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Quantum information processing

Entanglement: the characteristic trait of quantum mechanics
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Motivation

Quantum information processing

Entanglement: the characteristic trait of quantum mechanics

@ entangled quantum systems: nonclassical correlations

@ classically impossible tasks can be performed

@ quantum computation: fast quantum algorithms, supserdense coding,
quantum cryptography, quantum teleportation

@ entanglement is a resource:
entangled pure states are easily prepared and easy to use

in lab: system can not be isolated form its environment
“environmental decoherence”
the state of the system evolves into a mixed one

How many entanglement remained in the state?

e & 6 6 ¢

less ambitious question: |s the state still entangled?
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Setting the stage

© Setting the stage
@ Set of quantum states
@ Composite systems: entanglement
@ Separability classes for threepartite systems
@ Permutation-invariant states
@ Noisy GHZ-W mixture
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Setting the stage = Set of quantum states

Quantum state

Describing a quantum system
o H Hilbert space (= (CH, (-]-)))
@ set of quantum states D={o: H—>H |0>0,Tro=1}
@ observables: A:H — H self-adjoint operators
@ description of the system through expectation values: (A) = Tr oA
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Setting the stage = Set of quantum states

Quantum state

Describing a quantum system
o H Hilbert space (= (CH, (-]-)))
@ set of quantum states D={o: H—>H |0>0,Tro=1}
@ observables: A:H — H self-adjoint operators
@ description of the system through expectation values: (A) = Tr oA

v

@ pure state: rko =1, then o = [)(¥], ||¥|?> =1
(0® = o projector onto |1))
@ set of pure states: projective Hilbert space (CP9~1)

o (A) = TroA = (Y|Al¢)

1

A\,
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Setting the stage = Set of quantum states

Pure and mixed states

Mixed states
@ mixed state: rko > 1, then o = >, pi|vi) (¥, |[wil®> = 1,
@ convex sum of pure states: p; >0, >, pj = 1 (weighted average)
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Setting the stage = Set of quantum states

Pure and mixed states

Mixed states
@ mixed state: rko > 1, then o = >, pi|vi) (¥, |[wil®> = 1,
@ convex sum of pure states: p; >0, >, pj = 1 (weighted average)

@ set of all states (D): convex hull of projective Hilbert space
o (A) =TroA=>", pi(¢i|Ali) (system is in |1;)(1)i| with prob. p;)

12) (¥

p101 + p202

02
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Setting the stage = Set of quantum states

Pure and mixed states II.

Example: one qubit
o M= (C2 (1))
@ pure states: CP! =2 52 (Bloch sphere)
@ all states (D): convex hull of Bloch sphere (Bloch ball)
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Setting the stage = Set of quantum states

Pure and mixed states II.

Example: one qubit
o M= (C2 (1))
@ pure states: CP! =2 52 (Bloch sphere)
@ all states (D): convex hull of Bloch sphere (Bloch ball)

Parametrization
o 0= 3(I+ro)
@ pure states: |r| =1

@ mixed states: |r| <1

@ center: |r| = 0 white noise
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Setting the stage = Set of quantum states

Pure and mixed states IIl.

Bigger systems (d > 2)
° H=(CY,(]))
@ pure states: CP9~1 = §2d—1/g1
not a sphere anymore

@ but subset of zero measure on a sphere
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Setting the stage = Set of quantum states

Pure and mixed states IIl.

Bigger systems (d > 2)
° H=(CY,(]))
@ pure states: CP9~1 = §2d-1/61
not a sphere anymore
but subset of zero measure on a sphere
all states: convex hull of this

inside: rko =d

¢ © ¢ ¢

on the boundary: rk o < d
(not only pure states)

@ pure states: extremal points
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Setting the stage Composite systems: entanglement

Composite systems

Two subsystems: H = H! @ H?
@ set of quantum states D={p:H > H |0>0,Tro=1}
@ o € D is separable iff o = >_. pjo} ® 0? decomp. exist (not unique)
@ pure states: o = |¢) (1| separable then |)) = |t)1)?)
@ then mixed state is separable iff p = ZJ- qjlw}wf)(w}wf\
@ entangled: not separable
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Setting the stage Composite systems: entanglement

Composite systems

Two subsystems: H = H! @ H?

@ set of quantum states D={p:H > H |0>0,Tro=1}
@ o € D is separable iff o = >_. pjo} ® 0? decomp. exist (not unique)
@ pure states: o = |¢) (1| separable then |)) = |t)1)?)

o then mixed state is separable iff o = =, q;[¢j¢7) (¥} 7|

@ entangled: not separable

@ all states: D convex hull of pure states

@ extremal points: separable and entangled pure states

@ separable states: D*P C D convex hull of pure separable states
@ entangled states: the others D \ D%P
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Setting the stage Composite systems: entanglement

Composite systems II.

Examples: two qubit pure states

o H =C?®C? |0),|1) € C? orthogonal normed
@ entangled: Bell states o = |B;){(B;|, where

|Bo) = (!00> +11)) |B1) = —(|01> +[10))

SI
S

|Bs) = E(IO(D - 11)) |B2) = %(IOD - [10))

@ separable: product state o = |00) (00|
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Setting the stage Composite systems: entanglement

Composite systems IlI.

Examples: two qubit mixed states

® 0= p|Bo)(Bo| + (1 — p)|B3)(Bs
o separable for p = 3: o = £]00)(00| + 3|11)(11] separable
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Setting the stage Composite systems: entanglement

Composite systems IlI.

Examples: two qubit mixed states

® 0= p|Bo)(Bo| + (1 — p)|B3)(Bs
o separable for p = 3: o = £]00)(00| + 3|11)(11] separable

o separable iff p = 1 (PPT crit, see later)

@ another separable: p =), %|B,-><B,-| = %]I

Bo)(Bol %
| >< ‘ » |Bl><Bl‘

SN 1B (B

|B2)(Ba| ¢
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Setting the stage = Separability classes for threepartite systems

Separability of threepartite systems

o fully-separable: D3-sep
) 3 3
933sep =, pilY; Sep><¢i P,
[075%®) = [Wivie?)

@ D-s: compact, nested convex. J

@ Classes: sets, derived from D-s (not necessarily convex)
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1 23 _ Z pl‘wl 23>< 1 23"
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9

@ D-s: compact, nested convex. J

@ Classes: sets, derived from D-s (not necessarily convex)

Szilérd Szalay (BUTE-DTP) On noisy GHZ-W states March 4, 2011 12 / 56



Setting the stage = Separability classes for threepartite systems

Separability of threepartite systems

o fully-separable: D3-sep
@ 1 — 23-separable: D'=23,
o DI-23\ (D231 y p3-12)

9

@ D-s: compact, nested convex. J

@ Classes: sets, derived from D-s (not necessarily convex)

Szilérd Szalay (BUTE-DTP) On noisy GHZ-W states March 4, 2011 12 / 56



Setting the stage = Separability classes for threepartite systems

Separability of threepartite systems

o fully-separable: D3-sep
@ 1 — 23-separable: D'=23,
° (D§731 n Dg’lz) \ Dé723

9

@ D-s: compact, nested convex. J

@ Classes: sets, derived from D-s (not necessarily convex)

Szilérd Szalay (BUTE-DTP) On noisy GHZ-W states March 4, 2011 12 / 56



Setting the stage = Separability classes for threepartite systems

Separability of threepartite systems

o fully-separable: D3-sep

@ 1 — 23-separable: D'=23,

° (D1—23OD2—13me3—12)\rD3—sep
“semi-separable”

9

@ D-s: compact, nested convex. J

@ Classes: sets, derived from D-s (not necessarily convex)
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Setting the stage = Separability classes for threepartite systems

Separability of threepartite systems

o fully-separable: D3-seP

@ 1 — 23-separable: D'=23,

(D1_23OD2_13 me3—12)\rD3—sep

biseparable: D> =

hull of D723y D?~13 y P3-12

general: k-separable: Dk-sep:
N can be mixed using states that

can be sep. at least k parts

D3—sep C D2—sep cD

©

N
©
v

X

©

@ D-s: compact, nested convex.

@ Classes: sets, derived from D-s (not necessarily convex)

J
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Setting the stage = Separability classes for threepartite systems

Separability of threepartite systems

o fully-separable: D3-seP

1 — 23-separable: D123,
(D1_23OD2_13 me3—12)\rD3—sep
biseparable: D?seP

D3—sep C D2—sep cD

bisep. entangled: D?seP \ D3-sep

1\\
©
’

@ D-s: compact, nested convex.

@ Classes: sets, derived from D-s (not necessarily convex)

J
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Setting the stage = Separability classes for threepartite systems

Separability of threepartite systems

o fully-separable: D3-seP

1 — 23-separable: D123,
(D1_23OD2_13 me3—12)\rD3—sep
biseparable: D?seP

D3—sep C D2—sep cD

bisep. entangled: D?seP \ D3-sep
D2—sep\(rD1—23Up2—13 UD3_12)
no need of genuine three-partite
entanglement

JaN

A
I

e © ¢ ¢ o ¢

@ D-s: compact, nested convex.

@ Classes: sets, derived from D-s (not necessarily convex)

J
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Setting the stage = Separability classes for threepartite systems

Separability of threepartite systems

o fully-separable: D3-seP

1 — 23-separable: D123,
(D1_23 OD2_13 me3—12) \D3—sep
biseparable: D?seP

D3—sep C D2—sep cD

bisep. entangled: D?seP \ D3-sep
D2—sep \ (D1_23 UD2_13 UD3_12)
Dl-sep = D123 =D

1\\
©
’

@ D-s: compact, nested convex.
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Setting the stage = Separability classes for threepartite systems

Separability of threepartite systems

o fully-separable: D3-seP

1 — 23-separable: D123,
(D1_23 mD2—13 me3—12) \D3—sep
biseparable: D?seP

D3—sep C D2—sep cD

bisep. entangled: D?seP \ D3-sep
D2—sep \ (D1_23 UD2_13 UD3_12)
Dl-sep = D123 =D
fully-entangled: D\ D?seP

A

N7
I

e ¢ ¢ ¢ 6 ¢ ¢ ¢

@ D-s: compact, nested convex.

@ Classes: sets, derived from D-s (not necessarily convex)

J
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Setting the stage Permutation-invariant states

Permutation-invariant states

Simpler class structure

/‘\ @ some classes does not contain perm. inv. states:

@ o if o € D172 then p € D> 13 and p € D312
NN for permutation invariant g
>

@ the remaining four classes are generally nonempty
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Setting the stage Permutation-invariant states

Permutation-invariant states

Simpler class structure

@ some classes does not contain perm. inv. states:

/ (7 o if o € D172 then p € D> 13 and p € D312
NN for permutation invariant g
>

@ the remaining four classes are generally nonempty

General scheme in the following

We will have criteria for three subsets:

D3—sep ‘6‘ C D1723 mD2713 N ID3712 C D2—sep
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Setting the stage Noisy GHZ-W mixture

Important three-qubit states

o Greenberger-Horne-Zeilinger

o |GHZ) = 45(000) + [111)) \/)\

@ maximally entangled

@ separable two-partite subsystems
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Setting the stage Noisy GHZ-W mixture

Important three-qubit states

white noise: system is in every ortogonal state with the same prob.
“maximally mixed”

represented by ﬁ]l

the “center” of D

e © ¢ ¢
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Setting the stage Noisy GHZ-W mixture

Important three-qubit states

white noise: system is in every ortogonal state with the same prob.
“maximally mixed”
represented by — 71l
the “center” of D

e © ¢ ¢

mixing with white noise

11 @ model for environmental decoherence

¢><¢]“\.\/xﬁ+ 1 — e @ 0 < x <1 noise ratio

° QHQX:Xﬁ]I‘F(].—X)Q
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Setting the stage Noisy GHZ-W mixture

Noisy GHZ-W mixture

@ we investigate the convex hull of noise, GHZ and W states

@ 2-dim. convex compact subset of D, containing important states
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Setting the stage Noisy GHZ-W mixture

Exact results in literature

noisless GHZ-W mixture

@ d = 0 line: measures of entanglement
exactly calculated

.

noisy GHZ state

0 g @ w =0 line:
o fully separable iff0 < g <1/5

o for 1/5 < g < 3/7 biseparable,
yet inseparable under bipartitions,

o fully entangled 3/7 < g <1
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Two-partite criteria

© Two-partite criteria
@ Entropy criterion
@ Majorisation criterion
@ Partial transposition criterion
@ Positive map criterion
@ Reduction criterion
@ Reshuffling criterion
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Two-partite criteria

Two-partite criteria. . .

... for three-partite system

consider the 2nd and 3rd subsystems as one subsystem
denote: H =H! ® (H? @ H3) as H! @ H*
recall: o € D is separable iff p = )", p,-g,1 ® 9,23 decomp. exist

either separable or entangled

e © 6 6 ¢

criteria for two-partite separability give criteria for D1=23
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Two-partite criteria

Two-partite criteria. . .

... for three-partite system

consider the 2nd and 3rd subsystems as one subsystem
denote: H =H! ® (H? @ H3) as H! @ H*

recall: o € D is separable iff o = Y. pio} ® 0?3 decomp. exist
either separable or entangled

e © 6 6 ¢

criteria for two-partite separability give criteria for D1=23

permutation invariant states

° ’D1723 N ID2713 N D3712

@ union of fully separable and semiseparable states

@ (convex set)
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Two-partite criteria Entropy criterion

Entropy criterion

Rényi entropies

o p=(p1,...,pn) and g =(q1,...,qn) probability distributions

@ Rényi entropies:

1

Ha(p) = T——

Ian,‘?‘ for 0<a
i

@ « = 0 Hartley entropy: Ho(p) = In|{pi | pi # 0}|
@ a — 1 Shanon entropy: Hi(p) = lima—1 Ha(p) = —>_; pilnp;i

@ o — 0o Chebyshew entropy: Hoo(p) = lima—oo Ha(p) = — In Pmax
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Two-partite criteria Entropy criterion

Entropy criterion

Rényi entropies
o p=(p1,...,pn) and g =(q1,...,qn) probability distributions
@ Rényi entropies:

Ha(p) = 7

1
aln g p for 0<a
1

@ « = 0 Hartley entropy: Ho(p) = In|{pi | pi # 0}|
@ a — 1 Shanon entropy: Hi(p) = lima—1 Ha(p) = —>_; pilnp;i
@ o — 0o Chebyshew entropy: Hoo(p) = lima—oo Ha(p) = — In Pmax

Characterize the disorderness

@ H,(p) > Ha(q): pis more disordered than g (for a < 1 only!)
o Ho(L,1...) > Hu(p) > Ha(1,0,...)

n’n’

v
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Two-partite criteria Entropy criterion

Entropy criterion |II.

Quantum Rényi entropies

@ Rényi entropies for density matrices:

1
Sa(0) = 1 In Tr o® for 0<a

-«
@ then 5,(0) = Ha(Spect(o))

@ « = 0 Hartley entropy: So(0) = Inrk(o)

@ o — 1 von Neumann entropy: Si(0) = — Trolnp

@ o — 0o Chebyshew entropy: So(g) = — In max Spect(p)
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Two-partite criteria Entropy criterion

Entropy criterion |II.

Quantum Rényi entropies

@ Rényi entropies for density matrices:

Sa(0) = In Tr o® for 0<a

l—«o

@ then S,(0) = Ha(Spect(p))

@ « = 0 Hartley entropy: So(0) = Inrk(o)

@ o — 1 von Neumann entropy: Si(0) = — Trolnp

@ o — 0o Chebyshew entropy: So(g) = — In max Spect(p)

V.

Characterize the mixedness

@ Su(0) > Sa(0'): o is more mixed than ¢ (for a < 1 only!)
o So(7I) > Sal0) > Sall)(¥])

v
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Two-partite criteria Entropy criterion

Entropy criterion IIl.

Entropy criterion

o separable — Sa(0) > Sa(0?) and  Sa(0) > Sa(0®)

@ ‘“for a separable state the whole system is more disordered than any
of its subsystems”
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Two-partite criteria Entropy criterion

Entropy criterion IIl.

Entropy criterion

0 separable = Sa(0) > Sa(0®) and  S.(0) > Sa(0®)

@ ‘“for a separable state the whole system is more disordered than any
of its subsystems”

A\,

General scheme in the following

we want to detect a subset

v
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Two-partite criteria Entropy criterion

Entropy criterion IIl.

Entropy criterion

0 separable = Sa(0) > Sa(0®) and  S.(0) > Sa(0®)

@ ‘“for a separable state the whole system is more disordered than any
of its subsystems”

A\,

General scheme in the following

we want to detect a subset
o € subset = conditions hold

v
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Two-partite criteria Entropy criterion

Entropy criterion IIl.

Entropy criterion

0 separable = Sa(0) > Sa(0®) and  S.(0) > Sa(0®)

@ ‘“for a separable state the whole system is more disordered than any
of its subsystems”

A\,

General scheme in the following

we want to detect a subset
o € subset = conditions hold
0 ¢ subset <= cond. don't hold

v
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Two-partite criteria Entropy criterion

Entropy criterion — results

Applying to noisy GHZ-W mixture

: @ o — oo (Chebyshew)

@ red domain:

Soo(0) 2 Sxo(0') and Swo(0) > Seo(0®)
@ blue domain:
. Soo(0) > Soo(0') and Sxo(0) # Soo(0®)
@ grey domain:

S (0) ?f 500(91) and S (0) i 500(023)

0 0.2 0.4 0.6 0.8 1
’ ° convex subset in red domain.
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Two-partite criteria Entropy criterion

Entropy criterion — results

Applying to noisy GHZ-W mixture

™ o a=1%,2311234,5.1020

o @ red curve: the border of the domain
06 5&(9) > Soz(Ql) and Sa(Q) > 5a(923)
; @ blue curve: the border of the domain

0.4

Sa(0) > Sa(Ql) and S.(0) ;7—4 501(@23)

@ red domain copied from a — oo case

0 3
R ) convex subset in red domain.

0.2
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Two-partite criteria Majorisation criterion

Majorisation criterion |.

Majorisation

o p=(p1,...,pn) and g =(qu,-..,qn) probability distributions
p < q (g majorize p) if Zf'(:l pf < Zf-(:l qf forall1< k<n
(J denotes nonincreasing order)

partial order on the set of probability distributions up to permutations

e & o ¢

“q is more ordered than p"
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Two-partite criteria Majorisation criterion

Majorisation criterion |.

Majorisation

o p=(p1,...,pn) and g =(qu,-..,qn) probability distributions

@ p < q (g majorize p) if Zf'(:l pf < Zf'(:l qf forall1< k<n

@ ({ denotes nonincreasing order)

@ partial order on the set of probability distributions up to permutations

@ ‘g is more ordered than p”

v
Examples

o (1,1 . )<p=<(1,0,...)forall p

n’n’

o pt:=(1/2,1/8,...) and ¢g* :=(1/3,1/3,...), then p £ g and g #4 P
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Two-partite criteria Majorisation criterion

Majorisation criterion Il.

Majorisation criterion (Nielssen)

@ majorisation for density matrices: w < o if Spect(w) < Spect(o)

A

o separable = 0<0" and p=< 0P

@ ‘“for a separable state the whole system is more disordered than any
of its subsystems”
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Two-partite criteria Majorisation criterion

Majorisation criterion Il.

Majorisation criterion (Nielssen)

@ majorisation for density matrices: w < o if Spect(w) < Spect(c)

A

o separable = 0<0" and p=< 0P

@ ‘“for a separable state the whole system is more disordered than any
of its subsystems”

Schur-concavity

@ f real valued function on probability distributions

@ f(p) Schur-concav, if p < g = f(p) > f(q)

@ entropies: Schur-concave functions
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Two-partite criteria Majorisation criterion

Majorisation criterion Il.

Majorisation criterion (Nielssen)

@ majorisation for density matrices: w < o if Spect(w) < Spect(c)

A

o separable = 0<0" and p=< 0P

@ ‘“for a separable state the whole system is more disordered than any
of its subsystems”

|

Schur-concavity
@ f real valued function on probability distributions
o f(p) Schur-concav, if p < g = f(p) > f(q)
@ entropies: Schur-concave functions

@ entropy criterion can not be stronger than majorisation criterion
A A

0=0 Sa(0) = Sa(0”)

0= 0" Sal0) = Sa(0®)

Szilérd Szalay (BUTE-DTP) On noisy GHZ-W states March 4, 2011 26 / 56
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Two-partite criteria Majorisation criterion

Majorisation criterion — results

Applying to noisy GHZ-W mixture

b @ red domain: p < o' and p < 0*
7 @ blue domain: ¢ < o' and ¢ # ¢*3

o @ grey domain: ¢ # o' and o £ 0%

0'2 ° convex subset in red domain.
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Two-partite criteria Partial transposition criterion

Partial transposition criterion |.

Partial transposition
o (A® B)™* = AT ® B linear, trace-preserving
@ recall: o separable iff p =) . p,-g}l ® Q? decomposition exist
o then o1 =", pi(0}) " ® 0? also a valid density operator
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Two-partite criteria Partial transposition criterion

Partial transposition criterion |.

o (A® B)t = AT ® B linear, trace-preserving
@ recall: o separable iff p =) . p,-g;-l ® ng decomposition exist
o then o1 =", pi(0}) " ® 0? also a valid density operator

Partial transposition criterion (Peres, Horodecki)

o0 separable = o >0

@ necessary and sufficient iff dimH < 6
@ else: positive partial transposed entangled states (PPTES)
@ PPTES: undistillable, hard to find
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Two-partite criteria

Partial transposition criterion

Partial transposition criterion — results

Applying to noisy GHZ-W mixture

08

@ o' > 0 holds inside the intersection of
o the domains bounded by the red ellipses
. \\ @ grey domain: copied from majorisation
\ criterion

| ° convex subset in the intersection
° 0 0.‘2 0.4 0.6 0.8 1
9
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Two-partite criteria Positive map criterion

Positive map criterion (Horodecki)

Positive map criterion

@ O positive map, if preserves positivity of operators

@ positive map criterion
0 separable — (P®0)p >0 for all positive maps ¢

@ necessary and sufficient, but hard to check for all positive maps
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Two-partite criteria Positive map criterion

Positive map criterion (Horodecki)

Positive map criterion

@ O positive map, if preserves positivity of operators

@ positive map criterion
0 separable — (P ®I)p >0 for all positive maps ¢

@ necessary and sufficient, but hard to check for all positive maps

@ for particular ®: necessary but not sufficient criterion
0 separable = (2D >0

@ for ®(A) = AT: partial transposition criterion
o for ®(A) = Tr(A)I — A: reduction criterion

Szilérd Szalay (BUTE-DTP) On noisy GHZ-W states March 4, 2011 30 / 56



Two-partite criteria Reduction criterion

Reduction criterion

Reduction map
o P(A)=Tr(AI-A
o (Tr(A)L — A = (02A02)T for 2 x 2 matrices)

Reduction criterion (Horodecki)

o separable = AR —p>0 and T"®0%—0p>0

@ can not be stronger than partial transposition crit.
@ equivalent for qubit-qudit systems

@ violated for distillable states

@ there are no bound entangled 2 x 4 NPT states

v
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Two-partite criteria Reduction criterion

Reduction criterion — results

Applying to noisy GHZ-W mixture

: @ reduction criterion holds inside the
intersection of the domains bounded by
the red and blue curves

. (two additional constraint (blue) are

os weaker)

08

" @ grey domain: copied from majorisation
/ criterion

0 0 0.2 0.4 0.6 0.8 1 . . .
. ) convex subset in the intersection
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Two-partite criteria Reshuffling criterion

Reshuffling criterion (Horodecki)

Reshuffling map
@ global map R

@ on matrix elements: [R(o)]ii ji = 0ij,irjr

(if 0 = oy [N ('] @ L)1)

Szilérd Szalay (BUTE-DTP) On noisy GHZ-W states
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Two-partite criteria Reshuffling criterion

Reshuffling criterion (Horodecki)

Reshuffling map

@ global map R

@ on matrix elements: [R(o)]ii ji = 0ij,irjr

(if 0 = oy [N ('] @ L)1)

| A\

Reshuffling criterion

o separable = [R(2)m <1

@ (trace norm ||A||t, = Tr VATA)
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Two-partite criteria Reshuffling criterion

Reshuffling criterion — results

Applying to noisy GHZ-W mixture

@ ||[R(0)||ITr <1 holds inside the red curve
o of high order

ool |\ o red ellipses: copied from partial
R transposition criterion
|\ @ grey domain: copied from majorisation

wo—T .
T \ criterion
| ‘
2 oa 08 08 i ) convex subset in the intersection
g9

v
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Multipartite criteria

@ Multipartite criteria
@ Permutation criterion
@ Criteria on spin-observables
@ Criteria on matrix elements
@ Criteria on matrix elements — a different approach
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Multipartite criteria

Multipartite criteria

criteria for three-partite separability classes

D3—sep C D1_23 N D2_13 N D3—12 C D2—sep

Szilérd Szalay (BUTE-DTP) On noisy GHZ-W states March 4, 2011 36 / 56



Multipartite criteria Permutation criterion

Permutation criterion

Note that

o part. transp.: [T1(0)]ijii» = ejirjr
@ part. transp. crit.: o separable = Ti(0) >0< |T1(0)]|w =1
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Multipartite criteria Permutation criterion

Permutation criterion

Note that

o part. transp.: [T1(o)lij i = 0jjirjr

@ part. transp. crit.: o separable = Ti(0) >0< |T1(0)]|w =1
o reshuffling: [R(0)]ir jj» = 0ij,irjr

o reshuffling crit.: o separable = ||R(o)||7r <1
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Multipartite criteria Permutation criterion

Permutation criterion

Note that

@ part. transp.: [Tl(g)],-%,-j/ = 0jj.i"j!
@ part. transp. crit.. o separable = Ti(0) > 0<% ||Ti(o)|w =1
o reshuffling: [R(o)lii ji = oij,irjr

o reshuffling crit.: o separable = [|R(o)||7r <1

@ generalisation: let us permute the local matrix indices!

(also for more than two subsystems)
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Multipartite criteria Permutation criterion

Permutation criterion

Note that

o part. transp.: [T1(0)]iji» = 0ij,irjr

@ part. transp. crit.: o separable = Ti(0) >0< |T1(0)]|w =1
o reshuffling: [R(0)]ir jj» = 0ij,irjr

o reshuffling crit.: o separable = ||R(o)||7r <1

@ generalisation: let us permute the local matrix indices!

(also for more than two subsystems)

Permutation criterion for full separability (Horodecki)
@ m € Sy permutation, (N: number of subsystems)

o Ar map: [A:(0)

]i7r(1)i7r(2)"'i7r(N)’i7r(N+1)i7r(N+2)'“i7r(2N) = Oitip..insing1ing2 2N

o fully separable = INz(0)|lTr <1, V7€ Son
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Multipartite criteria Permutation criterion

Permutation criteria Il.

Permutation criterion

@ (2N)! permutations give (2N)! criteria for N-partite systems

@ there are equivalent ones

@ for two subsystems: two equivalence classes (representant elements
are given by part. transp. and reshuffling map)

@ for three subsystems: six equivalence classes of criteria (representant
elements are given by three one-partite transpositions and three
two-partite reshufflings)
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Multipartite criteria Permutation criterion

Permutation criteria Il.

Permutation criterion

@ (2N)! permutations give (2N)! criteria for N-partite systems

@ there are equivalent ones

@ for two subsystems: two equivalence classes (representant elements
are given by part. transp. and reshuffling map)

@ for three subsystems: six equivalence classes of criteria (representant
elements are given by three one-partite transpositions and three
two-partite reshufflings)

Two-partite reshuffling criterion for three-qubit system

@ reshuffling of 2nd and 3rd subsystems: R’

g 0 /
@ on matrix elements: [R'(0)]ij.irkk = 0ijk,ivj’ k!

o fully separable = IR (o)||T+ <1
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Multipartite criteria Permutation criterion

Permutation criteria — results

Applying to noisy GHZ-W mixture

@ ||R'(0)|lTr <1 holds inside the green
curve of high order

o @ red curve of high order: copied from
0s reshuffling criterion

@ red ellipses: copied from partial
transposition criterion

0.4
0.2 . . . . .
@ grey domain: copied from majorisation
0 criterion

) : : .
o (/@\) convex subset in the intersection

V.
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Multipartite criteria Criteria on spin-observables

Criteria on spin-observables

Construction (Seevinck, Uffink)

° (X(l), Y@, Z(l)) orthogonal r.h. spin-observables on subsystems
o Pauli group: [X(W, y(M] = j2z(1)
o (XMN2 4 (y(2 4 (72 < (1(1)2 | equality iff the state is pure

v
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Multipartite criteria Criteria on spin-observables

Criteria on spin-observables

Construction (Seevinck, Uffink)
o (XMW y@ 7)) orthogonal r.h. spin-observables on subsystems
o Pauli group: [X(W), Y] = j2z(1)
o (XMN2 4 (y(M2 4 (72 < (1(1)2 equality iff the state is pure
@ obtain two sets of two-qubit observables:
(X)Sz), Y)Sz), Z)SZ), l>$2)), where x =0, 1
eg X = (XOgx®_y®) g yW)
o generalized Pauli group: [X(®, Y®)] = j2z(1)
o (X2 4 (y(@)h2 1 (72 < ((2))2 equality iff the state is pure
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Multipartite criteria Criteria on spin-observables

Criteria on spin-observables

Construction (Seevinck, Uffink)

° (X(l), Y@, Z(l)) orthogonal r.h. spin-observables on subsystems
o Pauli group: [X(W, y(M] = j2z(1)
o (XMN2 4 (y(2 4 (72 < (1(1)2 | equality iff the state is pure
@ obtain four sets of three-qubit observables:

X, v,z 1) where x =0...3

eg X = (xWexP - yO gy .
o generalized Pauli group: [X(®), Y®)] = j3z(1)
o (XGN2 4 (yB)2 4 (ZB)2 < (13))2 equality iff the state is pure

o
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Multipartite criteria Criteria on spin-observables

Criteria on spin-observables

Construction (Seevinck, Uffink)

° (X(l), Y@, Z(l)) orthogonal r.h. spin-observables on subsystems
o Pauli group: [X(W, y(M] = j2z(1)
o (XMN2 4 (y(2 4 (72 < (1(1)2 | equality iff the state is pure
@ obtain four sets of three-qubit observables:

X, v,z 1) where x =0...3

eg X = (xWexP - yO gy .
o generalized Pauli group: [X(®), Y®)] = j3z(1)
o (XGN2 4 (yB)2 4 (ZB)2 < (13))2 equality iff the state is pure
@ can be generalized for N qubits: 2V sets
@ criteria by the expectation values (XﬁN)) = Tr gX>£N). .
@ optimization on (X, y(1) z(1))

o
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Multipartite criteria Criteria on spin-observables

Criteria on spin-observables

criteria by the expectation values

e D \/<XX(3)>2 IVSEEDS \/<,y<3)>2 _(z®)y2
o€ D1723 N D2713 N D3712 —

max{ (X2 + (V{2 ] < min{ (12 = ()2} < 1/4

X

mxax{<xx(3>>2 n (YX(3)>2} < mxin{</x(3)>2 - <zx(3)>2} <1/16.
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Multipartite criteria Criteria on spin-observables

Criteria on spin-observables — results

Applying to noisy GHZ-W mixture

@ Setting for the detection of GHZ:
(XMW, vy zW)Y) = (44, 0,,0,) for each

subsystem
* @ Setting for the detection of W:
. (XMW, Yy zWY) = (4,,0,,0%) for each
! subsystem

0.4

) & convex subset in the intersection

0.2

: of the domains bounded by the red curves

o convex subset in the intersection of

the domains bounded by the blue curves

v
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Multipartite criteria Criteria on matrix elements

Criteria on matrix elements

basic idea (Gabriel et al)

@ permutation operators acting on H ® H

@ P,: swaps the ath subsystems of the two copies:
Poliv...inji---Jn) = i1 - fa—1jalat1 -« - INJL - - - Ja—1lafat1 - - -JN)

@ Ps =[],cs Pa swaps an S set of subsystems

o if the ath subsystem is separable from the others then P}o®2pP, = o2

o€ pk—sep —
1
k 2k
\/ (910%2Prot|¢) < Z <H<¢|P;(i)g®2psl(7f)|¢>>
i \n=1 "

where ¢ € H ® H fully separable “detection vector”,
i runs over possible k-partite splits (5{'), 5('), cen, S,E'))

v
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Multipartite criteria Criteria on matrix elements

Criteria on matrix elements Il.

results, notes

@ optimization on |¢) detection vectors
@ |pGHz) = |000111) detects GHZ (optimal?)

o |pw) = H®®|pgHz) detects W (optimal?),
where H =1/v/2 [} 1] Hadamard transf. for qubits
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Multipartite criteria Criteria on matrix elements

Criteria on matrix elements Il.

results, notes

@ optimization on |¢) detection vectors
@ |pgHz) = |000111) detects GHZ (optimal?)

o |pw) = H®®|pghz) detects W (optimal?),
where H =1/v/2 [} 1] Hadamard transf. for qubits

@ these gives the same results as the criteria on spin-observables

@ moreover: |¢gHz) — |¢w) by Hadamard
and (ox,0y,0;) — (07,—0y,,0x) = (0,,0,,0) also by Hadamard
((T,' — HO','HT)

@ we can consider Hadamard transformation on p

@ further connections between the two families of criteria?
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Multipartite criteria Criteria on matrix elements — a different approach

Criteria on matrix elements

Different approach (Giihne, Seevinck)

@ direct investigation of the matrix elements of pure separable states

@ convexity argument = inequality for mixed states
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Multipartite criteria Criteria on matrix elements — a different approach

Criteria on matrix elements

Different approach (Giihne, Seevinck)
@ direct investigation of the matrix elements of pure separable states

@ convexity argument = inequality for mixed states

Example (for full separability)

9 [V) = (a0/0) + a1]1)) ® (bo|0) + b11)) ® (c0|0) + 1[1)),
wijk = a,-bjck

v
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Multipartite criteria Criteria on matrix elements — a different approach

Criteria on matrix elements

Different approach (Giihne, Seevinck)
@ direct investigation of the matrix elements of pure separable states

@ convexity argument = inequality for mixed states

Example (for full separability)

9 [V) = (a0/0) + a1]1)) ® (bo|0) + b11)) ® (c0|0) + 1[1)),
wijk = a,-bjck

o o :=|V)(V| pure state, so gjj,irjik = a,-bjcké,-/Ej/Ek,

v
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Multipartite criteria Criteria on matrix elements — a different approach

Criteria on matrix elements

Different approach (Giihne, Seevinck)
@ direct investigation of the matrix elements of pure separable states

@ convexity argument = inequality for mixed states

Example (for full separability)
o |W) := (a0[0) + a1|1)) ® (bo|0) + b1[1)) ® (co[0) + c11)),
wijk = a,-bjck
o o :=|V)(V| pure state, so gjj,irjik = a,-bjcké,-/Ej/Ek/
9 000,000 = 30b0c030boCo
0111,111 = aibiciaibicy

0000,0000111,111 = doboCoa1b1C1a0bocoa1 b1€1 = 0000,1110000,111
for fully separable pure states 000077 = |00.7|2

v
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Multipartite criteria Criteria on matrix elements — a different approach

Criteria on matrix elements

Different approach (Giihne, Seevinck)
@ direct investigation of the matrix elements of pure separable states

@ convexity argument = inequality for mixed states

Example (for full separability)

o W) :=(a0|0) + a1/1)) ® (bo[0) + b1[1)) ® (0|0} + c11)),
wijk = a,-bjck

o 0 :=|W)(W| pure state, so ojikirj .k = ajbjckaibj Ty

9 000,000 = 30b0c030boCo
0111,111 = a1bicaibicy

0000,0000111,111 = doboCoa1b1C1a0bocoa1 b1€1 = 0000,1110000,111
for fully separable pure states 000077 = |00.7|2

@ \/fg is concave, if f, g positive linear,

v

Szilérd Szalay (BUTE-DTP) On noisy GHZ-W states March 4, 2011 45 / 56



Multipartite criteria Criteria on matrix elements — a different approach

Criteria on matrix elements

Different approach (Giihne, Seevinck)
@ direct investigation of the matrix elements of pure separable states

@ convexity argument = inequality for mixed states

Example (for full separability)

o W) :=(a0|0) + a1/1)) ® (bo[0) + b1[1)) ® (0|0} + c11)),
wijk = a,-bjck

o 0 :=|W)(W| pure state, so ojikirj .k = ajbjckaibj Ty

9 000,000 = 30b0c030boCo
0111,111 = a1bicaibicy

0000,0000111,111 = doboCoa1b1C1a0bocoa1 b1€1 = 0000,1110000,111
for fully separable pure states 000077 = |00.7|2

@ \/fg is concave, if f, g positive linear,
@ /00,007,7 — |0000,111| > O for fully separable states

v
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Multipartite criteria Criteria on matrix elements — a different approach

Criteria on matrix elements Il.

criteria obtained this way

loo7| < /066011 + /055022 + /033044,
|o12] + |014] + |024] < /000033 + /000055 + /000066

+ (011 + 022 + 044) /2.

|oo7| < (011Q22933@44955Q66)1/6 ;
|o12] + |014| + |024] < /000033 + /000055 + /000066 -

v
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Multipartite criteria Criteria on matrix elements — a different approach

Criteria on matrix elements — results

Applying to noisy GHZ-W mixture

) convex subset in the intersection of

the domains bounded by the green curves

° & convex subset in the intersection of

the domains bounded by the blue curves

@ red curve: copied from partial transpose
criterion

@ we have found a set of PPTES!
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© SLOCC-classes
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SLOCC-classes

SLOCC-classes

Classification of pure states

@ Stochastic Local Operation and Classical Communication
o |¢p) ~ [¢) iff [¢/) = G1 ® - ® Gulp), Gi € GL(H')

Szilérd Szalay (BUTE-DTP) On noisy GHZ-W states March 4, 2011 49 / 56



SLOCC-classes

SLOCC-classes

Classification of pure states

@ Stochastic Local Operation and Classical Communication
o [y) ~ [¢) iff [¢/) = GL®--- ® GulY), G; € GL(H')
@ fully entangled states:

“three qubits can be entangled in two inequivalent way"

@ repr. elements of SLOCC equivalence classes: |GHZ) and |W)
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SLOCC-classes

SLOCC-classes

Classification of pure states

@ Stochastic Local Operation and Classical Communication
o [y) ~ [¢) iff [¢/) = GL®--- ® GulY), G; € GL(H')
@ fully entangled states:

“three qubits can be entangled in two inequivalent way"

@ repr. elements of SLOCC equivalence classes: |GHZ) and |W)

@ three-tangle 7m23:
local SL-invariant, 7123(¢) # 0 iff |¢) in GHZ-class
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SLOCC-classes

SLOCC-classes IlI.

Mixed states

° D\3N: mixture of projectors onto 2-separable and W-type vectors
S fD3—sep C D2—sep C DW C DGHZ =D

v
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SLOCC-classes

SLOCC-classes IlI.

Mixed states

° D\3N: mixture of projectors onto 2-separable and W-type vectors
S D3—sep C D2—sep C DW C DGHZ =D
Classes:

o Class W: DW \ D35

o Class GHZ: DCHZ\ DYV

o fully entangled class = Class W U Class GHZ

v
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SLOCC-classes

SLOCC-classes IlI.

Mixed states

° D\3N: mixture of projectors onto 2-separable and W-type vectors
S fD3—sep C D2—sep C DW C DGHZ =D

Classes:
o Class W: DW \ D35
o Class GHZ: DCHZ\ DYV
o fully entangled class = Class W U Class GHZ

@ ‘“convex roof extension” of 7yo3:

T123(0) = min { ZP;T123(1/J,')‘ ZP:‘W:‘><¢:’\ = Q}

1123(0) # 0 iff o € Class GHZ

v
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SLOCC-classes

Witness operators

Detection of convex sets

@ C C D convex compact set,

@ hermitian operator W is a witness operator for C,
ifVoeC: 0<TrWo,and Jo ¢ C: TrWp <0

@ W detects that o ¢ C
@ there exist witness for all o ¢ C (thm)

@ follows to Bell-type inequalities
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SLOCC-classes
SLOCC-classes — withesses

Applying to noisy GHZ-W mixture

: @ blue straight lines: W-witnesses
o Wiy, = 2/31 — |W)(W/| and
Wi, = 1/2I — |GHZ)(GHZ|
- @ blue curves: criteria for biseparability of
os the previous section
0z @ blue domain: all states here are of Class
GHZ
K R (using GHZ-witness
Wenz = 3/41 — |GHZ)(GHZ|)
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SLOCC-classes

SLOCC classes

GHZ-W mixture

o d =0 line:
m123(0) = 0iff 0 < g < go = 4-2'/3/(3+4-21/3) = 0.626851 . ..

@ DW convex! )

Applying to noisy GHZ-W mixture

it

08

0.6

! @ state of Class-GHZ can not be above the

0.4

green line

0.2

0
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SLOCC-classes

SLOCC classes

Noisy GHZ

o w =0 line: fully entangled iff 3/7 < g

@ DW convex! )

Applying to noisy GHZ-W mixture

0s @ blue domain: all states here are of Class
WM GHZ
@ the border of Class GHZ must be inside
M the red domain
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Summary

Summary

Summary
@ convex geometry of quantum states
@ three-partite mixed state entanglement
@ lots of criteria: different aspects of entanglement

@ take a survey of an interesting subset of three-qubit states

v

Arising questions

@ connections between criteria on spin-observables and detection vectors

@ noisy GHZ state of arbitrary number of qubits

@ multipartite criteria: seem to miss the point of entanglement

o ...

A\
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