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FIG. 1: Sand ripples showing different lengthscales.

FIRST PROJECT: AEOLIAN SAND RIPPLE FORMATION

Sand ripples[1] are perhaps one of the most ancient pattern known in nature. This system has for long time intrigued
geologists, since wind is turbulent while ripples are regular. Despite the fact that the first theoretical modeling is
traced back to a century ago, a nonlinear evolution equation was lacking. The project consists in discussing general
features related to modeling aeolian sand ripples. We first focus on a hydrodynamical theory based on the two species
model: mobile and immobile grains, used by several authors for avalanches[2]. We show that this model predicts a
linear instability. We use the model for the derivation of a nonlinear evolution equation in the long-wavelength limit.
The derived equation was not known in the literature before[1]. The equation takes the generic form
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where differentiation are subscripted, and ν and η are two parameters. This equation was also derived on the basis of
symmetry and conservation laws, and the project focuses on this aspect as well[3]. This equation reveals ripples, with
a coarsening that seems to stop (or to dramatically slow down). We make a connection with the Cahn-Hilliard theory
and discuss coarsening in 1D fronts. Open questions that constitute a promizing line of future investigations are: how
can one extend the derivation to two dimensions starting from a hydrodynamical model? what are the consequences
in 2D? are there inherent secondary instabilities (like zig-zag patterns seen in nature)? what about coarsening in
2D? The techniques are analytical (derivation of nonlinear equations), and numerical (solution of partial differential
equations).

SECOND PROJECT: WHEN DOES COARSENING OCCUR IN THE DYNAMICS OF

ONE-DIMENSIONAL FRONTS ?

A central question in nonequilibrium[4] pattern forming systems is to identify general criteria (if any) for the presence
of coarsening or not without resorting to a systematic time-dependent calculation. We put forward a criterion for some
classes of nonlinear equations which is uniquely based on the behavior of the steady-state solutions. This criterion
is derived on the basis of the analysis f the phase diffusion equation [6], ∂Tψ = D∂XXψ, ψ being the phase. A
negative sign of the phase diffusion coefficient, D, is therefore a signature for the systems that undergo coarsening.
The second and more important step will be to relate the sign of D with the derivative, ∂λ/∂A, of the period λ of the
stationary solution with respect to its amplitude A. We will show that the sign of D is opposite to that of ∂λ/∂A.
A coarsening process can therefore take place, D < 0, if and only if ∂λ/∂A is positive. This relation will be proved
analytically for two classes of non-conserved and conserved equations and also checked numerically for an equation
which exhibits different dynamical scenarios with varying some parameters. A more general puzzling question is
whether, for extended systems, coarsening[5], chaos[6] or ‘diverging’ amplitudes[7, 8] with a frozen periodicity are
the only possible scenarios. Without spatial symmetry-breaking (like adding uxxx in the KS equation, resulting in
the Benney equation, and in which case an ordered pattern with a fixed amplitude and wavelength is induced by
the asymmetric term [9]), we are not aware of any equation which enjoys the basic symmetries and presents order,
finite amplitude, and a given wavelength. Is there any simple link between symmetries and the kind of dynamics
(order or disorder) that a system exhibits when it does not succumb coarsening? It will be an important task for
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future investigations to clarify these questions, as well as to consider possible extensions of our arguments to higher
dimension? The techniques are close to those of the first project.
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