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Introduction Motivation and outline

Motivation

Multipartite entanglement

o conceptionally richer than bipartite entanglement,
paradigmatic new behaviour even for three qubits

o hard to grasp in general

o LOCC/SLOCC-like operative paradigms for entanglement
become too complicated, coarse-grainings seem to be enforced

o genuine multipartite correlations can serve as powerful resources
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Introduction One qubit and all that

Quantum system

States of a discrete quantum system

Qo

Qo

state vector: [¢)) € H (normalized, d = dimH < o)

pure state: |¢)(¥]

we are uncertain in the measurement outcomes,
pure state encodes the probabilities of those

mixed state (of an ensemble): o =3 pj[t;) (1]
we are uncertain even in the (pure) state

state space is a convex set, extremal points = pure states

decomposition is not unique
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Introduction One qubit and all that

Mixedness of quantum states

Measure of mixedness: entropies

Q

©

©

© © o0 o

Qo

von Neumann entropy:  S(p) = —trQIn 0

Rényi entropy: Srq(0) = =% In tr o9

Tsallis entropy: St.q(0) = (tr 09 — 1)
Concurrence-squared:  C?(p) = 25]5(p) = 2(1 — tr ¢?)

nonnegative, vanish iff ¢ pure
Schur-concave: entropy = mixedness
concave (Rényi 0 < g < 1, Tsallis 0 < q):
increasing w.r.t. forgetting classical information
Schumacher’s noiseless coding thm:
von Neumann entropy = quantum information content

Bengtsson, Zyczkowski, Geometry of Quantum States, (Cambridge University Press 2006)
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Introduction One qubit and all that

One qubit

Mixed state

o dimH =2, state p = 3 (/ + x0), in Bloch sphere 0 < ||x|| < 1

o eigenvalues: Ay = 3(1+ /T —4detp) = 1(1+ ||x|)

o pure state: ||x|| =1, |[¢)) = e~%/2 cos(11/2)|0) + ¢/#/2 sin(19/2)|0)

o mixedness: C?(g) =4deto=1— x|, and S(0) = S(C(p)) with

S(x) = h(%(l + m)) h(x) = —xlogy x — (1 — x) log,(1 — x)

SL structure

o two-form € € Lin(H — H*) with antisymmetric g = [ % §]

o action: (| = e[y, [¢) = [§) = (DI, 0 &= (c0eT)*

on Bloch vector: x — X = —x (splin flip)
o transformation: A'eA = (det A)e, so SL(2, C)-invariance
o mixedness: C?(p) = 4det o = 2tr gp
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Introduction Two-qubit entanglement

Bipartite systems and entanglement

Pure States
[) € Hia = Hi @ Ha
o There are uncorrelated, separable states: [¢) = [1)1) ® |1)2).

©

o Nonclassical: there are also correlated ones, entangled.
Then measurement on subsystem 1 “causes’’ the collapse
of the state of subsystem 2. (worry of EPR)

o states of subsystems (e.g., trp 1) (¢|) are not necessarily pure

o |v) is entangled if (and only if) tra [1)(¥| and try [¢) (2| are mixed
In this case, “the best possible knowledge of the whole does not
involve the best possible knowledge of its parts.” (Schrodinger)
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Introduction Two-qubit entanglement

Bipartite systems and entanglement

Pure States

o There are uncorrelated, separable states: |¢)) = |1)1) ® |1)2).

o Nonclassical: there are also correlated ones, entangled.

o decision of separability is simple: [¢) is separable iff tra [¢)(¢)| is pure
Mixed States

o a mixed state is separable if there exists separable decomposition:

0= Zipi(‘wl,i> @ [¥2,1)) (1,1l @ (¥2,i]),
classically correlated sources produce states of this kind (Werner)
can be prepared by Local Operations and Classical Communication

©

(]

the others are entangled

(]

the decomposition is not unique

(]

decision of separability is difficult
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Introduction Two-qubit entanglement

Bipartite systems and entanglement — Pure states

Pure States
o separable: |¢) = [1)1) ® [1)2), else it is entangled
o decision of separability is simple: [1)) is separable iff trp 1) (1| is pure

Measure of entanglement

S(tra[¢)(¢])

o von Neumann entropy of entanglement:  E(|¢))) =
o Rényi entropy of entanglement: Er g<1(|¥)) = Sr,q(tr2 |)(¥])
) =

o Tsallis entropy of entanglement: Erq([¥ St.,q(tra [)(¥))
o Concurrence of entanglement: Ec(|v)) = C(tr2|¥)(3])
o the mixedness of the subsystem is a good measure of entanglement

(entanglement monotone: nonincreasing on average w.r.t. pure LOCC
Vidal: isometry-invariant concave function of try [1)(¢)])

o vanish exactly for separable states
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Introduction Two-qubit entanglement

Bipartite systems and entanglement — Mixed states

Mixed States
o separable: 0 = >":pi(|th1,i) ® |2,i)) ((¢1,i] ® (12,i]), else entangled
o decision of separability is difficult

Measure of entanglement

o the average entanglement of the optimal decomposition
(convex roof extension of ent. entropy, entanglement of formation)

E() = Stralo)@) = Eo)= __min 37 pE(u)

is a good measure of entanglement (entanglement monotone)

L .. ) ) U U
o simillarly, Rényi, Tsa|||§ entanglement of formation ER7q<1, ET7q,
Concurrence of formation E¢

o vanish exactly for separable states
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Introduction Two-qubit entanglement

Two qubits

Pure States
o dimH; =dimHy = 2, state: |[¢) = Z},j:o Vif) € Hip = H1 @ Ho
o Ec(lv)) = C(trz [¥) () and E(|4)) = S(Ec(|¥)))
o we had: EZ(v)) = 4det(tra [1)(1)])
easy:  Ec(v) = 2|detyp| = 2P — %19
~ T =
= [(1p)] = eweypiep™ = ¥,
(with the two-qubit spin-flip ()| = e ® g[1)))
o hard:  EZ(0) = (A — X5 — A5 — A7, and EY(0) = S(EZ(0)),
where )\fs are the decreasingly ordered eigenvalues of the positive
matrix /,/00,/0, written with the spin-flip § = (¢ ® coet @ eh)*.
This is called Wootters' concurrence. (SL(2,C)*2-invariant)

Wootters, PRL 80, 2245 (1998)
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Three-qubit entanglement Entanglement monogamy

Two-qubit entanglement inside the three-qubit system

Entanglement monogamy
o dimH; =dimHy; =dimHz = 2,
state: [1h) = Y7 o ¥UK|ijk) € Hizs = H1 ® Ho @ M3
o states of subsystems: gpc = try|10) (Y| and g, = trpc [1) (Y]
o restriction on bipartite entanglement (monogamy, CKW ineqality):

E(L_"J(Qab)2 + E(LTJ(QaC)z < C2(Qa)

o GHZ: [hnz) = 75(|000) + [111)): 0+0<1
W: [hw) = %(|100> 4 1010) + |001)):  4/9+4/9 =8/9

o there's no such restriction for correlation in classical systems

o moreover, holds for n qubits 3, EZ(0s)* < C?(0a)

o also, entanglement restricts classical correlation, and vice versa
Coffman, Kundu, Wootters, PRL 61 052306 (2000)
Osborne, Verstraete, PRL 96 220503 (2006)

Koashi, Winter, PRA 69 022309 (2004)
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Three-qubit entanglement Entanglement monogamy

Two-qubit entanglement inside the three-qubit system

Distributed entanglement
o append the monogamy inequality with the difference:

Eg(Qab)z + Eg(Qac)2 +7(¢) = C2(Qa)

o three-tangle: 7(¢) = 4|Det )|, with Cayley’'s hyperdeterminant

1 H HRa HA HA VA, 1 IHEWHL
Det ) = —eiey e mmen VP md o = LR

000,111 ,000 ,111 , ;110 ,001 ,110 ;001
) w (1) (1) 7 (1% () (1)

+ 1
000 ;111,110 ,001
-2 (z; (P T /)

101,010,101 ,010 011 ,100 ;011 ;100
(RS VRN 1 A Vinas e 1)

+

000 ;111 ;101 ;010
+YTTYTTTYTTTY T 4

+ 1
000,111,011 /100

=1

)

110 ,001 ;101 ;010 110 ,001 ;011 ;100
+Y YT YTy Y T
101 ,010 ;011 ;100
—+ (PR TR 1V} )
000,110,101 ;011 111 ,001 ;010 ;100
+4<'z.,‘ (R VR V] +Y YTy Y )

o SL(2,C)*3- and permutation-invariant, entanglement monotone

Coffman, Kundu, Wootters, PRL 61 052306 (2000)
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Three-qubit entanglement Classificaiton

Some ways of classificaiton

o Local Operation and Classical Communication (LOCC), ¢ & occ w:
they can be converted into each other by means of LOCC

o LOCC classification for pure states: [1) 2 occ |¢) iff [¥) =Ly |@):
Local Unitary equivalent, |p) = U1 @ --- @ Uyn|v), U; € U(H;)

o Stochastic LOCC (SLOCC), ¢ s occ w: they can be converted into
each other by means of LOCC with nonzero probability of success

o SLOCC classif. for pure states: |¢) Zsiocc |¢) iff [¥) ZieL |¢):
Local General Linear equiv., |p) = e G1® @ GnlY), G; € GL(H,)

o Partial Separability (PS), 0 Zps w : see in my next talk

o PS classification for pure states: [1)) Zps |¢) iff the finest way of
decomposition to tensor product form are the same
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Three-qubit entanglement Classificaiton

LOCC classification of two- and three-qubit pure states

can be given by LU canonical form:
o two qubits: Schmidt decomposition [1)) = |/10|00) + |/m1|11),
with 79 > 11 > 0, (normalized: 1-parameter set of LOCC classes)
o LOCC conversion (Nielsen): |¢) — [¢") iff ng <
o three qubits: canonical decomp. [¢)) = . ﬁ|cp1,,~> ® |p2.i) ® |93,
not locally orthogonal vectors, border rank problem. ..
o three qubits: generalized Schmidt decomposition

) = /70]000) + /71e¢[100) + |/72|101) + \/73|110) + \/ma|111),

0 <nj, 0 < ¢ <, b-parameter set of LOCC classes

can also be given by a sufficient set of LU invariants
even max. entangled state sets (w.r.t. LOCC) show structure too involved

Acin, Andrianov, Costa, Jané, Latorre, Tarrach, PRL 85 1560 (2000)
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Three-qubit entanglement Classificaiton

SLOCC classification of two- and three-qubit pure states

o two qubits: 2 classes, representative elements
entangled: |tYent) = %(]0@ + [11))
separable: |tsep) = |00)
o local selective measurements: entangled — separable
o three qubits: 6 classes, representative elements

GHZ: [Yenz) = 5(/000) + [111))
W: [Yw) = 5(/100) + |010) + [001))

1|23-biseparable: |1by)p3) = %(\000) +]011))...
fully separable:  |1)1)53) = |000)
o principles: local rank and minimal number of product terms
in decomposition are invariant w.r.t. SLOCC
o GHZ class: 7(¢) > 0
o generalizations: two qubits with a qutrit or quéit: discrete classes
four qubits: nine families of continuously parametrized classes
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Three-qubit entanglement Classificaiton

SLOCC classification of two- and three-qubit pure states

o two qubits: 2 classes, representative elements
entangled: |tYent) = %(]0@ + [11))
separable: |tsep) = |00)
o local selective measurements: entangled — separable
o three qubits: 6 classes, local selective measurements:

& +— local rank = (2,2,2)
| S
N Jy L e localrank = (1,2,2)...

o GHZ class: 7(¢) > 0
o generalizations: two qubits with a qutrit or quéit: discrete classes
four qubits: nine families of continuously parametrized classes

+— local rank = (1,1,1)
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Three-qubit entanglement Classificaiton

SLOCC classification of two- and three-qubit pure states

o two qubits: 2 classes, representative elements
entangled: |tYent) = %(]0@ + [11))
separable: |tsep) = |00)

o local selective measurements: entangled — separable

o separable two-qubit subsystems (only) in the GHZ class

S )
‘ <
w) = 5 (1100) +[010) +001))  [arz) = L5(000) + [111))

o generalizations: two qubits with a qutrit or quéit: discrete classes
four qubits: nine families of continuously parametrized classes
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Three-qubit entanglement Classificaiton

+1: FTS classification of three-qubit pure states

o Him=C?CPC22M(J)=CaCoJ®J Freudenthal Triple
System over the cubic Jordan algebra 7 =2 Ca@ Cd C

o each element has an LGL-invariant “Freudenthal rank”,
given by the vanishing of the SL(2, C)-covariants

g) =YV ¥y
T(y) = 670" = 670Ny = Tty
(@) =0, () =, () =
o) = 00 O + T T 4 g
o states are SLOCC equivalents iff Freudenthal ranks are the same,

4. GHZ, 3: W, 2: biseparable, 1: fully separable
o classification: same as SLOCC, but different hierarchy

o generalization: only for some special number of special dimensions

Borsten, Dahanayake, Duff, Rubens, Ebrahim, PRA 80 032326 (2009)
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Three-qubit entanglement Classificaiton

+1: FTS classification of three-qubit pure states

o Him=C?CPC22M(J)=CaCoJ®J Freudenthal Triple

System over the cubic Jordan algebra 7 =2 Ca@ Cd C

+— FTS rank = 4

& +— FTSrank =3

@% j@ é +— FTS rank = 2
~
@®@ +— FTSrank =1

o classification: same as SLOCC, but different hierarchy

o generalization: only for some special number of special dimensions

Borsten, Dahanayake, Duff, Rubens, Ebrahim, PRA 80 032326 (2009)
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Three-qubit entanglement Classificaiton

PS classification of two- and three-qubit pure states

o two qubits: 2 classes, representative elements
entangled: |¢12) = %(\0@ + [11))
separable: [t)1)5) = |00)

o local selective measurements: entangled — separable

o three qubits: 5 classes, representative elements
fully entangled:  |¢123) = %(\OOO) + [111))
1/23-biseparable:  [t1)3) = 75(|000) + [011)). ..
fully separable:  |thy)513) = |000)

o can be given for arbitrary number of arbitrary subsystems, discrete
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Three-qubit entanglement Classificaiton

PS classification of two- and three-qubit pure states

o two qubits: 2 classes, representative elements
entangled: |¢12) = %(\0@ + [11))
separable: [t)1)5) = |00)

o local selective measurements: entangled — separable

o three qubits: 5 classes, local selective measurements:

Oy

N Jo e
\i/

o can be given for arbitrary number of arbitrary subsystems, discrete
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Three-qubit entanglement Classificaiton

Classifications of two- and three-qubit mixed states

I'm pretty sure that we won't have time for this one.

Szalay, arXiv:1503.06071 [quant-ph] (2015)
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Three-qubit entanglement Correlation in GHZ experiment

GHZ experiment

o three spin—% particles, three detectors with two settings ({0,1}) each,
with two outcomes ({0, 1}) each

o settings: restricted to odd number of Os

o outcomes: {011,101,110} ~ {011,101,110,000} (odd number of 0)
{000} — {100,010,001,111} (even number of 0)

o EPR-like argument: outcomes should be stored in LHVs,
but LHVs cannot be given. (Local Hidden Variable)

o quantum mechanical description: state: |ig,,) = \%(|000) —[111)),
simultaneous eigenvector of observables: 0, ® 0, ® 0y, 0, ® 0x @ 0,
0y ® 0y, @0y, 0x ® 0x ® 0y, with eigenvalues 1,1,1, —1, respectively.

o not only statistical, but absolute contradiction with LHVM!

Mermin, AmJPhys 58, 731 (1990)
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Three-qubit entanglement Resource
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Three-qubit entanglement Resource

Classical nonlocal games

Cooperative games of incomplete information
o players (Alice, Béla,...) with prearranged collective strategy,
o referee, poses questions g € Q, r € R,. .. (with known prob. p)

o players answer a € A, b € B,...(without communication and
without knowing the others’ questions)

referee evaluates (predicate Von AX B x--- X @ x Rx ...)

©

deterministic strategy: functionsa: Q@ - A, b: R — B,...

©

©

classical value of nonlocal game (best winning probability):

We =  max ... )V (a(q), b(r),...|q,r,...
: a(q),b(r),...q;.p(q )V(a(q), b(r), - -[a,r,...)

o (probabilistic strategies: convex combinations of deterministic ones)
Cleve, Hgyer, Toner, Watrous, arXiv:0404076v2 [quant-ph] (bugfixed IEEE Conf paper (2004))
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Three-qubit entanglement Resource

Quantum nonlocal games

Cooperative games of incomplete information + shared entanglement
o same situation as before, but entangled multipratite sys. shared, |¢)
o players have POVMs for each question (strategy),
Alice: Vg € Q : Xqg ={X3|> .ca X5 =1},
Béla: VreR: Y, ={YP|>X Y =1} ..
o they perform the measurement corresponding to the questions
and answer the outcomes

o quantum value of nonlocal game (~best winning probability):

wg= sup > plgr,...) Y @WX@YPe. . .[¢)V(a,b,...|qr,...)

{Xq}v{yf}v"'q7r,... a,b,...

Cleve, Hgyer, Toner, Watrous, arXiv:0404076v2 [quant-ph] (bugfixed IEEE Conf paper (2004))
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Three-qubit entanglement Resource

Quantum nonlocal game of two players

CHSH game
o players: Alice, Bob; questions: {0,1}; answers: {0,1}
o game: p uniform, V(a, blg,r) =1if a® b= g A r, otherwise 0
that is, 11 — odd 1s, 00,01, 10 — even 1s,
o classical value: we.=3/4=0.75
contradictory system:
a(0)® b(0) =0
a(0) @ b(1) = 0
a(l)® b(0) =0
a(l)eb(1) =1
best they can do: say always 0

Cleve, Hgyer, Toner, Watrous, arXiv:0404076v2 [quant-ph] (bugfixed IEEE Conf paper (2004))
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Three-qubit entanglement Resource
Quantum nonlocal game of two players

CHSH game
o players: Alice, Bob; questions: {0,1}; answers: {0,1}
o game: p uniform, V(a, blg,r) =1if a® b= g A r, otherwise 0
that is, 11 — odd 1s, 00,01, 10 — even 1s,
o classical value: we = 3/4 =0.75
o quantum value: wq = cos?(7/8) = % + 2\/ ~ 0.85

share |yg) = f(’00> + |11)) states,

Xo: proj. spin meas. along (0,0,1) direction (up: 0; down: 1)
X1: proj. spin meas. along (1,0, 0) direction

Yo: proj. spin meas. along (1,0,1)/+/2 direction

Y1: proj. spin meas. along (1,0, —1)/+/2 direction

(Tsirelson bound: optimal for shared qubits)

Cleve, Hgyer, Toner, Watrous, arXiv:0404076v2 [quant-ph] (bugfixed IEEE Conf paper (2004))
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Three-qubit entanglement Resource

Quantum nonlocal game of three players

Three-qubit game
o players: Alice, Bob, Charlie; questions: {0, 1}; answers: {0,1}
o questions: restricted to odd number of Os
o game: p uniform,
V(a,b,clg,r,s)=1ifa®b®c=qVrVs, otherwise 0,
that is, 000 — even 1s, 011,...+ odd 1s,
o classical value: w.=3/4
contradictory system:
a(0) @ b(0) ® ¢(0) = 0
a(0) & b(1) & c(1) =
a(1) & b(0) @ c(1) =
a(1) & b(1) & c(0) =
best they can do: say always 1
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Three-qubit entanglement Resource

Quantum nonlocal game of three players

Three-qubit game
o players: Alice, Bob, Charlie; questions: {0, 1}; answers: {0,1}
o questions: restricted to odd number of Os
o game: p uniform,
V(a,b,clg,r,s)=1ifa®b®c=qVrVs, otherwise 0,
that is, 000 — even 1s, 011,...+ odd 1s,
o classical value: w.=3/4
o quantum value: wq = 1!
share [¢/gz) = 3(/000) — |011) — |101) — |110)) = (PH)®3|¢)cuz)
Xo, Yo: proj. spin-z meas. (|0), |1) basis)
X1, Yy proj. spin-x meas. ((|0) + [1))/v/2. (0) — |1))/v2)
grs = 000: even 1s: always win
grs = 011: odd 1s: always win,
check: | ® H® H|¢¢,z) = 3(|001) 4 |010) — |100) + |110))
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Three-qubit entanglement Resource

Quantum nonlocal game of three players

Three-qubit game with other kinds of entanglement

Q

Q

Q

game: 000 — even 1s, 011,... +— odd 1s,

classical value: we = 3/4

quantum value with shared GHZ-class states (FTS rank-4): wgnz =1
from rank conditions: for shared W-class states (FTS rank-3), ww < 1
winning GHZ strategy for W states: 7/8 = 0.875 < ww

for shared biesparable states (FTS rank—2)'

Tsirelson-type construction, whisep <1 5+ f ~ 0.85
equivalent to CHSH game, so this bound is attained

uncorrelated states (FTS rank-1) is Iike having nothing, wsep = we

We = Wsep = 3/4 < Whisep = < 7/8 <ww < 1=wgHz

2f

Borsten, JPhysA 46 455303 (2013)
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Summary

Summary

Multipartite entanglement

o conceptionally richer than bipartite entanglement
paradigmatic new behaviour even for three qubits
monogamy: restriction on entanglements inside subsystems
classificaiton issues: LOCC/SLOCC, FTS, PS
GHZ correlations: absolute contradiction with LHVM
quantum nonlocal games: resources of different values
(not LOCC/SLOCC situation, but still local, operative approach)

© 0 0 o

o hard to grasp in general

o LOCC/SLOCC-like operative paradigm for entanglement
become too complicated, coarse-grainings seem to be enforced
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Summary

Thank you for your attention! )
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