42

Laser Phys. Lett. 1, No. 1, 42–45 (2004) / DOI 10.1002/lapl.200310010

reflected flux at v=1.5 in a.u.

Abstract: On the basis of classical electrodynamics the reflection and transmission of a few-cycle femtosecond Ti:Sa laser
0.2
pulse impinging on a thin metal layer have been analysed. The
thickness of the layer was assumed to be much smaller than the
skin depth of the radiation field, and the metallic electrons were
0.15
represented by a surface current density. The interaction of the
electrons with a periodic lattice potential has also been taken
0.1
into account. The presence of this nonlinear potential leads to the
appearance of higher harmonics in the scattered spectra. A for0.05
mal exact solution has been given for the system of the coupled
Maxwell-Lorentz equations describing the dynamics of the sur0
1
2
3
4
5
6
face current and the radiation field. Besides, an analytic solution
carrier- envelope phase difference
was found in the strong field approximation for the Fourier components of the reflected and transmitted radiation. In our analy- Shows the dependence on the carrier-envelope phase difference
sis particular attention has been paid to the role of the carrier- of the reflected flux of a two-cycle Ti:Sa laser pulse at the first
envelope phase difference of the incoming few-cycle laser pulse. relative minimum of the spectrum (v=1.5)
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1. Introduction
The effect of the absolute phase on the nonlinear response
of atoms and solids interacting with a very short, fewcycle strong laser pulse has recently drawn considerable
attention and has initiated a wide-spreading theoretical and
experimental research [1–7]. The theoretical works have
appeared by now on the ionization use the quantum description of the interacting electrons either bound to an
atom [4–6] or in a metal layer [7]. In the present paper
we briefly describe our theoretical analysis on the reflection and transmission of a few-cycle laser pulse on a thin
metal layer represented by a surface current.
Our analysis is completely based on classical electrodynamics and mechanics, in the frame of which we solve
the system of coupled Maxwell-Lorentz equations of the
incoming and scattered radiation and the classical surface

current. The idea to study such a system appeared to us
by reading a paper by Sommerfeld [8] published in Annalen der Physik in 1915 in which he analysed the temporal distortion of x-ray pulses impinging perpendicularly
on a surface current being in vacuum. We have generalized
this model in the following sense. On one hand, we allow
oblique incidence of the incoming radiation field, and on
the other hand, we assume that the surface current (which
represents a thin metal layer) is embedded to two semiinfinite dielectrics with two different index of refractions.
Moreover, in the equation of motion for the electrons we
introduce the interaction with a periodic lattice potential
represented by a cosine function. The presence of this nonlinear potential is responsible for the appearance of highharmonics both in the reflected and transmitted radiation.
In Section 2 we present the basic equations describing
our model. In Section 3 we give a short discussion of a
∗
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2. The basic equations of the model
We take the coordinate system such that the first dielectric
with index of refraction n1 fills the region z > l2 /2, this
is called region 1. In region 2 we place the thin metal layer
of thickness l2 perpendicular to the z-axis and defined by
the relation −l2 /2 < z < +l2 /2. Region 3, z < −l2 /2,
is assumed to be filled by the second dielectric having the
index of refraction n3 . The thickness l2 is assumed to be
much smaller then the skin depth of the incoming radiation. The target defined this way can be imagined as a thin
metal layer evaporated, for instance, on a glass substrate.
In case of perpendicular incidence the light would come
from the positive z-direction, and it would be transmitted
in the negative z-direction into region 3. The plane of incidence is defined as the y-z plane and the initial k-vector is
assumed to make an angle θ1 with the z-axis. In case of an
s-polarized incoming TE wave the components of the electric field and the magnetic induction read (Ex , 0, 0) and
(0, By , Bz ), respectively. They satisfy the Maxwell equations
∂y Bz − ∂z By = ∂0 εEx ,

(1)

where ε = n2 is the dielectric constant and n is the index of refraction. If we make the replacements εEx →
−Bx , Bz → Ez and By → Ey then we have the field
components of a p-polarized TM wave (0, Ey , Ez )and
(Bx , 0, 0), and we receive the following equations
(2)

= ∂0 εEz , ∂y Ez − ∂z Ey = −∂0 Bx .
In the followings we will consider only the latter case,
namely the scattering of a p-polarized TM radiation field.
From Eq. (2) we deduce that Bx satisfies the wave equation, and in region 1 we take it as a superposition of the
incoming plane wave pulse F and an unknown reflected
plane wave f1
Bx1 = F − f1 = F [t − n1 (y sin θ1 − z cos θ1 )/c]−

(3)

−f1 [t − n1 (y sin θ1 + z cos θ1 )/c].

= (sin θ1 /n1 )(F − f1 ).

0.00001

0

1

2

3

4

5

6

normalized frequency v

Figure 1 Shows the spectrum of the reflected two-cycle Ti:Sa
laser pulse of intensity 1013 W/cm2 impinging at 45 degree of
incidence on an aluminum layer of thickness λ0 /100

In region 3 the general form of the magnetic induction
Bx3 is the by now unknown refracted wave g3
Bx3 = g3 = g3 [t − n3 (y sin θ3 − z cos θ3 )/c].

(5)

The corresponding components of the electric field
strength are expressed from the above equation with the
help of the first two equation of (2)
(6)

In region 2 the relevant Maxwell equations with the
current density j read
∂z Bx = (4π/c)jy2 + ∂0 εEy ,

(7)

∂y Ez − ∂z Ey = −∂0 Bx .
By integrating the two equations in (7) with respect to
z from −l2 /2 to +l2 /2 and taking the limit l2 → 0, we
obtain the boundary conditions for the field components
[Bx1 − Bx3 ]z=0 = (4π/c)Ky2 , [Ey1 − Ey3 ]z=0 = 0, (8)
where Ky2 is the y-component of the surface current in
region 2. This surface current can be expressed in terms of
the local velocity of the electrons in the metal layer
Ky2 = e(dδy2 /dt)l2 ne2 ,

(9)

(4π/2c)Ky2 = (m/e)Γ2 (dδy2 /dt),
Γ2 ≡ 2π(e2 /mc)l2 ne2 ,

(10)

Γ2 = (ωp2 /ω0 )2 (πl2 /λ0 )ω0 ,

From Eq. (2) we can express the components Ey and
Ez of the electric field strength by taking into account Eq.
(3)
Ey1 = (cos θ1 /n1 )(F + f1 ), Ez1 =

0.001

Ey3 = (cos θ3 /n3 )g3 , Ez3 = (sin θ3 /n3 )g3 .

∂z Ex = −∂0 By , −∂y Ex = −∂0 Bz ,

∂z Bx = ∂0 εEy , −∂y Bx =

0.1

reflected flux in a.u.

representative scattered spectrum and show how the intensity depends on the carrier-envelope phase difference of
the incoming few-cycle laser pulse.

(4)

where for later convenience we have introduced ω0 , λ0 =
of the in2πc/ω0 , the carrier frequency and wavelength

coming light pulse, and ne2 , ωp2 =
4πne2 e2 /m, the
density of electrons and the corresponding plasma frequency in the metal layer, respectively. In Eq. (9) δy2 denotes the local displacement of the electrons in the metal
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layer for which we later write down the Newton equation
in the presence of the complete electric field. We remark
that in reality the thickness l2 is, of course, not infinitesimally small, rather, it has a finite value which is anyway assumed to be smaller then the skin depth δskin ≈
c/ωp2 . For instance, for an aluminum layer of thickness
l2 ≈ λ0 /100we have Γ2 ≈ 3ω0 .
From Eq. (8) with the help of Eq. (9) we can express

(t )
f1 and g3 in terms of δy2


f1 (t ) =

(11)


(t )],
= (1/(c1 + c3 ))[(c3 − c1 )F (t ) − 2c3 (m/e)Γ2 δy2

g3 (t ) = (2c1 /(c1 + c3 ))[F (t ) − (m/e)Γ2 δy2
(t )], (12)

where the prime on δy2 denotes the derivative with respect to the retarded time t = t − yn1 sin θ1 /c which is
equal to t−yn3 sin θ3 /c, securing Snell’s law of refraction
n1 sin θ1 = n3 sin θ3 to hold. Moreover, in Eqs. (11) and
(12) we have introduced the notations
c1 = cos θ1 /n1 , c3 = cos θ3 /n3 .

(13)


can be easily derived
The equation of motion of δy2
from Eqs. (4) and (11) yielding

(t ) = (2c1 c3 /(c1 + c3 ))[(e/m)F (t )−
δy2

(14)


−Γ2 δy2
(t )] + (e/m)FU [δy2 (t )].

In the above equation we have introduced the force
term FU = −∂U/∂δy2 which represents the effect of the
ionic cores in the metal layer, where U = U0 cos(κδy2 +χ)
approximates the lattice potential. Typically U0 ∼ 0.1 −
1Volts and κ ∼ 2π/ Angström. For definiteness, we impose the initial conditions on the electron displacement

δy2 (−∞) = 0 and δy2
(−∞) = 0. Owing to Eqs. (11)
and (12) the solution of Eq. (14) gives at the same time the
complete solution of the scattering problem. Without the
term ∝ FU , Eq. (14) can formally be solved exactly for
an arbitrary incoming field F (t), by using Fourier transformation technique.

By now we have not specified the explicit form of
the incoming field. Now let us assume that it is a gaussian quasi-monochromatic field with a carrier frequency
ω0 having the carrier-envelope phase difference ϕ. We derive this field from the Hertz potential Z(t) in the usual
way

F (t) = −(1/c2 )∂ 2 Z(t)/∂t2 , Z(t) =

= (c2 /ω02 )F0 exp(−t2 /2τ 2 ) cos(ω0 t + ϕ),
√
where τ = τL /2 log 2 with τL being the full temporal
width at half maximum of the pulse. In zeroth approximation we can neglect the effect of the lattice field FU and
the Newton equation (14) with the only force term (18)
can be analytically solved giving the approximate trajec(0)
tory δy2 (t )
(0)

δy2 (t) ≈
≈ −b

2c1 i(v/b)[F (ω) + FU (ω)/b]
,
c1 + c3
γ − i(v/b)

(16)

where γ ≡ Γ2 /ω0 , v ≡ ω/ω0 and b ≡ 2c1 c3 /(c1 + c3 ). It
can be proved that the Fourier components of the reflected
and the transmitted fluxes satisfy the following sum rule
2

2

2

c1 |f1 (ω)| + c3 |g3 (ω)| = c1 |F (ω) + FU (ω)/b| .
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2
e
F
 0
e−t /2τ cos(ω0 t + ϕ + η),
mω02 1 + b2 γ 2

where γ and b were already defined after Eq. (16).
By inserting this trajectory into the argument of
(0)
FU [δy2 (t )], the Fourier transform FU (ω) can be approximately calculated yielding an infinite sum of terms peaked
at the higher harmonic frequencies ω = nω0 with n =
1, 2, 3, ...
FU (ω) ≈ −i cos χFU 0 τ ×
×

(20)



J (a)
√n
{exp[−ς − τ 2 ω02 ((ω/ω0 ) + n)2 /2n]−
2πn
n=1,3,...

− exp[ς − τ 2 ω02 ((ω/ω0 ) − n)2 /2n]} + sin χFU 0 τ ×


J (a)
√n
{exp[−ς − τ 2 ω02 ((ω/ω0 ) + n)2 /2n]+
2πn
n=2,4,...

+ exp[ς − τ 2 ω02 ((ω/ω0 ) − n)2 /2n]},

By calculating the Fourier transforms of Eqs. (11), (12)
and (14) we can give an exact formal solution of the scattering problem, namely


[F (ω) + FU (ω)/b]
c3 − c1
f1 (ω) = −
γ+
i(v/b) , (15)
γ − i(v/b)
c3 + c1
g3 (ω) = −

(19)

bγ
sin η = 
,
1 + b2 γ 2

×

3. Exact formal and approximate analytic
solution of the scattering problem

(18)

(17)

ς = in(ϕ + η + π/2),
where Jn (a) denotes an ordinary Bessel function of first
kind of order n and
a ≡ −b

κe
F
 0
.
2
mω0 1 + b2 γ 2

(21)

The Fourier transform of the incoming pulse given by
Eq. (18) reads
√
F (ω) = (ω 2 /2ω02 )(F0 τ / 2π)×
(22)

×{exp(−iϕ) exp[−τ 2 ω02 ((ω/ω0 ) + 1)2 /2]+
+ exp(+iϕ) exp[−τ 2 ω02 ((ω/ω0 ) − 1)2 /2]}.
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Considerable modulation always appears at the local
minima of the spectrum, i.e. at v = 1.5, 2.5, ... and
rapidly drops to zero in the vicinity of this points. The
physical reason for this phenomenon is that the modulation stems from the interference terms appearing in
2
|F (ω) + FU (ω)/b| .
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Figure 2 Shows the dependence on the carrier-envelope phase
difference of the reflected flux of a two-cycle Ti:Sa laser pulse at
the first relative minimum of the spectrum (v=1.5)
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