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Structure of properties [2, 3, 4]

state vector: |ψ〉 ∈ H normalized

pure state: π = |ψ〉〈ψ| ∈ P = ExtrD
(mixed) state: % =

∑
j pjπj ∈ D = ConvP

Level 0: subsystems

system: L = {1, 2, . . . , n}
subsystem: X ⊆ L, then HX , PX , DX Boolean lattice structure: P0 = 2L

Level I: set partitions [3, 4, 5, 6, 7]

partitions of the system: ξ = {X1,X2, . . . ,X|ξ|} ≡ X1|X2| . . . |X|ξ| ∈ Π(L)

refinement: υ � ξ def.: ∀Y ∈ υ,∃X ∈ ξ : Y ⊆ X lattice structure: PI = Π(L)

ξ-uncorrelated states: Dξ-unc = {⊗X∈ξ%X} υ � ξ ⇐⇒ Dυ-unc ⊆ Dξ-unc

ξ-separable states: Dξ-sep = ConvDξ-unc υ � ξ ⇐⇒ Dυ-sep ⊆ Dξ-sep

Level II: multiple set partitions [3, 4, 5, 6]

down-sets of partitions: ξ = {ξ1, ξ2, . . . , ξ|ξ|} ⊆ PI (closed downwards w.r.t. �)

partial order: υ � ξ def.: υ ⊆ ξ lattice structure: PII = O↓(PI) \ {∅}
ξ-uncorrelated states: Dξ-unc = ∪ξ∈ξDξ-unc υ � ξ ⇐⇒ Dυ-unc ⊆ Dξ-unc

ξ-separable states: Dξ-sep = ConvDξ-unc υ � ξ ⇐⇒ Dυ-sep ⊆ Dξ-sep

Level III: classes [2, 4]

up-sets of down-sets of partitions: ξ = {ξ1, ξ2, . . . , ξ|ξ|} ⊆ PII (closed upw. w.r.t. �)

partial order: υ � ξ def.: υ ⊆ ξ lattice structure: PIII = O↑(PII) \ {∅}
partial correlation classes [2]: all the possible intersections of Dξ-unc

Cξ-unc =
⋂
ξ/∈ξ

Dξ-unc ∩
⋂
ξ∈ξ

Dξ-unc 6= ∅ ⇐⇒ principals: ξ = ↑{↓{ξ}}

LO convertibility: if ∃% ∈ Cυ-unc, ∃Λ LO map such that Λ(%) ∈ Cξ-unc then υ � ξ

partial separability classes [4]: all the possible intersections of Dξ-sep

Cξ-sep =
⋂
ξ/∈ξ

Dξ-sep ∩
⋂
ξ∈ξ

Dξ-sep 6= ∅ for all ξ (conjecture)

LOCC convertibility: if ∃% ∈ Cυ-sep, ∃Λ LOCC map such that Λ(%) ∈ Cξ-sep then υ � ξ

Illustrations: Structure for n = 3 [4]

PI

7−
→

PII = O↓(PI) \ {∅}

7−→

PIII = O↑(PII) \ {∅}

O↓, O↑ of a poset:
down-set/up-set lattice:
possible subsets closed
“downwards/upwards”

Illustrations: k-partitionability and k ′-producibility for n = 2, 3, 4 [3, 4]
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Quantification of properties [3, 4, 5]

mixedness: von Neumann entropy S(%) = − tr % ln %

distinguishability: relative entropy D(%‖σ) = tr %(ln %− lnσ)

Level I: partitions [3, 4]

ξ-correlation (ξ-mutual inf.): Cξ(%) = minσ∈Dξ-unc D(%||σ) =
∑

X∈ξS(%X )− S(%)

ξ-entanglement: Eξ(π) = Cξ|P(π), then convex roof

corr./ent. monotones, faithful: Cξ(%) = 0 ⇔ % ∈ Dξ-unc, Eξ(%) = 0 ⇔ % ∈ Dξ-sep

multipartite monotones: υ � ξ ⇔ Cυ ≥ Cξ, Eυ ≥ Eξ

Level II: multiple partitions [3, 4]

ξ-correlation: Cξ(%) = minσ∈Dξ-unc
D(%||σ) = minξ∈ξ Cξ(%)

ξ-entanglement: Eξ(π) = Cξ|P(π), then convex roof

corr./ent. monotones, faithful: Cξ(%) = 0 ⇔ % ∈ Dξ-unc, Eξ(%) = 0 ⇔ % ∈ Dξ-sep

multipartite monotones: υ � ξ ⇔ Cυ ≥ Cξ, Eυ ≥ Eξ

Structure of permutation invariant properties [1]

Level 0: subsystem sizes:
s(X ) := |X |, then
elementwisely on P0, then
elementwisely on PI, then. . .

(PIII,�)
s−→ (P̂III,�)xO↑\{∅} xO↑\{∅}

(PII,�)
s−→ (P̂II,�)xO↓\{∅} xO↓\{∅}

(PI,�)
s−→ (P̂I,�)x x

(P0,�)
s−→ (P̂0,�)

Level I: integer partitions (Young diag.)

partition types of the system
ξ̂ = {x1, x2, . . . , x|ξ̂|} ∈ P̂I := s(PI) (multiset!)

refinement: υ̂ � ξ̂ def.:
∃υ ∈ s−1(υ̂), ξ ∈ s−1(ξ̂) : υ � ξ poset P̂I

Level II properties with ξ = ∨s−1(↓{ξ̂})
isom. υ̂ � ξ̂ ⇔ ∨s−1(↓{υ̂}) � ∨s−1(↓{ξ̂})
state sets and measures as before

Level II: multiple integer partitions

down-sets of int. part.s: ξ̂ = {ξ̂1, ξ̂2, . . . , ξ̂|ξ̂|} ⊆ P̂I

Level II properties with ξ = ∨s−1(ξ̂)
isomorphism υ̂ � ξ̂ ⇔ ∨s−1(υ̂) � ∨s−1(ξ̂)

state sets and measures as before

k-partitionability, k-producibility and k-stretchability [1]

height, width and rank of Young diagrams

h(ξ̂) = |ξ̂| ξ̂k-part =
{
ξ̂ ∈ P̂I

∣∣ h(ξ̂) ≥ k
}

w(ξ̂) = max ξ̂ ξ̂k-prod =
{
ξ̂ ∈ P̂I

∣∣ w(ξ̂) ≤ k
}

r(ξ̂) = w(ξ̂)− h(ξ̂) ξ̂k-str =
{
ξ̂ ∈ P̂I

∣∣ r(ξ̂) ≤ k
}

down-sets: υ̂ ≺ ξ̂ ⇒ h(υ̂) > h(ξ̂), w(υ̂) ≤ w(ξ̂), r(υ̂) < r(ξ̂)

chains: ξ̂l -part � ξ̂k-part ⇐⇒ l ≥ k

ξ̂l -part � ξ̂k-prod ⇐⇒ l ≤ k

ξ̂l -str � ξ̂k-str ⇐⇒ l ≤ k

bounds: ξ̂k-part � ξ̂(n+1−k)-prod ξ̂k-part � ξ̂(n+1−2k)-str

ξ̂k-prod � ξ̂(dn/ke)-part ξ̂k-prod � ξ̂(k−dn/ke)-str

ξ̂k-str � ξ̂1
2(d
√
k2+4ne−k)-part ξ̂k-str � ξ̂1

2(n+1+k)-prod

duality by Young diag. conjugation: h(ξ̂†) = w(ξ̂), w(ξ̂†) = h(ξ̂), r(ξ̂†) = −r(ξ̂)

Illustrations: Structure of permutation invariant properties for n = 2 . . . 6 [1]
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