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Overview

= multipartite entanglement classification / qualification / quantification
m spec.: partial separability ordered / criteria / entropic measures
m spec.spec.: one-parameter partial separability linearly ordered / criteria / depths
m convex metrological criteria (bounds)

DF(p) < D(p) (prod.)
VI VI

Fa(p, J%)/n < D%.(p) < Daglp) (avg)

good precision = strong entanglement (criterion)

Szalay, Téth, Quantum 9, 1718 (2025)
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https://quantum-journal.org/papers/q-2025-04-18-1718/

Partial separability properties

¢-separability
= separability w.r.t. a partition: § = {X1, Xa,..., X/}
m refinement (partial order): v X def: VY e v, X e YV C X
n=2: -
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Partial separability properties

¢-separability
= separability w.r.t. a partition: § = {X1, Xa,..., X/}
m refinement (partial order): v X def: VY e v, X e YV C X
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Partial separability properties

¢-separability
= separability w.r.t. a partition: § = {X1, Xa,..., X/}
m refinement (partial order): v X def: VY e v, X e YV C X
n=4:
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m {-separable states: D¢ = Conv{®x€§ px} LO

C-closed v=§{<+<=7D, CD¢
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Permutation invariant properties

example: partitionability and producibility = minimal height and maximal width
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set partition £ = {X1, X2,...} —— integer partition é= {x1,%0,...} ‘type of &'
refinement for Young diagrams, © < é (Young diagram)

&-separable states: Dg‘ = Conv UE <—.§{®Xe£ px}, LOCC-closed 0 =X €<= Dy C Dé
m k-producible states: Dy prod = Conv Ug k-prod{®xe§ px}
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Partitionability and producibility
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Partitionability, producibility and stretchability

1

stretchability

m height, width and Dyson-rank of a Young diagram

partitionability

h(€) == [¢] h(#) > h(é) .

w(€) := max(é) w(®) < w(é) \3

r(&) = w(é) - h(é) r(0) < r(é) "
m monotones for v < &

producibility
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Partitionability, producibility and stretchability

m height, width and Dyson-rank of a Young diagram
h(€) == [¢] h(®) > h(€)

A

w(€) := max(¢) w(D) < w(§)

5 Cropr 04 \fully sep) |

r(€) == w(é) — h(é) r(0) < r(§) \ \ ‘ |
m monotones for o < & K //

m k-producible states: Dj_prog
strictly k-producible states: Cy_prod (class)

m depth: k-value of the layer

depth of partitionability Dpart(p) := max{k € Ran(h) | p € Dy_part }
depth of producibility Dorod(p) := min{k € Ran(w) | p € Di_prod } = D(p)
depth of stretchability Dstr(/)) :=min{k € Ran(r) | p € Dyser}
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One-parameter entanglement properties, squareability

generator function: f monotone

0=xf = f(0)Sf(@)

state spaces: Dy r (nested, LOCC closed)
classes: C r (disjoint, LOCC convertibility)

f-entanglement depth: D  (LOCC monotone)
k-value of the layer

further example: squareability, avg

2 =Y =nY_ “x=navg(d)

xeé xEé

average size of entangled subsystems (w.r.t. picking elementary subsystem)
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Depths of Formation

m f-entanglement depth: Dy, discrete measure

B pe = 6‘wGHZ><wGHZ‘ + (1 - E)lwsep><¢sep’

with <(~'sep‘UGHZ> =0

problem: entanglement depth D(p.) = n (maximall) for all e > 0
m f-entanglement depth of formation: convex/concave roof extension

p; D (;
. (e Z 50r()
De"(p) := ZP (o

J J

{(PJJTJ }FP

m problem solved: 1 < D°F(p.) < en+ (1 — €)1
= note also that

min  max D (7
Df(p) = {(pj, ) p J ( j)
max  min Df(WJ)

{(pjsmj)}p J

if  is increasing

if £ is decreasing

if f is increasing

if £ is decreasing

8/ 15



Bounds among depths

m average size of entangled subsystem < maximal size of entangled subsystem
m convex roof extension is monotone

m convex roof extension is always smaller than the function (lower semicontinuous)

DF(p) < D(p) (prod.)
VI VI

DSl (p) Dag(p) (avg.)

IN
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Convex metrological entanglement criteria

m estimation of parameter 6 in the dynamics p — e~"A%peiA?
m Cramér-Rao bound (A0)? > m,

by quantum Fisher information Fq(p, A)

on the precision of parameter estimation

m bound for collective 1/2-spin-z observable J* for n qubits

Fq(p, J*)/n < D(p)

m but it is actually
Fa(p, J*)/n < Davg(p) < D(p)

m gantum Fisher information is the convex roof of the variance

m convex bound by the convex roof of the original bound

Fa(p, J%)/n < D¥,(p) < D°F(p)
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The meaning of the quantities

D(p) < D(p) (prod.)
VI VI

Falp.J)/n < D) < Daglp) (ave)
m (prod-)entanglement depth D(p) = ming(p; x)yp max; D(;)
m (prod-)entanglement depth of formation D°F(p) = Ming(p; m)yFp 2o P D7)
m avg-entanglement depth Davg(p) = ming(p, ry3-p Max; Davg (7))
® avg-entanglement depth of formation D;’Vg(p) = ming(p;m;)}p 2 PiDave(7))
average size of entangled subsystems (ASES)



The meaning of the quantities

Davg(j)
2.4
2.2

3
2.4

D°F(p)

< D(p) (prod.)

VI

< Daglp) (ave)

D(p) = ming(p, yyrp max; D(7;

DF (p) = ming(g, mypep 32, PiD ()

D0e(P) = ming(p mypp 2 P Dave (77

Vi

Fa(p, J5)/n < DS,(p

— m o D(m)
O = @ 0 = 3
CP @ E»®» 0 E» 2
0 O ¢ D G ) 4
« ) @ ) o © 3
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2.4

D(m))

( D(j)
Davg(p) = m'n{(pj ;) p Max; Davg(mj)
(7))

)

verage size of entangled subsystems (ASES
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The meaning of the quantities

Dyvg(m;) i T = D(j)
10 G O) 10
1 ®© @ ® @ P O @ O 6O 1

m avg-entanglement depth

m avg-entanglement depth of formation

IN

IN

D(p)
VI

Dan(P)

Dlp) = min{(py,m)p-p max; D

D°F P) = mm{(pjﬂrj)}ﬂ)z pj

avg(

DSig(p) = Ming (o, m)3ep 2 P Dave (77

average size of entangled subsystems (ASES

(prod.)

(ave)

= Min{(py.m)-p M D



The meaning of the quantities

D°F(p)

VI

Falp, J*)/n < D3,(p)

examples

Davg(ﬂ'j) — T ?
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m avg-entanglement depth of formation

D(m;)
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1

< D(p) (prod.)
Vi

< Daglp) (ave)

D(p) = ming(p mypp max; D(7))
DF(p) = ming(p m)pp o PO (7))
Davg(p) = m'n{(pj ;) p Max; Davg(mj)
(7))
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The meaning of the quantities

D°F(p)

VI

Falp, J*)/n < D3,(p)

examples
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m avg-entanglement depth of formation

D(m;)
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< D(p) (prod.)
VI

< Dalp) (avg)
D(p) = Min{(p, r,)}-p MaX; D(n;)
DM (p) = ming(p, myyp 0o P D(7))
Davg(p) = m'n{(pj ;) p Max; Davg(mj)
D:vg( )= m'"{(p,,ﬂ,)}l—pz Pj Davg(7))
average size of entangled subsystems (ASES)
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Convex vs. original: Fo(p, J?)/n < D°F(p) < D(p)

weaker bound Fq(p, J?)/n < D(p)

mpe=epx+ (1 —¢€)py for e > 0 with Tr(pep1) =0
where D(px) = k (strictly k-producible) and D(p1) = 1 (fully separable)

m p. is not k’-producible for k' < k, so D(p.) = k for all € > 0

® p. is much less entangled as py itself, a much lower Fq(pe, J?)/n is expected
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Convex vs. original: Fo(p, J?)/n < D°F(p) < D(p)

stronger bound Fq(p, J*)/n < D°F(p)
m for all pure decompositions p = ZJ- p;mj, with g, = ZJ:D(WJ_):,( p;j

Fo(p, J2)/n < D7 (p) ij (7)) qu Z ijr- quk

k=1 j:D(m)—k Tk

e.g., let n =10, Fq(p, J*) > 30, Fq(p,J*)/n >3
m always exists k-producible 7; for at least one k > 3

m if there are k-producible pure states ; for k < 3,
then this has to be compensated by k-producible 7j-s for k > 3
m at least 2g; weight of 4-producible states are needed for this
3<1q1+3q3+4g9s=q1+3(1 —q1— qa) +4qs leads to 2q1 < qq
m or at least the same g1 weight of 5-producible states
3<1q1+393+5g5 = q1+3(1 —q1—gs) + 55 leads to g1 < g5
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Take home message

k-producibility, k-average: one-parameter partial separability properties

(there are many more, partitionability, producibility, stretchability, avg=squareability,
toughness size-Rényi/Tsallis, entanglement-Dim, entanglement-DoF. . .)

properties naturally characterized by depth and depth of formation

metrological entanglement criteria: metrological precision (by quantum Fisher information)
vs. multipartite entanglement (by entanglement depths)

DF(p) < D(p) (prod.)
VI VI

1Fa(p, 7)) < DZ(p) Davg(p) (avg.)

IN
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Thank you for your attention!
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