Entanglement depths and metrological entanglement criterialll
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Permutation invariant multipartite entanglement properties 1, 2,4, 5

m state vector: [¢)) € H normalized

m pure state: ™ = |[¢) (Y| € P = Extr(D)

m (mixed) state: p =) . pym; € D = Conv(P)

m system: L ={1,2,...,n}, subsystem: X C L, then Hx, Px, Dx
£-separability

m separability w.r.t. a (set) partition: & = {X1, X5, ...}

m refinement: v X Edef . VY cv, X e YV C X

m {-separable states: D, = Conv{®X€§ PX}

LOCC-closed
é—separa bility

vj§<:>DU§D§

m separability w.r.t. an integer partition ‘type of &' (Young diagram)
= Dae, b = (X Gl ) e = (XX,

m refinement: ¥ < & def.: Ju =< & of those types

m {-separable states: D; = Conv|J, Hé\{@XEf px |
LOCC-closed 0

permutation invariant properties

f(z}D@ng

m separability w.r.t. multiple integer partitions & = {él, 2 .}

m refinement: U < é def.: © C é’

m £-separable states: Dé = Conv Ué c ¢ U§ - g{@xgg PX}
LOCC-closed

Examples: partitionability, producibility and stretchability

m height, width and rank of Young diagrams
3 — é\‘ ékpart_{é
€k prod — {f

/
gk part = €k’ part <~ k > K
‘sk part = £k’ prod <~ k < k/

‘Ek—str — {f Sk str = €k’ str < k < k'

— maxé
r(§) = w(§) — h(5)
m monotones: O < & = h(0) > h(€), w(d) < w(€), r(0) < r(§)
o k-prod. states: Dy prod = Dék_pmd (LOCC-closed, nested)

strictly k-prod. states: Ck_prod = Dk-prod \ D (k—1)-prod Class (disjoint)

m depth of partitionability, producibility, and stretchability:

Doar(p) = max{k | p E Dk_part}
Dprod(p) = min{k p < Dk—prod} = D(,O)
Dstr(p) :== min{k | p € Dise}

m LOCC-monotone (decreasing) and Cy prod = Dp_rjd(k)

One parameter properties, depths

m generator function: any & f(é) increasing or decreasing monotone
0=& = f(0) = f(¢)
m one-parameter propertles for the values k of f down-sets of integer partitions:
£kf_{€‘f } Chaln k<k/<:>€kf-<€k’

m spaces of (k, f)- separable states:

Dir =Dy,

m classes of strictly (k, f)-separable states:
Ck)f — Dk’f \ Dk%f disjoint, LOCC convertibility: k ; k' — Ck)f — Ck/’f
(there exists state and LOCC. . .)
m beyond the usual, relative entropy based entanglement measures [2, 4, 5],
we have f-entanglement depth (discrete):

Di(p) — min{k | p € Dyr}
P max{k | p < Dk)f}

LOCC-closed, nested: k ; k' «<— Dir € Dyr

if f is increasing

if f is decreasing

m LOCC-monotone (decreasing/increasing) and Cy r = D/ (k)
m further example: squareability, avg

Zx = nZ—x— navg(€)

XE€ x€€

average size of parts/subsystems (w.r.t. picking elementary subsystem)
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lllustration: partitionability and producibility for n = 2,3, 4

lllustration: Structure of permutation invariant properties for n=2. ..

No

k-partitionability

J |
1 2;
k-producibility

k-partitionability

k—prodlljcibilityl

k-partitionability

k—prodtljcibilityl k—prodlljcibilityl

Depth of Formation

f-entanglement depth: Dy, discrete measure

pe = €|Yauz) (Yenz| + (1 — €)[Vsep) (Vsep|

problem: entanglement depth D(p.) = n for all € > 0

with <¢sep‘¢GHZ> =0

f-entanglement depth of formation: convex/concave roof extension (continuous meas.)

min ij

pjaﬂ-j }l_p

max Z p;D

pj77TJ }l_p

if f is increasing

D¢*(p) =

if f is decreasing

problem solved: 1 < D°"(p,) < en + (1 —€)life>0

note also that

min  max D¢(7;) if f is increasing

{(pjvﬂj)}l_p J

max min D¢(7
CENTA ()

Dr(p) =

if f is decreasing

Metrological entanglement criteria

—IiA0

m estimation of parameter 6 in the dynamics U(0) = e

m Cramér-Rao bound (Af)? > NF% 7+ On the precision by quantum Fisher information

(prod.)

m separability criteria

DF(p) < D(p)
Vi Vi

Falp, J?)/n Dve(p) < Davg(p)

m (prod-)entanglement depth

(avg.)

D(p) = Ming(p = )i-p Max; D(;)
D" (p) = m'n{(pj,m }sz piD(m))
Davg(p) - mln{( )}l—p maxj avg(ﬂ'J)

m avg-entanglement depth of formation DOF( ) = MiNg(p.r) }sz PiDavg(7))

avg
average size of entangled subsystems (ASES)

m (prod-)entanglement depth of formation

m avg-entanglement depth
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