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1. The basic questions of entanglement theory

the structure of entanglement (interesting for more-than-two subsystems)

the qualification of entanglement (separability criteria)

the quantification of entanglement (entanglement measures)

These are difficult for mixed states. Here we present some sort of answers for these
questions. We recall the bipartite case, we show the tripartite case in details, and
we refer to [3] for the n-partite case.

2. Setting the stage

state vector: |ψ〉 ∈ H (normalized)

pure state: π = |ψ〉〈ψ| ∈ P
mixed state (of an ensemble): % =

∑
j pjπj ∈ D = ConvP

mixedness: e.g. von Neumann entropy S(%) = − tr % ln %

3. Bipartite systems and entanglement

Pure states

|ψ〉 ∈ H = H1 ⊗H2  |ψ〉〈ψ| = π ∈ P
separable: |ψ〉 = |ψ1〉 ⊗ |ψ2〉  π = π1 ⊗ π2 ∈ Psep ⊂ P
else it is entangled (P \ Psep). Then measurement on subsystem 1 causes the
collapse of the state of subsystem 2. (worry of EPR)

state of subsystems (e.g. π1 = tr2 π ∈ D1) are not necessary pure

(|ψ〉) π is entangled if (and only if) π1 and π2 are mixed. In this case,
“the best possible knowledge of the whole does not involve the best possible
knowledge of its parts.” (Schrödinger)

the mixedness of the subsystems E (π) = S(π1)
is a good measure of entanglement (entanglement monotone)

vanishes exactly for separable states (“indicator function”)

Mixed states

a mixed state is separable if there exists separable decomposition:
% =

∑
i piπi ,1 ⊗ πi ,2 ∈ Dsep ⊂ D

motivation: classically correlated sources produce states of this kind (Werner)

else it is entangled (D \ Dsep)

the decomposition is not unique, decision of its existence is difficult

the average entanglement of the optimal decomposition (convex roof extension)

E (π) = S(π1) E : P → [0, Smax]

 E∪(%) = min
%=
∑

i piπi

∑
i
piE (πi) E∪ : D → [0, Smax]

is a good measure of entanglement (entanglement monotone)

vanishes exactly for separable states (“indicator function”)

4. Bipartite systems: A more abstract approach

=⇒

Class
Dsep D

Csep ⊂ ⊂
Cent 6⊂ ⊂

Pure states: (closed, containing)
Psep ⊂ P

Mixed states: (convex hulls, closed, containing)
Dsep = ConvPsep ⊂ D = ConvP

Classes: (intersections of these, disjoint)
Csep = Dsep separable

Cent = D \ Dsep entangled

Indicator functions:
π ∈ Psep ⇐⇒ E (π) = 0

% ∈ Dsep ⇐⇒ E∪(%) = 0

7. Summary, questions

classification: considering the partial separability properties in the fullest detail

countable many classes, for arbitrary number of subsystems [3]

independent of the dimensions of the Hilbert spaces of the subsystems

structure of classification is complicated, but classes can be merged

q: How to utilize these different kinds of entanglement?

qualification: necessary and sufficient criteria

hard optimization task (other criteria suffer from this as well)

ind. functions have a transparent structure, reflecting that of the classification

quantification: via entanglement monotone indicator functions

q: What is the meaning of means of entropies of different subsystems?
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5. Tripartite systems: Partial separability

Pure states

different kinds of
separabilities

notation: for all
distinct a, b, c ∈ {1, 2, 3}
P123 ≡ P

Pa|bc =
{
πa ⊗ πbc

}
P1|2|3 =

{
π1 ⊗ π2 ⊗ π3

}
closed, containing

Mixed states

partial separability in the fullest detail:
convex hulls of all possible closed sets

D123 = Conv
(
P123

)
D1|23,2|13,3|12 = Conv

(
P1|23 ∪ P2|13 ∪ P3|12

)
Db|ac,c|ab = Conv

(
Pb|ac ∪ Pc|ab

)
Da|bc = Conv

(
Pa|bc

)
D1|2|3 = Conv

(
P1|2|3

)
closed, containing

=⇒

classes arise as the intersections of these (see [3] for interesting details)
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C3 ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 3 5
C2.8 6⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 2.8 4
C2.7.a 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 2.7, 2.6, 2.5 3.3, 3.2, 3.1
C2.6.a 6⊂ ⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 2.4, 2.3, 2.2 2.3, 2.2, 2.1
C2.5.a 6⊂ ⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ 2.4, 2.3, 2.2 2.3, 2.2, 2.1
C2.4 6⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 2.1 1
C2.3.a 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ 2.1 1
C2.2.a 6⊂ 6⊂ 6⊂ 6⊂ ⊂ 6⊂ 6⊂ ⊂ ⊂ 2.1 1
C2.1 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ 2.1 1
C1 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ ⊂ 1 1

6. Tripartite systems: Indicator functions

pure states: constructed e.g. from entropies of subsystems

f1|2|3(π) = f1|23(π) + f2|13(π) + f3|12(π)

fa|bc(π) = S(πa)

fb|ac,c|ab(π) = fb|ac(π)fc|ab(π)

f1|23,2|13,3|12(π) = f1|23(π)f2|13(π)f3|12(π)

indicator functions: appropriate vanishing properties (necessary and sufficient)

π ∈ P1|2|3 ⇐⇒ f1|2|3(π) = 0

π ∈ Pa|bc ⇐⇒ fa|bc(π) = 0

π ∈ Pb|ca ∪ Pc|ab ⇐⇒ fb|ac,c|ab(π) = 0

π ∈ P1|23 ∪ P2|13 ∪ P3|12 ⇐⇒ f1|23,2|13,3|12(π) = 0

mixed states: convex roof extensions of pure state indicator functions

% ∈ D1|2|3 ⇐⇒ f ∪1|2|3(%) = 0

% ∈ Da|bc ⇐⇒ f ∪a|bc(%) = 0

% ∈ Db|ac,c|ab ⇐⇒ f ∪b|ac,c|ab(%) = 0

% ∈ D1|23,2|13,3|12 ⇐⇒ f ∪1|23,2|13,3|12(%) = 0

geometric means instead of products lead to entanglement monotones [3]

three qubits [4]: a different set of ind. functions [3] from SLOCC covariants [5]
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