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Abstract We consider the reflection of electrons by an infinitely hi& potential wall in the
presence of a bichromatic laser field having two components of frequency o and 20. Both
components are out of phase by an angle (p. We evaluate the induced and inverse bremsstrahlung
for ibis elementary scattering process and we discuss the coherent phase-control of the non-linear
currenb j ( n : q) of electron re0edion. If Eo is the i n i i elemon energy and ho the photon
energy, two specific cases will be of interest (a) EO > hw and @) EO 2 hm. where in the !alter
case off-shell effects are particularly relevant. We shall relate ow findings to the corresponding
scatwing of elect" hy a hard sphere in a bichromatic field.

1. Introduction
Electron-atom scattering in a laser field is one of the processes which allows the
investigation of multiphoton effects at comparatively low field intensities. The laser field
introduces additional parameters, like its frequency o,polarization E , intensity I and its
stochastic properties, which modify the basic scattering process and permit a deeper insight
into it. A large number of papers have been written on this subject and surveys on the
theoretical side of this problem can be found in the books by Mittleman 111 and Faisal
[Z]as well as in the review by Francken and Joachain 131. The experimental situation is
summarized in a recent review by Mason 141.
Recently, a new parameter, which can considerably modify multiphoton processes,
has come into play. Since by modem laser technology one is able to produce higher
harmonics of a laser field of sufficiently high power and to control the phase rp between the
fundamental field and its harmonics, it has been suggested to consider multiphoton processes
in a bichromatic field as a function of the relative phase (o of the two field components. Thus
phase-dependent effects in multiphoton ionization and harmonic generation [5-11 and the
phase control of molecular reactions [12-141 have been investigated. Moreover, the phasedependent modulation of the lineshape of autoionizing resonances [15] and the phase control
of resonance scattering in a bichromatic field [ 161 have been considered very recently.
Several years ago, we investigated the scattering of electrons by a hard sphere in a laser
field [17], since it seemed to be the simplest boundary value problem, which can he solved
exactly and analytically in the absence of the radiation field. However, the field destroys
the original symmetry of the problem and we were not successful in solving the matching
equations +(R, t ) = 0 analytically, where R is the radius of the sphere and $ the total
0953-4075/95/132729tI~l950
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wavefunction of the problem. Before attacking this problem again numerically, we want
to consider here the much simpler process of electron reflection from a hard impenetrable
wall in a laser field and we shall show that we can draw valuable conclusions which will
also be pertinent to the threedimensional case. In addition. we shall consider this problem
in a bichromatic field of frequencies o and 2w and we shall investigate the coherent phasecontrol of the non-linear probability currents j ( n ; ‘p) of reflected electrons, corresponding
to induced and inverse bremsstrahlung. We shall relate our findings to the results of our
recent investigations on potential scattering of electrons in a bichromatic field in the first
Born approximation [18,19]. If EO is the initial electron energy and ho the photon energy,
we shall discuss, in particular, the following two cases: (a) Eo >> ho,which is the so
called low-frequency limit, and (b) EO 2 h a , in which case off-shell effects become of
great importance. As far as we know, this will be the first explicit investigation of the
phase control of off-shell effects. As we shall see, these effects are particularly large near
the minima of the electron reflection probability currents j ( n ;‘p) and they vary, moreover,
very strongly with the phase ‘p.

2. Model
Since the electron energies which we shall be considering are in the range from 100 to a
few eV and the laser intensities chosen will be far below the critical values, we may treat
the problem non-relativistically. Moreover, the emission and absorption processes only take
place in the vicinity of the reflecting wall and therefore the use of the dipole approximation
will be sufficient. We assume the reflecting wall to be located in the (x, y ) plane of our
coordinate system and we take the electrons to impinge onto the wall from the left in the
positive z direction, while their motion is resbicted to the domain z < 0. The bichromatic
radiation field will be linearly polarized in the z direction so that the polarization vector
E = ez and for the ingoing electron of energy EO the momentum will be PO= pee,. In this
configuration there is no motion of the electron in the (x, y) directions and our problem is
a purely one-dimensional one. For the description of the bichromatic laser field we choose
the classical field representation in which the vector potential is given by

In this field the well known Gordon-Volkov solutions read [20,21]
@, =exp[-(i/h)[Et

- p ( z -orsinor -azsin(2wt+’p))]J

(2)

where 01 and a2are the amplitudes of the classical electron oscillations in the two radiation
fields. given by

with p and p~2being the intensity parameters of the two fields. The on-shell relation in the
two laser fields reads
p = [2m(E - u ) ] ” ~

U

+

= uI

02

(4)
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where 5 is the total laser induced AC Stark shift with
01

1
= imc2p2

02

1

2

= zmc /p;.

(5)

In the Gordon-Volkov solution (2) we have neglected the A’ part of the laser interaction
except for the Stark shift U. The neglected part generally does not contribute to scattering
processes. Since, later on, we would like to put an emphasis on the phasedependent
effects, we shall choose F2 = F, so that in (3) we get p2 = $ p and in (4) we find a = :al.
Moreover, the numerical value of p can be evaluated from the formula p = 10-9[11W
~m-~]’/~[Ro/eV]-l
where I is the laser intensity in W cm-’ and fio is the photon energy
in eV.
The wavefunction (2) is an exact solution of the Schrodinger equation for an electron
moving in the field (1). but it clearly does not fulfil the general boundary condition at the
reflecting wall
@ ( z = 0, t) = 0.

(6)

Even the superposition of an ingoing and a reflected Gordon-Volkov wave will not be
sufficient. As we have shown in one of OUT earlier investigations [22],it will be necessary
to make the following Floquet-type of ansatz in order to consistently solve the matching
problem

where
(+)

- exp[-(ifi)(Eor - poz)] exp[-imsinor
= exp[-(i/h)(Eo

- ibosin(2mt

+q)]

(8)

+

t nhw)r p,z] exp[ia, sinor + ib. sin(20t + @)I

(9)

with

+

p . = [2m(Eo nho - U ) ] ’ ”

a, = pnu/fi

b, = p,,ua/R.

In the ansatz (T),
represents an incoming electron propagating in the positive z direction
with initial energy EO and momentum po while $j;) represents the components of the
reflected electron wave propagating to the left with the energies EO nfio and momenta
-p.. An n-photon process is associated with each of the latter components. Of course, if
Eo + nRw - a e 0, then pn is purely imaginary and the corresponding wave component
decays exponentially from the origin for z .e 0 (known as an evanescent wave). These
components represent closed channels of the scattering process.
Summarizing, the ingoing electron is inelastically scattered at the wall at z = 0, due
to the presence of the field (I), and absorbs (n z 0) or emits (n e 0) n photons Ro. It
is worth mentioning that in our semiclassical description of the radiation interaction with
two fields of commensurable frequencies o and 20 it cannot be decided from which field
component a particular energy increase (or decrease) originates.

+
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Since (8) and (9) are exact solutions of the Schrodinger equation, (7) also is an exact
solution and the unknown reflection coefficients R. can now be obtained from the boundary
condition (6) which yields for z = 0 and all f

On account of (8) and (9) we can expand both sides of (12) into a Fourier series in t
and equate the corresponding Fourier coefficients of both sides. This yields the following
infinite set of linear algebraic equations for the reflection coefficients Rk

k=-m
Here we have inmduced the generalized Bessel functions defined by

which can be obtained as Fourier coefficients of the following generating function
exptisincu

+m

+ iysin(2a +

B,(x, y; v)exp(incu)
n=-m

and which can be used to easily derive the following addition theorem
tm

B n - ~ ( ~YI:P)BI(x~,
i,
YZ;P)=&(XI

+XZ,

YI+YZ:P).

A=--

By means of this addition theorem, the matching equation (13) can be put into a more
tractable form
+cc

Bn(an+ao,bn+bo;9)=

k=-w

B,-X(a.-ak.

bn-bk;v)Rk.

(17)

Here the matrix M(p) = {Mn,k('p)} {B,-t(a,, - a t , b. - bk; 50)) has some symmetry
properties which the matrix on the right-hand side of (13) does not have. First of all, its
diagonal elements are all equal to unity, Mn,n(r,o) = 1. Next, the transposed matrix, MT(p),
is related to the original matrix M ( 9 ) by the relation MT(p)= M ( - q ) and hence M ( 9 = 0)
is a symmetric matrix. Finally, if EO >> ho,then in a wide interval of indices n and k , a,,
ak, b,, br: are all real on account of (10) and (11). Consequently, the properly truncated
matrix h?(q) is self-adjoint, i.e.
=#(-q~)
= h?(v).
Besides the advantageous mathematical properties of the kernel matrix M listed, the
relation (17) has a very transparent physical interpretation. In fact, &(a, +ao, b, bo; (0)
represents the first-order Born amplitude of the n-photon stimulated bremsstrahlung during
the one-dimensional backscattering from the initial state and it is an on-shell amplitude.
Similarly, B,-k(a, - ak, b, - bk; 'p) are the off-shell Born amplitudes of the intermediate
processes in which an electron of momentum pk scatters to the state with momentum p n ,
while simultaneously n - k photons are absorbed (or emitted). According to (17). the

+
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convolution of the true reflection coefficients with the Born amplitudes of the intermediate
scattering yields the first-order Born amplitude of a scattering from the initial state. In
the limit of low laser frequencies, Eo << EO,we find by means of (3), (10) and (11) the
approximation

- U k , bn - bk; Ip)

&-n(Qn

&-k[(n

- k)!J/BO. (n - k)Pz/k%; Ip]

(18)

where BO = vo/c. with vo being the initial velocity of the electron. If, moreover, the laser
intensity is so low that &/BO < 1 and &%/Bo < 1, we obtain from (18) the approximation
&-k(a,, -an, b, - bk: ~p)= &.k and hence we find from (17) the approximate solution

R,

+

B. (aa ao, b.

+ bo; 9)

(19)

which in the general case, however, is much too crude an approximation, since in this
approximation off-shell effects are neglected.
Unfortunately, in the general case of laser frequencies and intensities, (17) does not
permit an analytic solution and hence we solve this problem numerically for various values
of the input parameters. As soon as we know the reflection coefficients R., then the
components of the probability current associated with the different n-photon backscattering
processes are given by p.lRnIz (apart from some normalization factor). Of course, the
evanescent components, for which pa = ilp,l and which decay exponentially from the
origin. correspond to closed channels. Hence, the incoming current j o is distributed into
the reflected partial currents j n corresponding to open channels. Since, according to (IO),
pn = [2m(Eo+nhw - u ) ] ' f l . there must exist a smallest value for the index, n, no 2 0 say.
for which pn is still real, whereas for no - 1, p . becomes purely imaginary. Of course, the
value of no will also depend on the size of the AC Stark shift U . Therefore, the distribution
of the reflected currents will satisfy the sum rule

In our numerical analysis, it will be of interest to compare the reflected currents in a
bichromatic field with those for a monochromatic plane wave. The latter problem was
investigated many years ago by Berson and Bondars [23]. In this case we obtain for the
reflection coefficients R, instead of (17) the relation

which also can only be solved numerically.

3. Numerical example
In the figures presented below, the renormalized currents pnlR.I2/p~ will be denoted by
j ( n ) , if a monochromatic field is present, and the partial currents in a bichromatic field will
be called j ( n : ~p). First we shall consider the case (a) in which EO >> hw, corresponding
to the low-frequency limit, and then the case (b), where EO 2 Irw and where the off-shell
effects are important.
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(a) Here we only need to consider the on-shell Born approximation (19), in the arguments
of which we may even drop the index n. Thus we get for a single field from (21)
j ( n ) = J,Z(%)
and for a bichromatic field from (19) j ( n ; rp) = I&(&,
DO;
a)I2 as
the probability current$ of electron reflection. Choosing EO = 100 eV, h o = 1 eV and
a laser intensity I = 10" W
(or equivalently EO = 10 eV, fio = 0.1 eV and
I = IO8 W c d ) , where the harmonic field is assumed to have the same intensity as
the fundamental (i.e. F2 = F in (3)). we obtain by means of (3), (11) and (14) the data
depicted in figure 1. In (a) we show j ( n ) for a single frequency o and in (b) j(n, O),
(c) j ( n ; n / Z ) and (d) j ( n , n). If we compare these results with what we found in our
earlier work on three-dimensional potential scattering of electrons in a bichromatic field
[ 1S,19J, we find essentially the same phase dependence of the electron spectra, since these
results only depend on the specific values of the arguments of the ordinary, or generalized,
Bessel functions and not on the specific scattering geometry or boundary conditions. Thus,
in the low-frequency limit our onedimensional problem yields the same results as the
three-dimensional counterpart.
(b) In this case we choose as initial electron energy EO = 3.1 eV and as photon energy
ho = 1 eV. As the on-shell approximation we may again consider the Born term (19).
retaining now the n-dependence of the arguments of the generalized Bessel functions (or. for
a single field, the argument of the ordinary Bessel functions). Thus we find for a single field
as the on-shell approximation for the reflected probability currents j[')(n) = (pJp0) J:(a.+
ao) and for the bichromatic field jco)(n,
rp) = (p./po)lBn(a.
00. b. +bo; pI2. Here we
get, even for a single field, an asymmetry of the reflected electron spectra, depending on
n < 0 or n 0. Moreover. we shall have channel closing (and the appearance of evanescent
waves) for E+nho-o < 0, so that, with increasing laser field intensity and thus increasing
Stark shift U , channel closing will take place at less negative values of n. Hence, the spectra
will be different from what we have obtained in the low frequency limit (a), shown in our
examples of figure 1, but there will remain some resemblance in the oscillatory behaviour of
j(O)(n)and j"(n; rp) as a function of n and (p. For a single field, this oscillatory behaviour
can be well understood on account of the properties of the ordinary Bessel functions, which
show, for a fixed value of the argument, rather large oscillations for small n, but with
increasing n, these oscillations gradually level off, which can be very nicely seen in the
diagram of figure SO in the tables of Jahnke et al [24]. In the case of a bichromatic field,
the situation appears to be similar, as we shall see below. As long as we only consider the
above mentioned on-shell approximation, the results for the probability currents of reflection
j"(n) and jCo)(n;
rp) will be independent of the specific scattering geometry and boundary
conditions, since the results only depend on the specific values of the arguments of the
Bessel functions. This situation changes definitely if we include the off-shell effects into
our considerations. These depend on the specific boundary conditions and on the scattering
geometry. The inclusion of these effects requires the numerical inversion of (17) or (21) to
exactly evaluate the reflection coefficients R,. As it turns out, however, the off-shell effects
are in general particularly large for those values of n where the exact reflected currents.
denoted by j ( n )for a single field and j ( n ;9)for a bichromatic field, are rather small. Hence,
we may expect that even with regard to the off-shell effects we may get some insight from
our simple, one-dimensional model calculation in relation to the three-dimensional scattering
of electrons by a hard sphere in a bichromatic field, in particular, if backward scattering is
considered and the hard sphere is approximated by an impenetrable tangential plane. As a
measure of the off-shell effects, we introduce the quantity o f f ( n )= [ j ( n ) j(o)(n)]/j(o)(n)
for a single field and off@; (0) = [ j ( n ;(p) - jco)(n;(p)l/j"(n; rp) for a bichromatic field. In
the following figures, we first show j ( n ) and j ( n ;9)for two different laser fieId intensities
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and various phases 9 and we then depict off(n) and off(n; 9) for the same parameters. As
said before, EO = 3.1 eV and ftw = 1 eV are chosen.
In figure 2(a) and (b) the laser intensity has been chosen as I = 5 x 10" W cm-', where
(a) shows the reflected non-linear currents j ( n ) for a single frequency as a function of n,
while (b) represents the currents j ( n , 0) for 9 = 0 with both frequencies present. Similarly,
figure 2(c) and (d) present data for I = 5 x lo'* W cm-2 with (c) corresponding to j ( n )
for one frequency and (d) showing j ( n , 0) for two frequencies. Comparing (a) with (b)
and (c) with (d), respectively, we first of all recognize an enormous change of the spectra in
going from a monochromatic to a bichromatic field and, moreover, with increasing intensity,
the smallest number no of open channels begins to increase due to the increase of the AC
Stark shift U in (10). While in figure l(b), no = -3, in figure l(d) we get no = -2. We
also recognize that in a bichromatic field the spectrum expands into higher values of the
non-linear order n .
In figures 3, 4 and 5 the intensity has been chosen I = 5 x 10" W
and in
these figures the currents j ( n ; 9) for two fields are depicted for various values of the phase
9. Thus, in figures 3(a)-(d) 9 has been chosen as 0, in,in and an respectively, in
figures 4(a)-(d) we have 9 = n,i?r,in and zr respectively and finally in figures 5(a)-(d)
we took 9 = f n , $7, $n and
In all these figures we find as common features of the
current distributions that for large values of the non-linear order n the currents j ( n : 9) are
rather continuously distributed with a maximum somewhere between n = 10 and n = 15,
whereas for small n, the values of j ( n ; 9) very strongly depend on 9 and there are rather
dramatic changes of j ( n ; 9 ) as a function of n. A particularly dramatic current distribution
can be found in figure 4(a) for 9 = x , where j ( 5 , n),j ( 6 , x ) , j ( 7 , n) are dominant
whereas all other reflected currents are strongly suppressed.
The above general features of j (n) and j (n;9) can be well understood, if one considers
;
The behaviour of jCo'(n) has been
the on-shell approximations j @ ) ( n )and j @ ) ( n 9).
discussed before, so we concentrate on j @ ) ( n 9).
; If (0 = 0, the two Bessel functions J,,-zi
and Ji in (14) will yield large contributions and strong interferences if n - 2h and A are
small and close to each other, yielding large variations of j ( n ; 0) for small n. If n increases,
either n -2h or A will be large, and the interferences will level off and j ( n ; 0) will decrease
and oscillate less dramatically, as our figures demonstrate. If the 9-dependence is included,
this means that 9 acts as an additional control parameter of the interferences between J n - u
and J A . Hence, the enonnous phase effects shown in the above figures are also plausible.
In figures 6-8 we have plotted j ( n ) and j ( n ; q ) for the same intensity I = 5 x
10l2 W c d as above and for the same phase values. On top of this background we
show the off-shell effects, defined by o f f ( n )and o f f @ ;9) previously, in order to show the
inter-relation between these quantities.
In figure 6 we show off(n), marked by crosses, on the background of 20 x j ( n ) , marked
by dots, as a function of n. As remarked before, we see that off(n) is particularly large at
the minima of j ( n ) . The largest values are off(-1) = 192.4 and off(2) = 7.4. As expected,
the off-shell effects are particularly large close to channel closing at n = -2
In figure 7 we show off@; 9) and 20 x j ( n ; 9) with the same markings as in figure 6.
In (a) (0 = 0 and off(4; 0) = 8.3 is the maximum value of the off-shell effect, similarly
i n (b) 9 =
and off(4; + R ) = 7.8; in (c) 9 = $ x and off(-2, 4 ) = 25.2; and in (d)
(0 =
and off(-2, :n)= 6.7. As we can see, the off-shell effects are strongly dependent
on 9. Although their maxima are still close to the minima of the reflected currents, their
maximum values need not be close to channel closing at n = -2, but they may occur at
larger values of n , while, on the other hand, the off-shell effects may be suppressed near
channel closing, as is the case for U, = 0, figure 7(a).
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Figure 6. Here we depict 20 x j ( n ) (dots) and off(") (crosses) for a single field with intensity
I = 5 x 10'' W cm-'. The off-shell effects m particularly large at the minima of j ( n ) , having
their largest value at n = -1, off(-I) = 192.4 oear channel closing.

Similarly, we show in figure 8 off(n; 9 ) and 20 x j ( n ;9). (a) refers to o, = $r, with
a maximum value for off(-1, ir) = 25.5; (b) refers to (0 = $7, with a maximum at
off(-]; i r ) = 6.4; (c) =
maximum at off(9; :r) = 9; and (d) (0 = $r, maximum
at off(l1; $7) = 67.8. Hence, we see, in particular at the last value of rp, how the off-shell
effects may extend to comparatively large values of n very far away from channel closing,
which is very different from what we found in figure 6 for a single field. So the phase
control of the off-shell effects can be quite appreciable.

ir,

4. Conclusions

In the present paper, we considered the reflection of electrons by an infinitely high potential
wall, while a laser field is present. For comparison, we considered the probability currents
of reflection j ( n ) for a single field mode and, at the same time, j ( n ; 'p) for a bichromatic
field. mo cases have been investigated in detail: (a) the low-frequency problem, in which
the initial electron energy EO is much larger than the photon energy. Here the on-shell
amplitudes yield the dominant contributions and the spectnun of the reflected currents is
about the same as in a three-dimensional scattering problem in a laser field. In the case (b),
in contrast, Eo was of the same order of magnitude as fro, and here the off-shell effects
are of importance, which now depend very much on the specific boundary conditions and
on the scattering geometry. Nevertheless, we were able to draw some general conclusions
on the behaviour of the off-shell effects, which are particularly large, when the reflected
currents are small, although there are exceptions. In particular, while in the case of a
single field, off-shell effects are dominant close to channel closing, in a bichromatic field
for particular phases 'p the off-shell effects may be dominant for comparatively large values
of the non-linear order n . On the whole, the coherent phase control of the off-shell effects
is quite appreciable.
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