons in the same way as reported in reference
[Par04b] for a cigar-shaped confinement to realize quasi-condensation of hard-core bosons with
No(N) x V/N. Next, one may create a local well at the center of the hat, illustrated in figure

5.6 (b). Increasing its depth more and more would strongly enhance the mobility of the hard-core
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FIGURE 5.5. Two-site mutual information I;. between the central site and a
ring site (red stars), and I;j;4, for two sites on the ring separated by distance
¢ =1,3,10,99 for d = 199 and n = 0.05. The dashed and dotted lines are a

guide for the eye.

bosons due to their possible transitions back and forth between any ring-well and the central one.

This would significantly change the physical behavior, and BEC would occur with No(N) o< N. In

order for this to happen already for finite and experimentally feasible d, it must be s/t > 2v/27/d
in case of a diluted gas (see previous section), which is the regime relevant for ultracold gases.

The hopping occurs due to the tunneling between the corresponding wells. Let (V;,l, = a) and
(Ve,lc = ad/(27)) denote the potential barrier and tunneling distance, respectively, between two
adjacent ring-wells and between a ring-well and the central one. Use of the WKB tunneling rate
yields the estimate s/t & (y./7:) exp[—+/ma?/h2(\/Ved/(27) — /V;)] with m the particle’s mass,
and v, and 7. the so-called attempt frequency related to the zero-point oscillation frequency
in the corresponding ring and central well. For instance, if d = 79 and N = 4 (one data set
in figure 5.4 (a)), then BEC-like behavior should occur for s/t > 1. This can be satisfied if

V./Vi = (2m/d)? or if a compared to h/+/m max{V,, V;} is small enough, provided ~. /v, ~ 1.

5.6. Summary

We proposed and comprehensively studied a physical model of strongly interacting bosons
which allows one to drive a non-trivial transition from quasi-condensation to maximal BEC. It
is particularly appealing that this necessitates the tuning of just a single control parameter, s/t,
which changes the underlying topology in such a distinctive way that the infinite-range hopping
model is simulated. Without solving the eigenvalue equation of the model exactly, we considered
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FIGURE 5.6. Illustration of the Mexican-hat-type trap potential from [M&at21].
(a) Realization of the ring lattice for d = 10 by a Mexican-hat-potential. (b)
Realization of the wheel lattice for d = 10 by a Mexican-hat-like potential with
a local well at its center. Loading hard-core bosons into the potential landscape
in (a) and creating a local well as shown in (b) generates a crossover from quasi-

to complete Bose—Einstein condensation.

effective model that is valid in the diluted and the strong coupling regime. This allowed us
to show on a qualitative level why an excitation gap occurs in the N-particle spectrum. The
transition is particularly pronounced for macroscopic N, however, the crossover already becomes
visible for small N, as clearly demonstrated by the large scale DMRG computations. As argued
above ultracold bosonic atoms in a Mexican-hat-like potential should allow the experimental
observation of this dimensional crossover for BEC.

It is worth highlighting the striking potential of our mechanism for generating BEC. As a
matter of fact, it is conceptually quite different to the well-known generation of BEC at finite
temperatures for non-interacting bosons. The latter is either merely due to the opening of a gap in
the “one-particle” spectrum or a deformation of the density of states (in analogy to the transition
from D < 2 to D = 3) [Bur00, Bur01, Buo02, Bru04, Vid11, Oli13, Lyr14]. The same
effectively applies to the experimental [Gre01, Det01, G01, Orz01, Par04b, Kin04, St604]
and theoretical studies [Das02, Sal04, Sal05] in which the cylindrical or torroidal confinement
is relaxed to reach the mean-field regime. In our system, however, it is the interplay between
mobility and interaction within the “non-perturbative” regime which generates genuine BEC.
The enhanced mobility of the bosons then compensates for the destructive effects of the strong
interaction to generate BEC.



6. CHAPTER

Conclusion and outlook

In this work strongly correlated systems were studied in the field of quantum chemistry
and ultracold physics, and also the supporting algorithmic developments were carried out. The
respective summaries of each study can be found at the end of chapters 3, 4 and 5. Here we give
an outlook and possible research topics originating from our studies.

Concerning the tailored coupled cluster method, since the numerical error study showed a
significant improvement for small CAS, we suspect the DMRG-TCCSD method to be of great use
for larger systems with many strongly correlated orbitals as well as many dynamically correlated
orbitals [Veil6, Veil8]. The oscillatory behavior of the error, however, remains unexplained
at this point. Nevertheless, we note that the error minima are fairly robust with respect to the
bond dimension. Hence, the DMRG-TCCSD method can be extended with a screening process
using low bond-dimension approximations to detect possible error minima. Our analysis is basis
dependent, thus there is a need for further investigations based on orbital optimizations. Also
the investigations of the influence of higher-rank excitations, such as CI triples and quadruples,
on the computed energies remain for future work. We note that the relativistic version of the
TCC approach was developed and presented on a standard benchmark system, TIH, and also
on more multireference systems such as AsH and SbH [Bra20]. The implementation, which was
carried out with interfacing the Dirac program [Sau20] and the DMRG, is capable of treating
systems which are of quaternion symmetry, that is, integrals for all spinors are present and are
complex-valued.

Concerning the mode optimization, we presented that the compression of the multireference
character yields significantly more optimal orbitals for the DMRG. Therefore, this orbital opti-
mization can be regarded as a natural extension of the order optimizations, briefly summarized
in appendix A. This numerical benefit can be understood, for example, by the initialization of
the DMRG, where the space of the approximated block is spanned by configurations obtained
from the CI expansion (see appendix B). Moreover, it can supply more optimal orbitals for al-
gorithms such as coupled cluster, tailored coupled cluster, DMRG with restricted active space
[Bar22, Fri23]. As it was noted in the TCC approach, its analysis and numerical study is basis
dependent, so the numerical study of the DMRG-TCCSD, presented in chapter 3, should be
extended with the orbital optimization. Since in the CI single and double excitations are con-
sidered, the compression of the multireference character is of central importance. We note that

similar conclusion has also been drawn for the two-dimensional spinless fermionic lattice models
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commonly studied in solid-state physics, where a single determinant is suitable for the descrip-
tion of the quantum many-body wave function for the non-interacting case, and for infinitely
large interaction [Kru21].

Concerning the Hubbard wheel of hard-core bosons, we showed the existence of an excitation
gap, which usually is highly demanding. Similarly to, for example, superconductivity, the quan-
tum Hall effect and the Haldane phase the existence of such a gap has an enormous influence
on the physical behavior, that is, making the BEC robust to thermal noise and perturbations
in general. The non-trivial influence of the interaction is also well-illustrated by the analytical
result for the ground-state gap (5.11), which in the regime of maximal BEC differs from the
one of non-interacting bosons by the crucial factor v/1 — n. Remarkably, 1 — n is nothing else
than the universal reduction of the maximal possible degree of condensation due to the hard-core
constraint [Ten17], which is the quantum depletion. In case of finite on-site interactions, this
depletion factor v(n) is expected to interpolate between both extremal cases of hard-core and
ideal bosons, 1 —n < v(n) < 1. This would provide a remarkable exact relation between the
ground-state gap, quantum depletion and the interaction strength of the ultracold atoms. Since
the latter can systematically be tuned at the Feshbach resonance [Blo08, Chil0, Weill, Zi2],
this would open an avenue for steering ground-state gaps and controlling the number of bosons in
BEC. Finally, inspired by the fruitful interplay of theory and experiments in the field of ultracold
gases, our work based on analytical and exact large scale DMRG calculations shall be understood
as a proposal to the experimentalists as well. Our model could be particularly appealing since
the underlying graph can emerge from a Mexican-hat-type potential, and the entire transition
can be driven by tuning just a single control parameter. It is then exactly the respective central
site which can be probed to confirm that transition. At the same time, this would also exploit the
link [Ost02, Osb02] between quantum phase transitions and entanglement or related promising
quantum informational theoretical concepts.

Concerning algorithmic developments, the DMRG-TCCSD protocol was implemented, in
which the selection of the active space orbitals and the detection of the error minima are fairly
robust with respect to the bond dimension. For the efficient calculation of the CI coefficients,
both for the tailoring in the DMRG-TCCSD and the monitoring of the performance of the mode
optimization, MPS routines were implemented and optimised. Although one can get insights
into the entanglement structure of the system, the orbital optimization is also proposed to be
a routinely used preliminary process, therefore low numerical cost is required. Also, it remains
to investigate the influence on convergence of different admissible cost functions of the mode

optimization.



A. APPENDIX

Order optimization

The DMRG was developed for the simulation of one-dimensional systems, where the order
of sites is obvious. Namely, neighbourhooding physical objects, for example, spins in a lattice,
should be also neighbourhooding in the tensor network, here in the MPS. On the other hand,
the numerical renormalization group (NRG) method was developed for impurity models in which
the logarithmic discretization of the spectrum results in a semi-infinite chain with exponentially
decaying couplings [Wil75, Bul08|. However, in two- or higher dimensional models one should
take care of the mapping because nearest neighbour couplings (for example, hopping or repulsion)
in the physical space inevitably yields some long-range couplings in the one-dimensional MPS
chain.

In quantum chemistry the simulated systems do not indicate a natural order of orbitals,
moreover, the Hamiltonian of a general interacting many-body system is of the form (2.89),
that is, all sites are coupled. Finding the optimal order among the d! permutations is a hard
task, and it is based on numerical experience [OA15, Szal5]. In case of Hartree-Fock orbitals,
the simplest guess is the ordering according to the HF energy [Whi99]. A genetic algorithm
was proposed for the finding the optimal order with respect to the energy, which, however,
requires low-cost but many subsequent DMRG runs [Mor05]. Another strategy is determining
the optimal order from the minimising the bandwidth of an adjacency matrix with the reverse
Cuthill-McKee algorithm. The adjacency between orbitals might be defined as having one-
electron integral above a threshold [Cha02], or one can use the one-electron integrals and also
the exchange terms from the two-electron integrals [Mor05]. The more subtle algorithms utilize
correlation measures, which, however, require the knowledge of the approximate state vector.
(See figures 3.2, 3.3 and 3.4 that demonstrate the roboustness of the entropy profile with respect
to the bond dimension.) Ordering highly entangled sites (that is, with high one-site entropy S;)
to the middle of the MPS chain leads to faster convergence [Leg03b]. A heuristic cost function
is considered [Ris06] to minimize the correlation in the tensor network,

min Y T(ey)loi - 0, (A1)

ij
that is, the distance of the sites are weighted with the mutual information. To find the optimal
(or at least a good) o ordering permutation in (A.1), first, we apply the Fiedler vector approach
as an initial guess, then, a genetic algorithm is utilized [Bar11]. A better ordering can result in
a better approximation to the state vector, by which more accurate correlation measures can be
obtained. Therefore, in practice, sequence of low-cost DMRG calculations are performed, each

followed by ordering algorithms.
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Initialization of the MPS tensors

In section 2.6, a generic DMRG iteration step was described, which was assumed to be well
after the initial steps of the run. Here we consider the initialization of the MPS tensors. Note that
poorly initialized tensors can result DMRG converging to a local minimum [Leg03a, Leg03b,
Mor06]. (See section 3.2.2 in [Krul8] for a toy example and mode details.)

The traditional strategy is the infinite lattice DMRG algorithm [Schll], and the rigor-
ous method for many-body systems is the dynamically extended active space (DEAS) algorithm
[Cha02, Leg03b, Mor06, Barl1, Szal5|. In the infinite lattice DMRG algorithm, the tensor
network is built up by the systematic increase of the system size. For example, to initialize a sys-
tem with 8 sites, the subsystem labels (X, Y, Z) evolve as ({1}, {2, 7}, {8}), ({1,2},{3,6},{7,8}),
({1,2,3},{4,5},{6,7,8}). At each iteration step, the corresponding renormalized operators of
the extended subsystems, flxr,k and f[zfy;c, are generated according to (2.52).

In the DEAS algorithm, the tensor network is built up by a “warm-up” sweep, in which
operators of the right bolck H 7.1 are approximated. For example, to initialize a system with
8 sites, the subsystem labels (X,Y, Z) evolve as ({1},{2,3},{4,...8}), ({1,2},{3,4},{5,...8}),
({1,2,3},{4,5},{6,...8}). The first rows of figure 2.5 illustrates also this case. To be more
precise, let us write out the relevant subspaces in the quantum chemistry context. In case of
particle number conservation, the DMRG subspace is H x ®Hy ® 7—~[Z - ./\/[% . In the warm-up
sweep, which is a rightward sweep, the left subspace Hx is obtained via the renormalization
(2.52a), the Hy is written without approximation. Using the notations of section 2.9 as well as
(2.73), we can write the decomposition of the N particle subspace of d modes with respect to
the bipartition Z|Z as

Mmax
N—M,M
N'[%: @ NZ|Z J (B.1a)
M=Mmin

where the minimum and maximum occupation numbers in subsystem Z are My, = max{0, N —
|Z|} and My = min{N, |Z|}, respectively. The subspaces are spanned by the basis vectors
with the given occupation number restrictions,

NYM :Span{|¢u>‘ Sui=N-MY y :M}. (B.1b)
i€z i€z

The basis vectors can be written as the tensor product of the component basis vectors [Sza21],

|v) = |bvyuy) = |bu,) @ |bu,), where we separate the occupation numbers vz € v(IN_,,(2))

and vz € I/(I&(Z)). Having no prior knowledge of the MPS tensors of the right block, the right

block Hz is defined as the span of some occupation number basis vectors |¢v ). That is, some
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vz indices are considered, taking into account the occupation number restrictions (B.1b), until
the dimension of the right block reaches the predefined maximum bond dimension. A possible
approach is to prioritize such vz indices in which the low-energy HF orbitals are occupied,
and because of the discarded configurations it was advantageous to add a small noise to the
density matrix [Cha02]. It is better in terms of convergence to add first Slater determinants
consisting of highly entangled orbitals [Leg03b, Mor06]. A more sophisticated approach is
the configuration interaction based DEAS (CI-DEAS) [Barll, Szal5]. As it was noted in
section 2.6, the CI-DEAS is closely connected with the restricted active space (RAS) method
[Bar22]. The DMRG-RAS algorithm iterates in a similar way as the DMRG (see figure 2.5
for the illustration of sweeping). The difference is that the sweeping is carried out along the
sites {1,...,dcas} only, and the sites {dcas + 1,...,d} are treated by the CI-DEAS procedure
[Bar22].



C. APPENDIX

Single-reference methods in quantum chemistry

In this chapter, we start with the problem of the Schrodinger equation in non-relativistic
quantum chemistry. Since, in this work, we do not intend to analyse such kind of elliptic differ-
ential equation [Brel0, Ree78, Ree80, Kat51], we turn in sections C.1-C.2 to the Galerkin
discretisation by choosing a finite orbital set, which defines the full configuration interaction
(FCI) space. We deal with methods that approximate the solution of the Schréodinger equation
in the FCI space (without semiempirical considerations), in quantum chemistry named as ab
initio and wave-function-based methods. Other broad fields, not considered here, are the density
functional theory based methods [DSS09], which circumvent the curse of dimensionality, and
quantum Monte Carlo [Boo09, Poz13, Veil8]. Our aim here, and also in the next chapter, is
to approach the energy in the FCI space. Another direction is the extrapolation to the complete
basis limit [Fri22b]. To provide context for the present work, in sections C.4-C.6, we recall the

Hartree—Fock, configuration interaction and coupled cluster (CC) methods.

C.1. Schrodinger equation and Galerkin—Ritz approximation

In chapter 2, the general form of the Hamiltonian of interacting identical particles (2.89) was
recalled, based on the one-particle Hilbert space K of finite modes. To formulate the Hamiltonian
for physical models, especially interacting electrons in external potential, one usually work on
the configuration space X = R3 x {+1}, that is, the = (r,s) € X is the composite variable of
the spatial- and spin variables of an electron, r and s, respectively. Alternatively, with Fourier
transformation, the momentum-space representation is more useful in many cases, which is given
by the same continuous configuration space.

Here we consider the non-relativistic system of electrons in the Born—Oppenheimer approx-
imation for modelling molecules. So the problem of N interacting electrons in the external
potential of the nuclei is described by the Schrodinger equation

N N
_p2
(H(N)\I/)(xlaaxN) = Z <2melv72'+U(‘rT)) + Z V(‘rTvxT’) ‘1/(1'1,...,3,‘]\/’)
r=1 rr’'=1 (Cl)
r<r’

=FEU(zy,...,zN).

Partial differential equations of this type are elliptic, and the solutions are in the W12(x)
Sobolev space [Eval0, Ree78, Ree80, Brel0], moreover, to respect the antisymmetrization
postulate, the solution is searched in the space LN := W12(XN) N L2(X)"N. The Schrodinger
operator Hyy is self adjoint [Neu30, Kat51], and its spectrum can be characterised by the
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Hunziker—-van Winter—Zhislin theorem [Hun66, VW64, VW65, Zhi60]. This tells us that
below the ionization energy the spectrum is discrete, the solutions correspond to the bound
states of the system, and above the ionization energy there is the essential spectrum of the
Schrodinger operator.

In quantum chemistry, the bound states, especially the ground state are of interest. The
min-max theorem provides a variational characterization of the essential and discrete spectrum
of a compact self-adjoint operator [Ree78]. Accordingly, the Rayleigh—Ritz variational principle
states that the lowest eigenvalue Eq of self-adjoint operator H(yy bounded below can be given

by the minimum of the Rayleigh quotient %, or with normalized vectors,

Eo = min{(lll,H(N)\I/> Ue Lo = 1}. (C.2a)

The Ritz—Galerkin method is a general framework in numerical analysis that discretizes the
problem of a continuous (differential) operator by examining the problem in a subspace spanned
by finite number of orthonormal vectors. That is, let {¢;};c[q) be an orthonormal system in
W2(X) and the spanned subspace Lq := Span{e;};c(qj, then the approximate solution of the

Schrodinger equation in this subspace is
EEFCl = min{(ll/,H(N)\Il> U e AN |0 = 1} (C.2b)

The following fundamental result of the Galerkin scheme formulates the approximation of (C.2a)
by (C.2b). Let {L4}4en be a dense family of subspaces in W12(X), therefore {£,"}, is dense in
LN furthermore Wy and WEC! be the normalized minimizers of (C.2a) and (C.2b), respectively,

with the corresponding non-degenerate energies Ey and E§ !, then
|9 —WE < Cinf [0 — @], (C.3a)
oeL)N
0< EST— By < C|| ¥ — U512, (C.3b)

with some constant C. This result is often cited as the quasioptimal convergence of the eigen-

function and the quadratic convergence of the eigenvalue compared to the eigenfunction [Yse03].

C.2. Full configuration interaction space

To be able to use formalism of section 2.8, we make correspondence between vectors of two

d dimensional Hilbert spaces |[¢)) € K and ¢ € L4. To this end, for an arbitrary |¢) € K let us
have the formal definition

(exlt)) =: ¥(). (C.4)

Here the left-hand-side is not an inner product just a pairing because {|e;)}zex is not in the

Hilbert space K, but rather in the space of distributions. The right-hand-side is the pointwise

definition of the function ¢ € WH2(X), also called orbital or one-particle wave function. The

inner product in L4 is

W) = () = [ dowie)'nt@) = 30 [ drwtrs) (o) (€5)
s:i%
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For N particles, for an arbitrary elementary symmetric and antisymmetric vector |t¢1) XX
lhn) € KAV Jet us have the formal definition

(eal (1) K- X ¥n)) =

(’(/Jl XX’(/JN>(£E1, Z il Par(o‘)R (wl@) ®’(/}N)(IE1,.'I}N)

ﬂ\

(C.6)

Z (E1)P ey 0y (21) - . oy ()
Sy

Here, again, the left-hand-side is not an inner product just a pairing because {|egz) := |es,) ®

. ® |eay) bweaxny is not in the Hilbert space KAN, but rather in the space of distributions,
The right-hand-side is the pointwise definition of the N-variable function X X YN € £§N
also called N-particle fermionic/bosonic wave function. If the one-particle wave functions ¢;
are orthonormal, then the N-particle fermionic wave function ¢; = @;; A ... A p;, it is called
Slater determinant. We note that 1, (1)(21) . .. Yoy (TN) = Y1(To-1(1)) - . . YN (To-1(n)), that is
Rl = R,1.

With this identification between L4 and K, the N-particle Schrédinger operator in (C.1)
is Hny = t1,v(H1) + t2,nv(Hz). The one-particle operator H; = Q_ThiVQ + My contains the
kinetic and the external potential term, and the two-particle operator Hy = My, describes the
permutational invariant interaction, where M is the multiplication operator. For clarity, we use
the term “wave function” for the elements in L4 and “state vector” for the kets in the general K.
In the sequel, the space of operators are not indicated, because it will be clear from the vector
it acts on. That is, the bare form is used for the wave function space, ¥ € L4, and the bracket
formalism for the abstract space, [¢)) € K. The second quantized vectors and operators are
obtained in the same way as in section 2.9, particularly with the isomorphism (2.72) we have the
second quantized Hamiltonian (2.89) H = F(11(Hy)+ to(Hz2))F~!. In this chapter only fermions
are considered.

In conventional quantum chemistry calculations the number of electrons NV is ﬁxed7 therefore
we only deal with the subspace of N electrons on d = dim(K) orbitals, ./\f[ 4 = KM € NMa,
which is commonly named as full configuration interaction (FCI) space in quantum chemistry
community. Note that “configuration” does not refer to the configuration space X', but rather
to an index ¢ = (i1, ...,iy) and the corresponding Slater determinant ;) = @i, ) A ... A |wiy);
and the “interaction” refers to that all the Slater determinants are included in the method, in
this sense it is “full”, that is, Span{|¢;) }icry = KN indeed. The solution of the minimization
problem (C.2b) can be obtained by the diagonalization of the matrix (s, H ny;) for 4,5 € Iy,
or in the second quantized framework (2.89), where the one-electron integrals are

(o) = [ dron@)’ (597 +U (@) )es(o) (©7)

Mel

and two-electron integrals are

(1 ® @igs Hapj, ® 033) = / / dede’ o1y (1) 00 (o) V (2,2 Yo (@) (a),  (C.7h)
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where i, j, 41,142, j1,j2 € [d]. The calculations in this space, having dimension ( f\l,), is feasible for
only small molecules. One can further reduce the dimension, therefore computational cost, for
example, by freezing the low lying core orbitals or exploiting symmetries, such as searching the
solution in a total spin projection subspace of the electrons. The selection and the restriction of
the orbital set {¢;};cjq) is a crucial task and of central importance in computational chemistry
[Hel00, Leh19]. Within the chosen d orbitals the exact FCI calculations for small molecules

can serve as a reference for benchmarking other numerical methods.

C.3. Spatial orbitals

We emphasize here, the methods in this work are discussed with spin-orbitals for clarity,
however, in the non-relativistic theory, spatial orbitals are more useful in applications (see, for
example, sections 3.7, 4.5 and 4.6). In the spin-orbital formulation we have modes, which can
be empty or occupied. We have the ordered set L = {1,...,d}, and the corresponding one-
mode Hilbert spaces N; for ¢ € L. So when turning to applications, for example, with DMRG
algorithm, the elementary factor spaces in (2.28) are simply H; = N;. We say that a spin-
orbital can be empty or occupied. In the spatial orbital formulation, the spin part is separated
from the configuration space. On the one hand, since the spin part of the configuration space
X = R3 x {£1} is two dimensional, one can choose an orthonormal basis {(p?’in, cpjpin}. Then
every orbital ¢ € Lo4 can be written as ¢(r,s) = go?pat(r)goipin(s) + soipat(r)goipin(s), where we
indicate the arguments of the functions for clarity. On the other hand, in the non-relativistic
Schrodinger equation (C.1) the spin part and the spatial part is not coupled, hence they can be
factorized [Hel0O]. So the spin-orbital corresponding to the (4, o) composite index is the product
of the j-th spatial orbital and the o-th spin function, p(; . (r,s) = cpj.pat(r)cpf,pin(s), where the
spatial part has no spin dependence any more. By this, in the spatial orbital formulation, we
have composite indices of spatial orbitals and spin projections, that is, the ordered set L = {(1,1
), (1,4),...,(d,1),(d,])}, and the corresponding one-mode Hilbert spaces A; for i € L. So in
the spatial orbital implementation, the elementary factor spaces in (2.28) are the product that
of the spin-up and spin-down pairs, H; = N(; 1) ® N(;,|), We say that a spatial orbital can be
empty, singly occupied with either a spin-up or spin-down electron, or doubly occupied with
opposite-spin electrons. By this, the Jordan—Wigner representation of the creation operators
(2.75) become

al s = (Q Pt @Pry) ® (I8¢, (G010l @15.1) @ (R Tkt @ Iwy)),

k<j i<k
(C.8)
al | = (Q Pt ®Py) ® (Piiny @ 66,0, (0G.0.00) @ (R Ity @ Ly
k<j i<k

C.4. Hartree—Fock method

On the contrary to the exact diagonalization of the Hamiltonian in the FCI space, one
of the simplest approximate solution of the interacting Schrédinger equation (C.1) is given by
the Hartree—Fock method, in which the best Slater determinant is searched for [Sza96]. The
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ground-state energy in the Hartree—Fock approximation is

E(I){F = min{(goi|H(N)\g0i> ’ lpi) = le1) Ao Aden), {le1), - len) } orthonormal} (C.9a)

or we can express as the minimization among orbital transformations for a fixed Slater determi-

nant, |¢) € KMV, as
EHF — i {<%|U®NH J(UENYT] (U e U /C)} (C.9b)

:min{(Fg@ﬂg(U)Hg(U)”F‘Pi)

see section 2.9. The minimization (C.9a) leads to an effective one-electron non-linear Schrodinger

Ue U(IC)}, (C.9¢)

equation, namely the eigenvalue problem of the one-particle Fock operator F,

Rlew) = Hil) + 3 (Tm (e lei )i ) Ha )i, = Tea (19 s, )i, | ) w)

=1
=€, |%i,),

(C.10)
showing that the electron-electron interaction is treated by a mean-field approach. The first part
of the sum in (C.10) is the Coulomb operator and the second is the exchange operator.

For numerical reasons, mainly for the evaluation of the integrals (C.7), the orbitals are

expressed as the linear combination of atomic orbitals,
d
i) = > ci.ilet) (C.11)
j=1

where the atomic orbitals {|<p?o>}je[d] are usually Slater-type orbitals, Gaussian-type orbitals
or numerical atomic orbitals [Leh19]. When the (C.11) is determined or optimized according
to some considerations in a molecule, the |¢;) orbitals are called molecular orbitals. With this,
equation (C.10) can be formulated in terms of the coefficients ¢; ;, yielding the Roothan—Hall

equation,
d d
> @CIR D), =€, Y (P10t e, r=1,...,N, j=1,....d (C.12)
j=1 j=1

Since the Fock operator depends on the coefficients c; j, this non-linear generalized eigenvalue
problem is solved numerically in an iterative self-consistent manner. The N solution of (C.12) are
the coefficients of the N HF occupied orbitals {|¢;,)}re;n). This can be completed with d—N HF
virtual orbitals to form the HF canonical molecular orbitals {|p;)}ic[q) with the corresponding
HF orbital energies €;_ . It is important to say that the natural orbitals (2.84) of the HF state
l0s)(psi| are the canonical HF molecular orbitals {|¢;)};c[q themselves with natural occupations
Ai =1 fori €1, and \; = 0 for the rest. That is, the HF canonical orbitals are obtained by such
a mode transformation (2.77) where the unitary is the one which diagonalizes the one-electron
reduced state. From this point of view, the Hartree-Fock method is an orbital optimization
yielding the HF canonical molecular orbitals, therefore it is a common starting point for many

other quantum chemistry methods. The interpretation of the HF orbital energies €; is given
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by the Koopmans theorem. Let |p;) be the minimizer of (C.9a) with energy ESY, then we get
e; = EBJF — (@0a\gir H (n—1)]®3\151), which is the ionization energy (in the HF approximation) of
orbital j € 2, that is, the energy needed to remove an electron from the system form the j-th
orbital. If j ¢ 4, then €; = E§'" — (p;uq;3 | H(n+1)l®sugyy) is the electron affinity [Sza96]. As a
result, the total HF energy (w;|Hn)|es) # >, €, since in the sum of the orbital energies the
electron-electron interaction is counted twice. In the context of solid-state physics, this fact is
known as that the total ground-state energy of an interacting system is the sum of the energies
of the quasiparticles corrected by subtracting half of the self-energies [S6111].

Another important property of the HF solution is the Brillouin theorem. This says that the
matrix elements of the Hamiltonian between the HF solution |Fy;) and a “singly excited” Slater
determinant is zero, <F¢i|Haj.aj|F<pi> =0, where j € 4 and 4 ¢ ¢. This follows from taking the
derivative of g(U) (2.79) in terms of the matrix entries of the anti-Hermitian matrix (InU); ;. So
the condition of the minimum of (C.9c¢) is (Fp;|[H, a;faj]+|F<pi> = 0. The Brillouin theorem is
often interpreted as that the HF solution is stable with respect to “single excitations”. This serves

the motivation of the configuration interaction (CI) and coupled cluster (CC) parametrizations.

C.5. Configuration interaction method

In section 2.8 by fixing single mode basis vectors |¢;) € K, where i € L = {1,...,d}, the
(2.64) basis vectors |¢;) € F in the Fock space and the (2.65b) labelling ¢ € I}(L) in the first
quantized scheme arises in the standard way, and, in section 2.9, the occupation number space
accordingly. The parametrization of the configuration interaction (CI) and the coupled cluster
(CC) scheme is based on the fact, that the creation and annihilation operators (corresponding to
the fixed one mode basis) transforms basis vectors |p;) into each other up to a —1 phase factor.
The HF calculation is a common starting point of many other quantum chemistry methods,
and the resulting Slater determinant |¢;) = |@i,) A ... A |p;y) is the best independent-particle
approximation of the system, so it can serve as a reference state vector,

|y = F(|pi ) AL Agin)) €N, i1,...,in € Lo, (C.13)

where L, C L is the index set of the |Lo| = N occupied orbitals, the rest L, = L\ L, is that of
the d — N wirtual orbitals (which, of course, should not to be confused with the virtual indices
of tensor networks in section 2.4). To obtain all the other N-electron Slater determinants the
one-electron excitation operator Xz = a}ai is considered, where X{ |®HF) is non-zero if i € L,
and j € Ly, therefore, only this type of index pairs are considered. For M electrons the excitation

operator is X, = XJ! /M= XIM | XIU where X, |®HF) is non-zero, if the excitation index

1= (i,5) € Jar (Lo, Ly) == I}y (Lo) x Iy (Ly), (C.14)

that is, we excite from occupied to virtual orbitals, and both index tuples are ordered increasingly.
The |u| = M is the excitation rank (not to be confused with other ranks, for example, that of
the linear operators, Schmidt rank), where M = 1 stands for singles, M = 2 for doubles,
and so on. For M = 0, there is only one element of Jy, which is the pair of empty indices,

and we define the corresponding excitation operator as the identity operator. The maximal
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excitation rank My, := min{N,d— N} is reached when we excite from all occupied or we excite
to all virtual orbitals. In general, let a set of excitation indices be the subset of all possible
excitation indices, J(Lo, Ly) C J1(Lo, Ly) U ... U Jy
anticommutation relations (2.76) that the excitation operators with respect to the same reference
(C.13) commute, [X,,X,]4+ = 0 for all u,v € J(Lo, Ly). In the sequel the argument of the index
sets may be omitted if it does not lead to confusion. For more details on the algebra of the

Lo, Ly). Tt follows from the canonical

max (

excitation operators, see [Sch09].

The CI parametrization of the state vector in N7 is

89 = (I+C1+ Co+..)10"),  Cu= > ¢X,, (C.15)

neJm
where C)y is the configuration interaction operator of rank M, and ¢, € C numbers are the
configuration interaction coefficients. Note, that this parametrization results the convenient
intermediate normalization, (PHF|®CT) = 1. Substituting this ansatz (C.15) to the Rayleigh

quotient in (C.2b) and taking derivative in the variational parameters c;, gives

{ECI — <<I)HF|H|(I)CI>,
(C.16)

0= (X, " |(H — EOD[e”), pe .,

which is nothing else than the eigenvalue problem pEJoUT H,,c, = EC€T¢, of the Hamilton-
ian matrix H, , = (X, ®"|H|X,®"F). Note that same system of equations can be obtained
by projecting the Schrédinger equation H|®") = EFN®CT) with vectors (X, ®HF|. That is,
the CI approach is a variational method in which the problem is restricted to the subspace
Span{|X,®") | u € Jy U J} C N, For example, in the CI single and double (CISD) approx-
imation the excitation index is restricted to u € J = J; U Jy. If all the possible excitaions are
then the system of equations (C.16) is the full

CI (FCI) problem of the system. This approximation, being a dimensional reduction, yields

taken into account, p € J = J1 U... UJpm,...;
a computationally more feasible method, which is, however, no longer size-extensive [Hel0O0].
This means the following. Consider the bipartition of the orbitals Ly C L and Lg = L\ L,
and the corresponding occupied and virtual orbitals, L4, := La N L, and Lay := La N Ly,
respectively; and similarly for subsystem B. Let the Schrédinger equation (C.16) for subsys-
tem A with the Hamiltonian Ha be fulfilled by |®4C1) = (1+ C{ + C3! + ...)|®"F), where
Cﬁf = ZueJM(LA,D,LA,v) cuXy, that is, excitaion indices are only in subsystem A; and simi-
larly for subsystem B. If the subsystems are independent, the Hamiltonian can be written
as H = Hy + Hp, then the Schrodinger equation (C.16) for H = Ha + Hp is fulfilled by
| = I+ CA+C +.. ) A+ CP +CP +...)|®gr). However, if |®#4CT) is obtained with max-
imized excitations rank, for example, CISD, that is, pua € Ji(Lao,Lav) U J2(Lao,Lay), and
similarly for B, then |®“!) is not of the form CISD, that is, u € J1 (Lo, Ly) U J2(Lo, Ly), because
higher extitaions, triples and quadruples, appear. In the CI approach the size-extensivity can be
restored only if all the possible excitaions are taken into account, which is again the FCI problem
of the system. This impractical property, being the consequence of the linear parametrization

(C.15), can be resolved by the coupled cluster parametrization, which is of an exponential form.
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C.6. Coupled cluster method

The CC parametrization [Hub57, Hug57, Bar07] of the (intermediately normalized) state

vector in N7V is

@) = eT|@HF) = T H Tt o) Ty = Y X, (C.17)
HEJIM

where T is the cluster operator of rank M, which is of the same form as that of the CI
operator Cys in (C.15), and t, € C numbers are the coupled cluster amplitudes. We note
that there is a one-to-one correspondence between state vectors in Nz and cluster operators
T [Ziv78, Sch09], which also holds in the infinite dimensional case £’ [Roh13]. System of
equations are obtained by projecting the Schrodinger equation H|®%C) = ECC|®CC) with vectors
(X, 1| or (X, " |e~T yielding the unlinked or linked CC equations, respectively. They are
equivalent in the CC approach [Hel00], however, not in the tailored CC formalism [Faul9b],

which is discussed in the next section. The linked CC equations are
{ECC _ <©HF‘67THGT|®HF>,

C.18
0= (X, ®"F|e T He|O"F) 1€ J(Lo, Ly), (C.18)

Because of the exponential parametrization, the treatment of the CC ansatz in the variational for-
malism (by the derivatives of the Rayleigh quotient) is untractable, since all Slater determinants
in the FCI space are present in the system of equations [Hel00, Lael9]. The approximation in
the CC approach is the restriction of the excitation indices in (C.18). For example, in the CC
single and double (CCSD) approximation the excitation index is restricted to u € J = J; U Jo.
But contrary to the CI method, this does not restrict the problem to a subspace. Therefore,
the CC method is not variational, that is, the CC energy is in general not equal to the expec-
tation value of the Hamiltonian, so it is neither an upper bound to the FCI energy (C.2b) nor
to the exact ground-state energy (C.2a). If all the possible excitaions are taken into account,
peJ=J1U...Udy,
[Ziv78, Sch09]. The CC method is size-extensive, which follows from the exponential param-
etisation (C.17) of the state vector [Ciz66, Ciz69, Pal72]. In computational sense, this is a
favourable property, which can and will be shown in the tailored CC formalism in the section

then the system of equations (C.18) is the FCI problem of the system

max )

3.2.:wq
The CC energy in (C.18) can be expressed [Hel00] as

1
ECC = <¢>HF\H(I YT+ 5Tf) |BHF)Y. (C.19)

It follows from the Slater—-Condon rules (which are the consequences that the Hamiltonian (2.89)
is a linear combination of monomials of form a'a and afafaa) that amplitudes with rank higher
that two not contribute. The fact that the pure rank-one excitations with respect to the HF
reference do not contribute is the consequence of the Brillouin theorem [Lev68]. This obviously
does not mean that the CCSD suffices for the energy calculation because the amplitudes in
(C.18) are optimized simultaneously. In the Baker—-Campbell-Hausdorff (BCH) expansion of
the similarity-transformed Hamiltonian e~7 He”, the series of inner products with the nested
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commutators [-, -]y terminates after the quartic term [Hel00],
4
_ 1
(X, @ o= HT|8) = (X, 08| S0 L, T [0HF), (C.20)
k=0

independently of the truncation of the excitation rank of the cluster operator. This makes the
projected equations tractable. One can derive equations by the BCH expansion, and matching
the terms according to the excitation rank, yielding a non-linear system of equations f(t), =
(X, ®"F|e=THeT|®HF) = 0 in terms of the amplitude vector (t), = t, for all u € J. In
applications it is usually solved by quasi-Newton method, which uses an approximate Jacobian
with the HF energies (C.10),

M

oty — e, f ) e =g = Y (6, —€,). (C.21)

m=1
This requires a sufficiently large energy gap between the highest occupied molecular orbital and
the lowest unoccupied molecular orbital (HOMO-LUMO gap),

A(Lo, Ly) == (]rrequi €;) — (%%)O( €)= mine, (C.22)

in the spectrum of the Fock operator for convergence stability [Sch09, Hel00, Roh13]. This
requirement can fail in case of multireference systems, and this is one of the motivations for our
tailored coupled cluster approach. Assuming that we have less occupied than virtual orbitals,
N < d— N, which is the common case in practice, the computational cost of the CCSD, CCSDT
and CCSD(T) methods scale as O(N?(d—N)*), O(N3(d— N)®) and O(N3(d—N)*), respectively
[Pur82, Rag89, Hel00].
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One-page summary

Although the density matrix renormalization group (DMRG) method was developed to simu-
late one-dimensional strongly correlated systems in solid-state physics, it also shows its potential
in higher-dimensional as well as in many other strongly correlated many-body problems. In my
thesis, I investigate the application of DMRG in quantum chemistry and in ultracold physics,
and study numerical methods that are supported by DMRG.

First, the coupled cluster method tailored by DMRG (DMRG-TCC) was investigated theoret-
ically and exemplified numerically by the nitrogen dimer for different geometries. We perform a
systematic study on the error of the DMRG-TCC, in particular when the system become strongly
correlated. We showed the strong dependence of the DMRG-TCC solution on the choice of the
active orbitals. We show the robustness of the entropic quantities, which are the guides in de-
termining the optimal basis splitting, with respect to the DMRG accuracy. In order to minimize
the energy error and carry out large-scale DMRG-TCCSD calculations, we developed a rigorous
routine procedure to determine the optimal basis splitting.

Second, the orbital optimization based on entanglement minimization within the framework
of two-site DMRG was studied and exemplified numerically by the nitrogen dimer for different
geometries. The analysis, based on the tomography of the state, occupation numbers and entropic
quantities, shows that the developed joint optimization of the basis and the matrix product state
(MPS) has the potential to compress the multireference character of the wave function. The
optimized orbitals provide significantly more optimal orbitals for tensor network state methods
and other conventional quantum chemistry methods.

Third, the Hubbard wheel lattice model of hard-core bosons was proposed and investigated
theoretically and numerically. The tuning of just a single control parameter allows a crossover
from one- to “infinite”-dimensionality, which also drives a transition from quasi-condensation to
complete Bose—Einstein condensation. Our numerical simulations showed that the mutual infor-
mation possesses the qualitatively similar dependence on the control parameter as the number
of the condensed bosons. We showed the existence of an excitation gap, which is usually highly
demanding, and a possible experimental realization was also proposed.

As outcomes of the projects, several algorithmic developments have been implemented, such

as MPS-based routines and interfacing with standard quantum chemistry program packages.



Egyoldalas osszefoglald

Bér a siliriségmétrixos renormalasicsoport (DMRG) moddszert egydimenzids, erésen kor-
reldlt rendszerek szimulaldasara fejlesztették ki a szilardtestfizikaban, a megfelelo fejlesztésekkel
lehetdség nyilt a magasabb dimenzids rendszerek, valamint sok mds, erGsen korrelalt soktest-
rendszerek vizsgalatara is. Dolgozatomban a DMRG alkalmazasat vizsgalom a kvantumkémiaban
és az ultrahideg fizikdban, valamint DMRG &ltal tamogatott mdédszerek tanulményoztam.

El6szor, a DMRG dltal szabott csatolt klaszter (DMRG-TCC) médszert elméletileg vizsgaltuk,
és numerikusan demonstraltuk a nitrogén dimeren kiilonb6z6 geometridkra. Szisztematikus
vizsgalatot végziink a DMRG-TCC mddszer hibdjara vonatkozdan, kiilonosen akkor, ha a rend-
szer er6sen korreldlt. Megmutattuk, hogy a DMRG-TCC altal adott megoldas erdsen fiigg
az aktiv palydk megvalasztasatél. Megmutattuk az entropikus mennyiségek robusztussigat a
DMRG pontossagara nézve, ezért ez alapjan az optimalis palyafelosztds meghatarozhaté. Az
energiahiba minimalizdlasa és a nagyskalaji DMRG-TCCSD szamitasok elvégzése érdekében,
egy rutin eljarast dolgoztunk ki az optimalis pélyafelosztds meghatarozasara.

Maésodszor, az dsszefonddds minimalizdcidjan alapulé pdlyaoptimalizdcidt tanulmanyoztuk
a két racspontos DMRG-algoritmus keretében, valamint numerikusan demonstraltuk a nitrogén
dimeren kiilonb6z6 geometridkra. A betoltési szamok, az entropikus mennyiségek és az allapot
tomografidja alapjan végzett elemzés azt mutatta, hogy a bazis és az matrixszorzatos allapot
(MPS) egyiittes optimalizdcidja sordan lehetéség nyilik a hulldmfiiggvény multireferencids jel-
legének tomoritésére. Az igy nyert optimalizdlt palyak lényegesen optiméalisabb palydkat biz-
tositanak a tenzorhélézat-alapu és mas hagyoményos kvantumkémiai médszerek szamara.

Harmadszor, a keménymagiu bozonok Hubbard-kerék racsmodelljét mutattuk be, valamint
elméletileg és numerikusan is vizsgaltuk. Egyetlen paraméter hangoldsa lehetévé teszi az dtme-
netet az egydimenziosrol a ,,végtelen” dimenzids rendszerre, ami egyben atmenetet is eredményez
a kvézi-kondenzaciordl a teljes Bose—Einstein-kondenzaciéra. Numerikus szimulaciéink azt mu-
tattdk, hogy a kolcsonos informécié a paraméter fiiggvényében mindségileg hasonléan viselkedik,
mint a kondenzalt bozonok szama. Megmutattuk, hogy létezik egy gerjesztési energiarés, amely
kisérletekben altaldban kulcsfontossagi, valamint egy lehetséges kisérleti megvaldsitast is java-
soltunk.

A projektek folyomanyaképpen szdmos algoritmikus fejlesztés valdsult meg, mint példaul az

MPS-alapu rutinok és a standard kvantumkémiai programcsomagokkal valé interfészelés.
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