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Abstract. The present study gives a detailed analysis of the thermal radiation
based completely on classical random variables. It is shown that the energy of a
mode of a classical chaotic radiation field, following the continuous exponential
distribution as a classical random variable (Gauss variable), can be uniquely
decomposed into a sum of its fractional part and of its integer part. The integer part is a discrete random variable (Planck variable) whose distribution
is just the Planck–Bose distribution, yielding Planck’s law of black-body radiation. The fractional part is the dark part (dark variable) with a continuous
distribution, which is not observed in the experiments, since Planck’s law describes the observations with an unprecedented accuracy. It is proved that the
Planck–Bose distribution is infinitely divisible, and can be decomposed in two
ways. On one hand, the Planck variable can be decomposed into an infinite
sum of independent binary random variables representing the binary photons
(more accurately binary photo-molecules or photo-multiplets) of energy 2s hν
with s = 0, 1, 2, . . . . These binary photons follow the Fermi statistics, and
they serve as a unique irreducible decomposition of the Planck variable. In
this way, the black-body radiation can be viewed as a mixture of thermodynamically independent fermion gases consisting of binary photons. On the
other hand, the Planck variable is decomposed into a series of Poisson random
variables which describe classical photons (more accurately Poissonian photomolecules, or photo-multiplets) of energy mhν , where m = 1, 2, . . . . This way
the black-body radiation is decomposed into a mixture of thermodynamically
independent gases consisting of the photo-molecules satisfying the Boltzmann
statistics. From the contribution of the first-order photo-molecules we obtain
the Wien formula, from the whole series we recover the Planck formula. It
is shown that the classical photons have only particle-like fluctuations, on the
other hand, the binary photons have wave–particle fluctuations of fermions.
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Both of these fluctuations combine to give the wave–particle fluctuations of the
original bosonic photons, yielding Einstein’s fluctuation formula.
Keywords: black-body radiation, Gaussian distribution, Bose distribution,
wave–particle duality, infinitely divisible random variables, irreducible
decomposition of classical random variables
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1. Introduction
In the early development of the quantum theory the extensive investigation of blackbody radiation played a crucial role. The explanation of the universal character of
the spectral density of this radiation necessary led to the discovery of the quantum
discontinuity and a new natural constant, the Planck constant. The concept of energy quanta has long been introduced by Boltzmann [1] in 1877, when he calculated
the number of distributions of them among the molecules of an ideal gas being in
thermal equilibrium. He considered these discrete indistinguishable energy elements
as mere a mathematical tool in his combinatorial analysis, and was able to show
that the “permutability measure” found this way can be identified with the entropy. A similar idea was used by Planck [2] in 1900 when he, besides deriving the
correct spectrum of black-body radiation, discovered the new universal constant,
the elementary quantum of action h = 6.626 × 10−27 erg · sec. Besides the study of
black-body radiation has played an important role in the development of quantum
physics, it is still today an important element in many branches of investigations
(see for instance the analysis of thermal noise in communication channels or the
role of the cosmic microwave background radiation played in cosmological physics).
One would think that not much new can be said about the nature of black-body
radiation, which has a well-established theoretical foundation in modern physics. In
the present paper we hope to show that there are still some aspects of this subject
which may be worth to explore. Our analysis is not conventional in the sense that it
relies exclusively on classical probability theory, and does not use field quantization
in the modern sense. In this respect the paper is written in the spirit of the early
investigations by Planck, Einstein and others, but the basic results to be presented
here are based on modern probability theory, which was born at the beginning of the
thirties, so it had not been at disposal at the time of Planck’s original investigations.
In order to put our results into a proper perspective, we think, it is worth to give
a brief overview of the basic facts and ideas concerning the theory of black-body
radiation.
Planck expressed the spectral energy density (the fraction of energy per unit
volume in the spectral range (ν, ν + dν)) of the black-body radiation as uν =
(8πν 2 /c3 )Uν , where Uν denotes the average energy of one Hertzian oscillator being in thermal equilibrium with the radiation. Let us remark that the first factor
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Zν = 8πν 2 /c3 , which came out from the dynamics of the Hertzian oscillator in
Planck’s analysis, is, on the other hand, nothing else but the spectral mode density
of the radiation field enclosed in a Hohlraum, in a cavity bounded by perfectly reflecting walls. So V Zν dν is the number of modes in the volume V in the spectral
range (ν, ν + dν). Planck calculated the entropy of the oscillator system by using
combinatorial analysis, where he wrote down the total energy of the oscillators as an
integer multiple of an energy elementε0 . Then, by taking Wien’s displacement law
into account (according to which uν must be of the form uν = ν 3 F (ν/T ), where F
is a universal function), he concluded that the energy element must be proportional
to the frequency of the spectral component under discussion, i.e. ε0 = hν. The
factor of proportionality is now called Planck’s constant. The well-known Planck
formula for the spectral energy density so obtained reads
u(ν, T ) = Zν Uν = Zν

ε0
eε0 /kT

−1

=

8πν 2
hν
,
c3 ehν/kT − 1

where c denotes the velocity of light in vacuum, k = 1.831 × 10−16 erg/K is
the Boltzmann constant and T is the absolute temperature. This formula was
in complete accord with the precise experimental results by Pringsheim and Lummer [3], in the short wavelength regime, and by Rubens and Kurlbaum [4] in the
long wavelength regime. It is remarkable that, on the basis of the four universal constants c, k, h and G (the latter being Newton’s gravitational constant), as
Planck
of units of length
p realized, it is possible to introduce the natural system −44
5.392
×
10
s, temperature
lP = ~G/c3 = 1.616 × 10−33 cm, time tP = lP /c =
p
TP = mP c2 /k = 1.417 × 1032 K and mass mP = ~c/G = 2.176 × 10−5 g. We
have used the modern notation ~ ≡ h/2π, and the nowadays available experimental
values of the universal constants. Let us remark here that the black-body radiation
and Planck’s formula has received a renewed interest and importance since 1965,
when Penzias and Wilson discovered the cosmic microwave background radiation,
which is one of the main witnesses of the big bang theory of the universe [5]. The
spectrum of this 2.728 ± 0.004 K black-body radiation measured by the COBE
(cosmic background explorer) satellite [5], fits excellently well to Planck’s formula.
They say that such a perfect agreement has not been obtained so far in laboratory
experiments using artificial black-bodies.
In 1905 Einstein introduced the concept of light quanta (photons) [6] on the
basis of a thermodynamical analysis of the entropy of black-body radiation in the
Wien limit of Planck’s formula,
u(ν, T ) ≈ ρ′′ = Zν Uν′′ ≡

8πν 2
hν · e−hν/kT
c3

(hν/kT ≫ 1) .

On passing, we may safely state that all the other later results by Einstein concerning photons were exclusively based on the study of black-body radiation (see e.g.
Refs. [7] and [8]). Einstein noted in 1907 [7] that the correct average energy Uν of
one oscillator obtained by Planck can be calculated from the Boltzmann distribution
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by using the replacement
R∞

dEEe−E/kT

Uν′ ≡ 0R∞
0

dEe−E/kT

→ Uν =

∞
P

nε0 e−nε0 /kT

n=0
∞
P

n=0

=
e−nε0 /kT

ε0
ε
/kT
0
e

−1

=

hν
ehν/kT

−1

.

Here one has to keep in mind that the energy integral originally comes from a twodimensional phase-space integral (dpdq → dE) of the one-dimensional oscillator.
(In higher dimensions the density of states is not constant, as here.) It is clear that
the above replacement corresponds to restricting the integrations in relatively very
narrow ranges of the energy around the integer multiples of the energy quantum ε0 .
Roughly speaking, we obtain the Planck factor if we take the “integer part of the
Boltzmann distribution”. Without this discretization we obtain Uν′ = kT (which
expresses the equipartition of energy), and we end up with the Rayleigh–Jeans
formula,
8πν 2
(hν/kT ≪ 1) ,
u(ν, T ) ≈ ρ′ = Zν Uν′ = 3 kT
c
which otherwise can also be derived from the Planck formula in the limit of large
radiation densities, as is indicated after the above equation. Einstein’s hypothesis on
light quanta received a new support in 1909 by the famous fluctuation formula [8],
which contains both particle-like and wave-like fluctuation of the energy of blackbody radiation occupying a sub-volume of the Hohlraum (a cavity with perfectly
reflecting walls). This was the first mathematically precise formulation of the waveparticle duality. After Bohr’s atom model had appeared, Einstein showed in 1917
[9] that the Planck formula can be obtained from a “reaction kinetic” consideration
in which one takes into account the detailed balance of spontaneous and induced
emission and the absorption processes of material systems with discrete energy levels
being in thermal equilibrium with the radiation.
In 1910 Debye reconsidered the problem of the spectrum of black-body radiation on a completely different basis [10], namely he left out of discussion Planck’s
resonators, and he directly applied the combinatorial analysis and the entropy maximization procedure to the energies of the normal modes themselves, and in this way
he was able to derive the correct (Planck) formula. Later Wolfke [11] and Bothe
[12] showed that the black-body radiation is equivalent to a mixture of infinitely
many thermodynamically independent classical gases consisting of so-called “photomolecules” (or photo-multiplets) of energies hν, 2hν, 3hν, and so on. This approach
and some historical aspects to be outlined shortly below have been discussed in detail in our recent paper [22]. In 1911 Natanson [13] used again Boltzmann’s original
method to find the most probable distribution of energy quanta on energy “receptacles” (which may mean either Planck’s resonators (or other ponderable material
particles) or cavity normal modes (phase-space cells)) and derived the correct equilibrium (Bose) distribution. The same method was rediscovered by Bose 13 years
later in his famous derivation of Planck’s law of black-body radiation [14]. The
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new statistics was first applied to an ideal gas by Einstein [15], and the existence
of Bose–Einstein condensation was predicted in [16]. It is interesting to note that
Natanson’s general formulae obtained by Boltzmann’s original method, can directly
be applied to particles whose occupation numbers are restricted by the Pauli exclusion principle. From the point of view of real physical consequences, this case was
first studied by Fermi [17] in 1926. An alternative “reaction kinetic” derivation of
the Fermi distribution was given one year later by Ornstein and Kramers [18].
Concerning the general theory of black-body radiation we refer the reader to
the classic book by Planck [19]. For further details on the development of the blackbody theory and the concept of energy quanta, see Ref. [20], and, in particular,
the very thoroughly written book by Kuhn [21]. In our recent work [22] a historical
overview concerning Einstein’s fluctuation formula can be found, and some results
to be presented below have also been briefly outlined there in a different context.
In 1932 Schweikert realized [23] that the Planck factor can be derived from the
Boltzmann distribution without any apparent discretization,

Uν =

Uν′

−

Uν′′′

≡

R∞

dEEe−E/kT

0
R∞

dEe−E/kT
0

= kT − kT −

−

Rε0

dEEe−E/kT

0

Rε0

dEe−E/kT

hν
ε0
= hν/kT
.
ε
/kT
0
e
−1
e
−1
0

According to Schweikert, the above formula corresponds to the physical picture, that
only those oscillators (atoms) contribute to the thermal radiation (at a particular
frequency ν) whose energies are above the threshold valueε0 = hν. On the other
hand, Schweikert argued that, on the ground of classical statistics, it cannot be seen
why should one use a difference of two mean values (namely Uν′ and Uν′′′ ), instead,
why not to directly subtract the contributions coming from the lower energies (0 <
E < ε0 ), and use the original normalization factor, i.e.

Ũν ≡

R∞
0

dEEe−E/kT −
R∞

Rε0

dEEe−E/kT

0

= (kT + hν) e−hν/kT .

dEe−E/kT

0

The spectral energy density ũ(ν, T ) = Zν Ũν obtained on the basis of the above “average” energy Ũν interpolates between the Rayleigh–Jeans and the Wien formulae,
but, needless to say, it is not that accurate, as the exact Planck formula. Nevertheless, Schweikert favored his new radiation formula to that of Planck, because
the former one had been derived from the continuous Boltzmann distribution, and
no additional assumption on the quantization of energy was needed. He argued
that further and more accurate experimental data were needed to check which of
the two formulae corresponds better to reality. After all, in the mid-thirties of the
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last century, concerning direct measurements of the black-body spectrum, this view
could not have been thought to be completely unjustified. The moral for us from
Schweikert’s analysis is that if one subtracts from the average energy (Uν′ ), coming
from the complete Boltzmann distribution, the average (Uν′′′ ) coming from the range
of the fraction of ε0 , i.e. from the interval 0 < E < ε0 , then one receives the correct
Planck factor. After all, this conclusion is in accord with Einstein’s observation,
according to which the integer part of the energy determines the spectrum. In the
forthcoming sections we will show that there can be much more said about the
division of the Boltzmann distribution, namely, not only at the level of expectation
values, but at the level of the distribution itself. We will show that it is possible to
divide this distribution into the product of the distributions of its (irreducible) fractional part and of its integer part, the latter being the Planck–Bose distribution.
The Planck–Bose distribution deduced in such a way can be further decomposed
into a product of irreducible distributions corresponding to binary variables (“binary photons”, as we propose to call them), which have fermionic character. In this
way, the original Gauss random variables characterizing the field amplitudes of the
chaotic radiation (from which we derive the Gauss variable meaning the energy)
at a given frequency, are uniquely decomposed into a sum of irreducible variables
which cannot be divided any further. We emphasize that throughout the paper we
do not need the explicit use of Planck’s resonators or any other material agents
being in thermal equilibrium with the radiation. We merely assume that the radiation consists of independent modes of spectral mode density Zν given above, and
we consider one of these modes whose (two independent) amplitudes (according to
the concept of “molecular disorder” and to the central limit theorem) are assumed
to follow the (completely chaotic) Gauss distribution.
In Section 2 we derive the Rayleigh–Jeans formula from the central limit theorem of classical probability theory. This section also serves as an introduction of
our basic notations and to the philosophy of the present paper. In Sections 3 and
4 it is shown that the energy of a mode of a classical chaotic field, following the
continuous exponential distribution as a classical random variable, can be uniquely
decomposed into a sum of its fractional part and of its integer part. The integer
part is a discrete random variable whose distribution is just the Planck–Bose distribution yielding the Planck’s law of black-body radiation. The fractional part —
as we call it — is the “dark part” with a continuous distribution, is, of course, not
observed in the experiments. In Section 5 it is proved that the Planck–Bose distribution is infinitely divisible. The Planck variable can be decomposed into an infinite
sum of independent binary random variables representing the “binary photons” —
more accurately photo-molecules or multiplets — of energy 2s hν with s = 0, 1,
2, . . . . These binary photons follow the Fermi statistics. Consequently the blackbody radiation can be viewed as a mixture of thermodynamically independent
fermion gases consisting of binary photons. In Section 6, discussing further the
infinite divisibility of the Planck–Bose distribution, we shall derive the complete
statistics of the photo-molecules, proposed by de Broglie, Wolfke and Bothe. In
Section 7 a brief summary closes our paper.
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2. Derivation of the Rayleigh–Jeans Formula from the
Central Limit Theorem
In classical physics the black-body radiation, a radiation being in thermal equilibrium in a Hohlraum (a cavity with perfectly reflecting walls at absolute temperature T ) is considered as a chaotic electromagnetic radiation. The average spatial
distribution of such a stationary radiation is homogeneous and isotropic and the
electric field strength and the magnetic induction of its spectral components have
completely random amplitudes which are built up of infinitely many independent
infinitesimal contributions. In this description the electric field strength and the
magnetic induction of a mode (characterized by its frequency ν, wave vector and
polarization) of the thermal radiation (in a small spatial region) are proportional
with the random process
p
aν (t) = ac cos(2πνt) + as sin(2πνt) = a2c + a2s cos[(2πνt) − θ] ,
(1)
θ = arg(ac + ias ) ,
where ac and as are independent random variables. According to the central limit
theorem of classical probability theory — under quite general conditions satisfied
by the otherwise arbitrary distributions of the mentioned infinitesimal amplitude
elements — the asymptotic probability distributions of the resultant amplitudes
necessarily approach Gaussian distributions expressed by the error function Φ(x).
The first precise formulation of this theorem is due to Lindenberg [27]. For our
purposes here a theorem on the limit behavior of probability density functions due
to Gnedenko suits better (see e.g. Ref. [27], p. 370). Let a1 , . . . , ak , . . . , an and
a′1 , . . . , a′k , . . . , a′n be completely independent random variables of the same probability density function f with zero expectation values and of a common finite
variance a2 . Then the probability density functions fn of the normalized superpositions
√
√
acn /a = (a1 +· · ·+ak +· · ·+an )/(a n), asn /a = (a′1 +· · ·+a′k +· · ·+a′n )/(a n) (2)
go over to Gaussian probability densities in the limit n → ∞,
P (x ≤ acn /a < x + dx) = fn (x)dx → (2π)−1/2 exp(−x2 /2)dx ,

(3)

and a similar relation holds for the sine component asn /a. Hence the amplitudes
ac and as in Eq. (1) may be considered as independent Gaussian random variables,
i.e.
P (q ≤ ac < q + dq, p ≤ as < p + dp) = P (q ≤ ac < q + dq)P (p ≤ as < p + dp)





(4)
1
1
√ exp −p2 /2a2 dp .
= [fc (q)dq][fs (p)dp] = √ exp −q 2 /2a2 dq
a 2π
a 2π

The physical meaning of the parameter a can be obtained by requiring that
the average spectral energy density uν be equal to the product of the spectral
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mode density Zν = 8πν 2 /c3 and the average energy ε of one mode, i.e. uν =
a2ν (t)/8π = a2 /8π = Zν ε, where uν dν gives the energy of the chaotic radiation per
unit volume in the spectral range (ν, ν + dν). By introducing the mode energy E
as a classical random variable by the definition (a2c + a2s )/16π = Zν E, the joint
probability given by Eq. (4) can be expressed in terms of the new “action-angle
variables” (ε = (q 2 + p2 )/Zν 16π and ϑ = arg(q + ip)):
P (q ≤ ac < q + dq, p ≤ as < p + dp) = P (ε ≤ E < ε + dε)P (ϑ ≤ θ < ϑ + dϑ)

(5)

= [(1/ε) exp (−ε/ε) dε] (dϑ/2π) .
According to Eq. (5) the energy of each mode of the chaotic field is an exponential
(Boltzmann) random variable, and the phases are distributed uniformly.
From the point of view of our analysis, it is crucial to introduce two independent
energy parameters ε0 and ε (containing two different universal constants, namely
the Planck constant and the Boltzmann constant) with the help of which we define the dimensionless energy variables and their probability density distributions.
First we introduce the scaled energy η ≡ E/ε0 of a mode of the chaotic field and
the parameterβ = ε0 /ε, and henceforth we shall call η as Gauss variable (because,
though it satisfies the (two-dimensional) Boltzmann distribution, it stems originally
from the Gaussian chaotic amplitudes). By taking Eq. (5) into account the dimensionless probability density function fη (y) of η and its expectation value are given
by the relations
P (y ≤ η < y + dy) = fη (y)dy ,
η≡

Z∞
0

dyfη (y)y =

fη (y) = βe−β y ,

(0 ≤ y < ∞) ,

1
1
ε0
≡
→ Eη ≡ ε 0 η =
= ε.
β
(ε0 /ε)
(ε0 /ε)

(6)
(7)

According to Boltzmann’s principle, the entropy Sη of a chaotic mode is given
as
Sη (Eη ) ≡ −k

Z∞
0

fη (y) log fη (y)dy = k(1 − log β) = k log(eη) = k log(eEη /ε0 ) ,

(8)

Eη = ε ,
where k = 1.381 × 10−16 erg/K denotes the Boltzmann constant. From the fundamental relation ∂S/∂E = 1/T of phenomenological thermodynamics (by taking
into account that ∂Sη /∂η = kβ) we obtain
∂Sη /∂Eη = 1/T → Eη = ε = kT ,

∂ 2 Sη /∂Eη2 = −k/Eη2 .

(9)

In this way we have got closer to the physical meaning of the parameter β,
namely we have β = ε0 /kT . The second equation Eη = ε = kT in Eq. (9) expresses
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the equipartition of energy, which means in the present case that the average energy
of the modes is the same, regardless of their frequencies, propagation direction and
polarization. We may say that kT /2 energy falls on average to each quadratic term
of the radiant energy of each mode. If we multiply the average energy kT of one
mode with the spectral mode density Zν then we obtain the spectral energy density
uν = ρ′ = uR−J (ν, T ) = (8πν 2 /c3 )kT , which is called the Rayleigh–Jeans formula.
It describes quite well the experimental results for low frequencies, but for large
frequencies it diverges (this artifact has been termed as “ultraviolet catastrophe”).
From Eq. (6) the variance of η is simply determined,
2

∆η ≡

Z∞
0

dyfη (y)(y − η)2 = η 2 − η 2 =

1
= η2 .
β2

(10)

In a sub-volume υ of the Hohlraum in the spectral range (ν, ν + dν) the number of
modes mν and the total energy of them are given, respectively, as
mν = υZν dν = υ

8πν 2 dν
,
c3

E ν = mν Eη = mν ε0 η = mν kT ,

(11)

hence the fluctuation (variance) of the energy can be brought to the form
2

∆Eν2 = mν ε20 ∆η 2 =

2

c3 E ν
Eν
=
.
mν
8πν 2 dν υ

(12)

The expression on the right-hand side of Eq. (12) is formally equivalent to the
so-called wave-like fluctuation of the energy of the black-body radiation in Einstein’s
famous fluctuation formula [8]. Notice that in all the physical results expressed by
Eqs. (9), (11) and (12) the energy scaling parameter ε0 does not show up at all, it
drops out from all the final formulae. So, in all the above results only one universal
parameter is present, namely the Boltzmann constant k.

3. The Fractional Part of the Gauss Variable
The fractional part z = {y} ≡ y − [y] ≡ ψ(y) of a real random variable 0 ≤
y < ∞ is a strictly increasing function on the intervals (k, k + 1), where k =
0, 1, 2, . . . , so its inverse function y = ψ −1 (z) = yk (z) = z + k(k = 0, 1, 2, . . . ) is
piece-wise continuously differentiable on this countable set of intervals. Thus, the
probability density function of the fractional part ς ≡ {η} of the random variable η
of the exponential distribution fη (y), Eq. (6), can be calculated by using the general
formula (see e.g. Ref. [27], p. 161)

∞
∞
∞
X
X
X
fη ψk−1 (z)
d(z + k)
−βz

fς (z) =
f
(z
+
k)
=
=
βe
e−kβ ,
(13)
η
dz
ψk′ ψk−1
k=0

ς ≡ {η} ,

k=0

P (z ≤ ς < z + dz) = fς (z)dz ,

k=0

(0 ≤ z < 1) .

(14)
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The expectation value ς determines the average energy of the fractional part,
ς=

Z1
0



1
1
1
1
. (15)
→ Eς ≡ ε 0 ς = ε 0
−
dzzfς (z) = − β
β e −1
(ε0 /kT ) exp(ε0 /kT ) − 1

Notice that the by now unknown energy scale parameter does not drop out.
From Eqs. (7), (9) and (15) we receive the Planck factor if we subtract the expectation value of the fractional part from the expectation value of the Gauss energy
Eη − Eς = ε0 (η − ς) =

ε0
ε
/kT
0
e

−1

.

(16)

By multiplying with the spectral mode density Zν we obtain Planck’s formula.
u(ν, T ) = Zν (Eη − Eς ) =

8πν 2
ε0
hν
8πν 2
=
.
c3 eε0 /kT − 1
c3 ehν/kT − 1

(17)

The last equation of Eq. (17) comes from Wien’s displacement law, which states
that the spectral energy density has to be of the form u(ν, T ) = ν 3 F (ν/T ), with F
being a universal function. Accordingly, the energy parameter ε0 = hν has to be
proportional with the frequency, and the factor of proportionality must be chosen
Planck’s elementary quantum of action h = 6.626×10−27 erg·sec (if one wishes to get
agreement with the experimental data). Since Eq. (17) coincides with the measured
spectrum of thermal radiation with an unprecedented accuracy, it is clear that the
contribution of the fractional part ς is not measured, so it is justified to call this part
the dark part of the energy of the chaotic field. Henceforth we shall call ς the dark
variable. It is remarkable that, according to Eq. (15), for high temperatures or/and
for small frequencies (more accurately, in the limit β = (hν/kT ) → 0) the energy
of the “dark part” approaches from below the zero-point energy, i.e. Eς → hν/2:
lim ς =

β→0

Z1
0

dzz lim fς (z) =
β→0

Z1

dzz =

1
,
2

i.e.

lim Eς =

0

hν
(hν/kT → 0) ,
2

(18)

and for zero temperature it goes to zero (Eς → 0 for T → 0). The fluctuation of the
“dark variable” contains both the bosonic particle-like term with “particle energy”
(2n − 1)hν and a wave term which has the same form as in Einstein’s fluctuation
formula,
2
∆Eς2 = (2n − 1)hνEς + E ς /mν .
(19)

In the next section we shall prove that from our formalism not only the correct
average energy, Eq. (15), but also the correct energy distribution (photon number
distribution) of the radiation comes out. The entropy of the dark part reads:
Sς = −k

Z1
0

 
dzfς (z) log fς (z) = k(1 − log β) − k β 1 +

1
β
e −1



+ log



1
β
e −1
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= k log(eη) − k[(1 + η − ς) log (1 + η − ς) − (η − ς) log (η − ς)]

(20)

= Sη − k{[1 + (Eη − Eς ) /hν] log [1 + (Eη − Eς ) /hν]
− [(Eη − Eς ) /hν] log [(Eη − Eς ) /hν]} ,
Sς = Sη − k[(1 + n) log (1 + n) − n log n] ,

n≡η−ς =

1
.
ehν/kT − 1

(21)

From the usual relation ∂S/∂E = 1/T of thermodynamics (by taking into
account that ∂Sς /∂ς = kβ = kε0 /kT ) we have
∂Sς /∂Eς = ∂Sη /∂Eη = 1/T

(22)

which means that the subsystem characterized byς has the same temperature as η.

4. The Planck–Bose Part of the Gauss Variable
It is known that the exponential distribution Eq. (6) — as a special case of the
gamma distribution — is an infinitely divisible distribution. A random variable η
is said to be infinitely divisible if for any natural number n, it can be decomposed
into a sum of completely independent random variables having the same distribution: η = η1 + η2 + · · · + ηn [27]. In this case the characteristic function (which
is the Fourier transform of the probability density distribution) is also infinitely
divisible [26], which means that the characteristic function of the sum is a product
of the characteristic functions of the summands. The characteristic function of the
exponential distribution reads
iη·t

ϕη (t) ≡ e

=

Z∞

iy·t

dyfη (y)e

0

=



it
1−
β

−1

,

(23)

where the bracket denotes expectation value. It is clear that ϕη (t) = [ϕn (t)]n ,
where ϕn (t) = (1 − it/β)−1/n are characteristic functions of the same gamma distributions with the parameter 1/n which is the common distribution of the variables
η1 , η2 , . . . , ηn : fn (y) = [β 1/n /Γ(1/n)]y (1/n)−1 exp(−β · y). However there exists
another decomposition of the exponential distribution which we may already be
suspected from the above analysis of its fractional part, Eq. (13), namely, η can be
uniquely decomposed into a sum of its fractional part and of its integer part. This
can be best viewed by calculating first the characteristic function of ς = {η}, which,
according to Eq. (14) reads
iς·t

ϕζ (t) ≡ e

=

Z1

dzfζ (z)eiz·t =

0

b ≡ e−β = exp(−hν/kT ) .

−1 


1 − beit
it
,
1−
β
1−b

(24)
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From Eqs. (23) and (24) we have


E
D
1−b
ϕη (t) =
ϕζ (t) ⇒ ϕη (t) = ei(ξ+ς)t = eiξt eiςt = ϕξ (t)ϕζ (t) , (25)
it
1 − be
where in the first factor we recognize the characteristic function of the Planck–
Bose distribution [10]. This way we have found a discrete random variable ξ whose
distribution can be easily calculated on the basis of Eq. (25):
iξ·t

ϕξ (t) = e

=



1−b
1 − beit



= (1 − b)

∞
X

bn ein·t ,

(26)

n=0

that is
1
fξ (n) ≡ pn ≡ P (ξ = n) = (1 − b)b =
1+n
1
−hν/kT
ξ = n = hν/kT
,
b=e
.
e
−1
n



n
1+n

n

,
(27)

In Eq. (27) n denotes the mean photon occupation number which we have
already formally introduced in the last equation of Eq. (21). According to Eqs.
(13), (24) and (25) the total scaled energy η of a chaotic mode of frequency ν can
be split into the sum η = ξ + ς = [η] + {η}, i.e.
E = hνη = hν(ξ + ς) = hν ([E/hν] + {E/hν}) ,

(28)

where the discrete random variable ξ = [η] follows the Planck–Bose distribution
given in Eq. (27), and the dark part ς = {η} follows the (indivisible) distribution
of finite support given by Eq. (14). Henceforth we shall call ξ Planck variable.
According to Eq. (26) the average energy of the Planck–Bose part equals Eξ =
hνξ = hνn, from which Planck’ law of black-body radiation follows:
Eξ = hνξ = Eη − Eς = hνn
⇒ u(ν, T ) = Zν Eξ = Zν hνn =

8πν 2
hν
.
· hν/kT
3
c
e
−1

(29)

The entropy Sξ of the Planck–Bose distribution can be calculated with the help
of Boltzmann’s expression by taking Eq. (27) into account,
Sξ = −k

∞
X

n=0

pn log pn = k[(1 + n) log(1 + n) − n log n] .

(30)

It can be checked that ∂Sξ /∂ξ = kβ = ε0 /T , i.e. with Eq. (20) we have
∂Sς /∂Eς = ∂Sη /∂Eη = ∂Sξ /∂Eξ = 1/T

(31)
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which means that the Planck–Bose part is in thermal equilibrium with the dark
part. The fluctuation formula for a system of oscillators was derived by Laue by
using the Planck–Bose distribution Eq. (4). By a simple calculation we obtain
n2 = n + 2n2 ,

hence

∆n2 = n2 − n2 = n + n2 ,

2

∆Eν2 = mν (hν)2 ∆n2 = hνE ν + E ν /mν ,

where

E ν = mν hν · n .

(32)
(33)

If we identify mν with the degrees of freedom of the radiation field (with the number
of modes) then the physical content of Eq. (33) is the same as that of Einstein’s
fluctuation formula [8]. The first term on the right hand side of the first equation
describes the particle-like fluctuations, and the second term describes the wave-like
fluctuations. The latter term has the same form as the expression Eq. (12) found
from the Rayleigh–Jeans law. In order to give a physical interpretation of this
first term, let us consider a part V of a Hohlraum of volume V0 and assume that
the average number of photons in V is given by <N > = (N0 /V0 )V in a certain
frequency interval (ν, ν + dν), where N0 is the total number of photons (assumed
now to be point-like particles) in this spectral range. The actual number N of
the photons in V varies by chance from one instant to the other, and to a good
approximation this random variable satisfies a Poisson distribution, as can be shown
in the following way. Due to the assumed average homogeneity and independence
of the individual photons, the probability of finding exactly N photons in V is given
by the binomial distribution w(N ) = [N0 !/N !(N0 − N )!](V /V0 )N [1 − (V /V0 )]N0 −N ,
because N photons can be selected from the total number of N0 in a number of
N0 !/N !(N0 − N )! different ways, each with the geometrical probability V /V0 . The
probability that the remaining others of number N0 − N do not get into V is just
[1 − (V /V0 )]N0 −N , because of the assumed independence of the particles. If we
take the limits N0 → ∞ and V0 → ∞, in such a way that N0 (V /V0 ) ≡ ρ · V ≡
<N > remain finite, where ρ denotes the photon density, then the above binomial
distribution goes over to a Poisson distribution. This can be checked by using
Stirling’s formula N ! → (N/e)N , hence
w(N ) = λN e−λ /N ! ,
2

2

∆N ≡ N 2 − N = N ,

λ=N,
∆E 2 = (hν)2 (∆N )2 = hνE .

(34)

∆N 2 displays the mean square deviation of the number of particles in volume V ,
and ∆E 2 the mean square deviation of the corresponding energy, in the case when
all the particles have the energy hν (within the spectral range (ν, ν + dν). The
term on the right hand side of the latter equation looks exactly like the first term
in Einstein’s fluctuation formula. So, according to the above consideration we may
state that the first term in Einstein’s fluctuation formula accounts for particle-like
fluctuations.
At the beginning of this section we saw that the Gauss variable η is infinitely
divisible. Since one of the components of η, namely the dark variable ς is indecomposable (in an other word, irreducibile) because it has a finite support, the other
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component ξ, the Planck variable has to be infinitely divisible. In what follows we
are going to study this question.

5. The Infinite Divisibility of the Planck Variable:
Binary Photons
In the present section we prove that the integer part ξ = [η] of the scaled energy
of the chaotic field, the Planck variable can be decomposed into an infinite sum of
binary random variables, which correspond to “fermion photo-molecules” (we will
simply call them “binary photons”) containing 2s = 1, 2, 4, 8, . . . single photon
energies, where s = 0, 1, 2, 3, . . . . We have received a hint for this decomposition
from the books by Székely [24] and Lukács [25]. At this point we note that a
detailed general analysis can be found on the infinitely divisible random variables
in the book by Gnedenko and Kolmogorov [26].
With the help of the algebraic identity
s

(1 − z)(1 + z)(1 + z 2 ) · . . . · (1 + z 2 ) = 1 − z 2

s+1

we have the following absolutely convergent infinite product representation of
1/(1 − z)
∞
Y
s
1
(1 + z 2 )
(|z| < 1) .
(35)
=
1 − z s=0

By using Eq. (35), the characteristic function of the Planck–Bose distribution
of the random variable ξ, Eq. (26), can be expanded into the infinite product of
characteristic functions
s
s
q+1
q
Y
1 + b2 e2 it
1−b
1 − b2
= lim
q+1 2q+1 it
q→∞ 1 − b2
1 − beit
1 + b 2s
e
s=0
s
s
∞
Y
1 + b2 e2 it
,
=
s
1 + b2
s=0

(36)

(0 < b < 1) ,

that is
s
s
∞
Y
1 + b2 e2 it
1−b
=
1 − beit
1 + b 2s
s=0

1 + beit 1 + b2 e2it 1 + b4 e4it
=
·
·
· ... ,
1+b
1 + b2
1 + b4

(37)
b = exp(−hν/kT ) .

From Eqs. (26) and (37) we obtain
ϕξ (t) = ϕu0 (t)ϕu1 (t) · · · ϕus (t) · · · ,
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or

where

E
D
ϕξ (t) = eiξ·t = ei(u0 +u1 +...us +... )·t ,
ϕus (t) = eius t =

1 + bn ein·t
,
1 + bn

b = exp(−hν/kT ) ,

(38)

n ≡ 2s .

(39)

Hence, by a proper choice of the sample (event) space, the random variable ξ
can be decomposed into an infinite sum of completely independent variables {us ; s =
0, 1, 2, . . . }
ξ = u0 + u1 + u2 + · · · + us + . . . ,
(40)
which have the binary distributions
1
,
1 + b 2s
s
b2
,
p1 (s) = P (us = 2s ) =
1 + b 2s

p0 (s) = P (us = 0) =

(41)
s = 0, 1, 2, . . . .

One can easily check that the characteristic function of these variables are really
the factors of the product Eq. (38) given by Eq. (39). The probabilities in Eq. (41)
can be written out in detail as
P (us = 0) ≡ P (As ; us (As ) = 0) ,

P (us = 2s ) ≡ P (As ; us (As ) = 2s ) ,

(42)

where As denotes the event that the sth binary component is occupied by one
excitation with energy 2s hν, and As = I − As denotes the complementary event,
i.e. that event when the sth binary component is not occupied. In short, Eq. (41)
can be expressed as
P (As ) =

1
,
1 + b 2s

s

P (As ) =

b2
.
1 + b 2s

(43)

In this description the excitation events form a σ-algebra in Kolmogorov sense
(see for instance the books by Rényi [27] and Feller [28]. If the original bosonic
random variable ξ takes the value ξ(Bn ) = n, then this circumstance corresponds
to the event Bn , that is, the particular mode of the black-body radiation is excited
exactly to the nth level of energy nhν. Since any integer number n can be expanded
into a sum of powers of 2 (this is called the dyadic expansion), the bosonic excitations can be uniquely expressed in terms of the binary excitations. For example,
if exactly 9 = 1 · 20 + 0 · 21 + 0 · 22 + 1 · 23 photons are excited in the mode, then
this event is expressed as the following product
B9 = A0 A1 A2 A3 A4 A5 . . . As . . . .

(44)
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By using Eq. (39), the probability of the event B9 equals
P (B9 ) = P (A0 )P (A1 )P (A2 )P (A3 )

∞
Y

P (As )

s=4
∞
0
3
P (A0 )P (A3 ) Y
=
P (As ) = b2 b2 (1 − b) = (1 − b)b9 ,
P (A0 )P (A3 ) s=0

(45)

in complete accord with the original Planck–Bose distribution, Eq. (27). As another
example, let us consider the event (A0 + A3 )A1 A2 A4 A5 . . . As . . . , which means the
non-exclusive alternative that either the 0th or the 3rd multiplet components or
both of them are excited, and all the other components (s = 1, 2, 4, 5, . . .) are
unoccupied at the same time. By using the rules of the usual Boole algebra of
events we obtain
(A0 + A3 )A1 A2 A4 A5 . . . As . . .
= A0 A1 A2 A3 A4 A5 . . . As · · · + A0 A1 A2 A3 A4 A5 . . . As . . .
+A0 A1 A2 A3 A4 A5 . . . As · · · + A0 A1 A2 A3 A4 A5 . . . As . . .
= A0 A1 A2 A3 A4 A5 . . . As · · · + A0 A1 A2 A3 A4 A5 . . . As . . .
+A0 A1 A2 A3 A4 A5 . . . As . . .

(46)

= B9 + B1 + B8 .
From Eq. (39) the corresponding probability can simply be calculated
P ((A0 + A3 )A1 A2 A4 A5 . . . As . . . ) = (1 − b)(b + b8 + b9 ) = P (B1 + B8 + B9 ) . (47)
The result, Eq. (47) can also be obtained directly from the original Planck–Bose
distribution, Eq. (27), by assuming that the different photon excitations correspond
to completely independent events in the present case, i.e.
P (B1 + B8 + B9 ) = P (B1 ) + P (B8 ) + P (B9 ) = (1 − b)(b + b8 + b9 ) .

(48)

In the standard description on the basis of quantized modes, Eq. (48) can be
expressed with the help of the photon number projectors as
P (B1 + B8 + B9 ) = T r[ρ (Π1 + Π8 + Π9 )],

Πn ≡ |nihn| ,

(49)

where ρ denotes the density operator of the thermal mode:
ρ=

∞
X

n=0

|ni(1 − b)bn hn| =

∞
X

n=0

|ni

nn
hn| ,
(1 + n)n+1

b = exp(−hν/kT ) .

(50)

From Eq. (49) it is clear that the mutually orthogonal projectors Πn represent
the mutually independent events Bn . We note that for the compactness of our
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formulae, we will henceforth sometime use the notation n ≡ 2s . The expectation
value of us is easily determined from Eq. (41)
us = p0 (s) · 0 + p1 (s) · 2s =

nbn
∂
= b log(1 + bn ) ,
1 + bn
∂b

(n ≡ 2s ) .

(51)

According to Eq. (40), the sum of these expectation values, of course, is equal
to ξ (given in Eq. (3.5)), which can be shown by direct calculation by using Eq. (51),
( "∞
#)
∞
∞
Y
X
∂X
∂
n
n
us = b
log
(1 + b )
log(1 + b ) = b
∂b s=0
∂b
s=0
s=0


1
∂
1
(52)
= −1
= ξ.
= b log
∂b
1−b
b −1
The expectation value of the energy of the sth fermion multiplet is
Es = hνus = 2s hν

1
= 2s hνns ,
exp(2s hν/kT ) + 1

ns =

1
. (53)
exp(2s hν/kT ) + 1

According to Eq. (53), the fermion multiplet gases have zero chemical potential.
Their entropies are all binary entropies, which read
Ss = −k{p0 (s) log[p0 (s)] + p1 (s) log[p1 (s)]}

= −k{[1 − (Es /2s hν)] log[1 − (Es /2s hν)] + (Es /2s hν) log(Es /2s hν)}

(54)

= −k[(1 − ns ) log(1 − ns ) + ns log ns ] ,

where the probabilities have been given in Eq. (41), and Es and ns are defined in
Eq. (53). It is useful to have still another form of the entropies, which can be easily
summed up,
 


1
nbn
Ss = −k log
+
log b ,
n ≡ 2s , b = exp(−hν/kT )) . (55)
1 + bn
1 + bn
From Eqs. (54) and (55) it can be proved that the thermodynamic relation
dSs /dEs = 1/T

(56)

is satisfied as an identity for all s values. The sum of the entropies of the fermion
multiplets is exactly equal to the entropy of the Planck–Bose distribution


∞

∞
∞
Q
P
Q
∂
n
n
(1 + b ) − k b ∂b log
Ss = k log
(1 + b ) log b
s=0
s=0
(57)
s=0 


1
b
= k log 1−b − k 1−b log b = S ,
i.e.

S=

∞
X
s=0

Ss .

(58)
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Equation (58) means that the fermion components are thermodynamically independent.
The second expression in Eq. (54) for the entropy Ss (Es ) can also be derived on
the basis of Planck’s general definition of entropy [19] in the following way. Let us
distribute the P fermion excitations of energy εs = 2s hν among M = V (8πν 2 dν/c3 )
modes in the volume V and in the frequency interval (ν, ν + dν). This is just
the number of combinations when we distribute P undistinguishable object into
M places, namely M !/P !(M − P )!. The total energy is assumed to consist of P
elementary excitations, that is, M Es = P εs . By using Stirling’s formula M ! ≈
(M/e)M , the entropy of one mode can be expressed as
Ss =

M
1
M k log [( P

)] = −k



P
M



log

P
M



+ 1−

P
M



log 1 −

= −k[(1 − Es /εs ) log(1 − Es /εs ) + (Es /εs ) log(Es /εs )] ,

P
M



(59)

which coincides with the second expression of Eq. (54). From (59) and from the
thermodynamic relation dSs /dEs = 1/T we obtain, of course the averaged energy.
When we calculate the complete fluctuation of the original (bosonic) field, this
turns out to be an infinite sum of fermion-type fluctuations of the binary photons,
∆ξ 2 = n + n2 =

∞
X

∆u2s =

s=0

∞
X
s=0

(2s us − us 2 ).

(60)

The Fermi distribution Eq. (53) can also be obtained by using the reaction
kinetic considerations due to Ornstein and Kramers [18]. Let us consider four
modes M1′ , M2′ and M1′′ , M2′′ among the set of M modes in the frequency interval
(ν, ν + dν). Assume that the first two modes are excited by the fermion photomultiplets s′1 , s′2 , and — due to the (at the moment not specified) interaction with
a small black body (“Planck’s Kohlenstäubchen”, a small carbon particle) — they
give their energy through an other pair of excitations s′′1 , s′′2 occupying the other two
modes M1′′ , M2′′ . Because of the dynamical equilibrium, the reversed process can
also take part with the same probability per unit time. The rate of these processes
R(→) = w(→)ns′1 · ns′2 · (1 − ns′′1 ) · (1 − ns′′2 ) ,

(61)

R(←) = w(←)ns′′1 · ns′′2 · (1 − ns′1 ) · (1 − ns′2 ) ,

(62)

where, of course, we require the energy conservation εs′1 + εs′2 = εs′′1 + εs′′2 to be
satisfied. In dynamical equilibrium the two rates Eq. (61) and (62) must be equal,
moreover we assume that the transition probabilities of the “direct” and the “reversed” processes are equal,
R(→) = R(←) ,

w(→) = w(←) .

(63)

Then, by introducing the quantities
qs ≡

ns
,
1 − ns

(64)
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from Eqs. (61), (62) and (63) we obtain
qs′1 qs′2 = qs′′1 qs′′2 .

(65)

Equation (65) can be satisfied for all s′1 , s′2 , s′′1 , s′′2 — satisfying the subsidiary
condition εs′1 + εs′2 = εs′′1 + εs′′2 — when we choose the only reasonable solution
characterized by the two parameters α and β. With α = 0 and β = 1/kT , Eq. (53)
can be recovered,
1
qs = e−α−βεs → ns = ε /kT
.
(66)
es
+1

6. The Infinite Divisibility of the Planck Variable:
Classical Photo-Molecules
In 1922 de Broglie made the following remark [20] concerning Einstein’s fluctuation
formula, discussed at the end of Section 4. The sum of the two terms describing the
fluctuation of a particular mode, Eq. (33) can be expanded into an infinite sum,
(∆E)2 = hνE 1 + 2hνE 2 + dots =

∞
X

m=1

mhνE m ,

E m ≡ hνe−mhν/kT ,

(67)

where the last definition refers to the kind of Wien’s distributions, corresponding to independent classical ideal gases consisting of “photo-molecules” or “photomultiplets” of energies mhν with m = 1, 2, 3, . . . . As a consequence, a component
of the heat radiation in a mode can be considered — at least from the point of
view of its energy and statistics — as a mixture of infinitely many noninteracting
ideal gases following the Boltzmann statistics. In this way the complete fluctuation has been decomposed into a sum of purely particle-like fluctuations. The
root of this property is that a component of the heat radiation in a mode can be
considered — at least from the point of view of its energy and statistics — as a mixture of infinitely many noninteracting ideal gases consisting of “photo-molecules”
or “photo-multiplets” of energies mhν with m = 1, 2, 3, . . . which follow the Boltzmann statistics. The thermodynamical independence of these ideal gases was shown
by Wolfke [11] in 1921, and the corresponding fluctuation formula was derived by
Bothe [12] in 1923. However neither of these works presents a systematic discussion
of the complete probability distribution of the number of photo-molecules. In the
followings, discussing the infinite divisibility of the Planck–Bose distribution, we
shall derive the complete statistics of the photo-molecules, proposed by de Broglie,
Wolfke and Bothe.
Let us consider the mode energy ξ as a classical random variable of the discrete
distribution fξ (n) given by Eq. (26)

n
n
1
fξ (n) ≡ pn ≡ P (ξ = n) = (1 − b)bn =
,
b = e−hν/kT . (68)
1+n 1+n
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Now we show that the Bose distribution is infinitely divisible. The infinite
divisibility of a distribution can be conveniently studied with the help of its characteristic function [25], because in this case the characteristic function of the sum
variable equals to the product of the characteristic functions of the summands. The
Fourier transform of the distribution Eq. (68) reads
ϕξ (t) = eiξ·t = (1 − b)

∞
X

bn ein·t =

n=0

1−b
.
1 − beit

(69)

The logarithm of this characteristic function can be expanded into the power
series




1
1
log[ϕξ (t)] = log
−
log
1 − beit
1−b
(70)
∞
m
X b

=
eimt − 1 ,
b = e−hν/kT < 1 ,
m
m=1

where each term is a logarithm of the characteristic function of Poisson distributions
with parameters bm /m, where m = 1, 2, . . . are the multiplet indices (the number
of energy quanta hν in the photo-molecules). This means that the characteristic
function can be properly factorized, and the random variable ξ itself is represented
by an infinite sum,
ϕξ (t) = ϕx1 (t)ϕx2 (t) · · · ϕxm (t) · · · ,

(71)

ξ = x1 + x2 + · · · + xm + · · · .

(72)

The independent random variables xm have the Poisson distributions
pl (m) = P (xm = l · m) =

λlm −λm
,
e
l!

λm ≡

bm
e−mhν/kT
=
.
m
m

(73)

The average energy of the mth multiplet is given by
Em ≡ E m = hνxm = hν · m · λm = hν · bm = hν · e−mhν/kT .

(74)

Because the variance of the Poisson distribution is equal to its parameter, the
fluctuation of the energies of the multiplets read
2
∆Em
= (hν)2 ∆x2m = (hν)2 m2 λm = mhνE m .

(75)

According to Eq. (75), the energies of the photo-molecules have only particlelike fluctuations. It can be easily shown that the sum of the contributions, Eq. (75),
give back the complete fluctuation, Eq. (33)
∆E 2 = (hν)2 (n + n2 ) = (hν)2 ∆ξ 2 = (hν)2

∞
X

m=1

∆x2m =

∞
X

m=1

2
∆Em
.

(76)
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The entropy Sm of the mth photo-multiplet gas is obtained by integrating the
thermodynamic relation
dSm /dEm = 1/T = −(k/mhν) log(Em /hν) ,

(77a)

Sm = k[(Em /mhν) − (Em /mhν) log(Em /hν)]
= (k/m)[xm − xm log xm ] .

(77b)

According to Eqs. (1) and (2), the entropy of a mode of the black-body radiation
can be recovered as a sum of the entropies, Eq. (41), of the photo-multiplet gas
components [11]
S = k[(1 + n) log(1 + n) − n log n] =

∞
X

Sm .

(78)

m=1

On the basis of the definition of Em in Eq. (67), by using the thermodynamic
relation, Eq. (77a), the first equation in Eq. (77) and the sum rule given in Eq. (78)
were given in 1921 by Wolfke [11]. Equation (78) shows that the classical photomultiplet gas components are thermodynamically independent, too, because their
entropies simply add.
Let us now introduce the total energy E(m) of the mth multiplet gas in the
frequency range (ν, ν + dν) in a volume V ,
E(m) = V Zν dνEm , where

Zν =

8πν 2
.
c3

(79)

The corresponding entropy is obtained by using Eq. (77),
S(m) = k[E(m)/mhν]{1 − log[E(m)/hνV Zν dν]}.

(80)

Following Einstein’s argumentation [3], we calculate from Eq. (80) the entropy difference of two states of the mth multiplet gas having the same energy but occupying
the different volumes V and V0 > V :


"  #
  E(m)
l
mhν
V
V


S(m) − S0 (m) = k log
,
(81)
= k log
V0
V0
where the last equation in Eq. (81) contains the geometrical probability wl =
(V /V0 )l for l independent particles occupying the part V of a larger volume V0 .
According to Eq. (82) we may say — in complete analogy with Einstein’s original
statement — that a monochromatic multiplet component (in the frequency range
(ν, ν + dν)) of a black-body radiation — from the point of view of thermodynamics
— behaves like a classical gas, as if it consisted of independent energy quanta mhν
[11]. This is a generalization of Einstein’s introduction of light quanta of energy
hν (which is a special case with m = 1). His analysis was restricted to the Wien
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limit, hν/kT ≫ 1, an approximation to Planck’s exact formula for small radiation densities. The above generalization is valid for any values 0 < hν/kT < ∞.
Einstein’s argumentation cannot be applied by a direct use of Planck’s entropy
expression Eq. (30). However, by introducing the classical photo-multiplets, Einstein’s reasoning can be generalized, as is shown by Eq. (81). For small radiation
densities the first order muliplet component dominates (these are Einstein’s original
light quanta), but for large densities a sort of association of ordinary photon takes
place, and the higher order multiplets become more and more important. We note
that this is one possible way to recover the Rayleigh–Jeans formula (in the limit
hν/kT ≪ 1) from the photon concept (i.e. from the particle description). According
to the above analysis, the black-body radiation in any narrow spectral range can be
considered as a mixture of infinitely many statistically and thermodynamically independent classical photon gases consisting of “photo-molecules” or “photo-multiplets”
of energies hν, 2hν, 3hν, . . . , mhν, . . . . We note that each Poisson component can
be divided further to Poisson variables again — that is, the Poisson distribution is
not an irreducible distribution — but, as far as we know, no physical interpretation
can be attached to these variables.
In 1923 Bothe [12] proved that the Planck formula can be deduced from the
separate conservation of the number of photo-multiplets when they interact with a
two level material system. The higher order multiplets take part only in the induced
processes; when we leave out their contributions we arrive at the Wien formula.

7. Summary
In the present paper we have first given in the introduction a short summary on the
early theories on the black-body radiation and quantum statistics, and presented
our motivation to study this subject today. We have quoted the original literature
on purpose, in order to provide the interested reader with the references, where the
original early thoughts on the concept of quanta first appeared.
The main results of the present paper can be summarized as follows. i) We
have given a unique decomposition of the “Gauss variable” (describing the energy
of a mode of a chaotic (thermal) electromagnetic radiation, as a classical random
variable) into a sum of the “Planck variable” and the “dark variable”. We have
shown that the Planck variable follows the Planck–Bose distribution, thus, on the
basis of this result we have given a new derivation of Planck’s law of black-body
radiation. ii) We have split the Planck variable (having the Bose distribution) into a
sum of binary variables (satisfying the exclusion principle) belonging to the energy
of the “binary photons” (fermion photo-multiplets) of energies 2s hν with s = 0,
1, 2, . . . . In terms of the excitation of these binary photons, we have given the
dyadic expansion of arbitrary ordinary photon excitations. This scheme gives the
irreducible decomposition of the original Gauss variable. It has also been proved
that the black-body radiation can be viewed as a mixture of statistically and thermodynamically independent fermion gases of the binary photons. iii) Concerning
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the “classical photons” (the photo-molecules of de Broglie, Wolfke and Bothe), we
have determined the complete (Poissonian) number distributions of them.
In Section 2 we have introduced our basic notations and the main approach of
our paper based on classical probability theory. For completeness we have outlined
the derivation of the chaotic (Gauss) distribution from the central limit theorem for
one mode of the black-body radiation and proved the energy equipartition theorem
and the Rayleigh–Jeans law. We have also derived the wave-like fluctuation term
of the energy of the chaotic field in a sub-volume of a cavity. In Section 3 the
construction of the fractional part of the Gauss variable has been carried out. We
call the random variable so obtained, the dark variable which is already an indecomposable (irreducible) random variable of finite support. We have seen that the
average energy of the dark part approaches from below the zero-point energy as we
let the absolute temperature going to infinity.
In Section 4 we have derived the well-known Planck–Bose distribution of the
Planck variable which has been proved to be the integer part of the Gauss variable.
Here we have also proved that the dark part and the Planck part are thermodynamically independent, since their entropy simply adds to yield the entropy of the
Gauss variable belonging to one spectral component of the chaotic field.
In Section 5 we have shown that the Planck–Bose distribution is infinitely divisible, and the Planck variable can be decomposed into an infinite sum of independent
binary random variables representing the binary photons. These binary photons follow the Fermi statistics, which has been derived in two other different ways, too. It
has been proved that each spectral components of the black-body radiation can be
viewed as a mixture of thermodynamically independent fermion gases consisting of
binary photons. In this way we have presented a unique irreducible decomposition
of the Gauss variable into a sum of one dark variable and the infinite assembly of
binary variables. In this section we have also considered a simple example to illustrate the dyadic expansion of ordinary photon excitations in terms of the binary
photon excitations. We note that the above analysis may give a hint to consider
quantum events in some cases as “ordinary events” in the Kolmogorov sense. Of
course, we have not been able to discuss interference of events in terms of classical
random variables. We have merely applied the σ-algebra for the events appearing
at the act of measurement (when the projection onto a photon number state happens). Hence our analysis is limited to describe incoherent excitations which are,
on the other hand, just relevant in the case of black-body radiation. At this point
let us mention that there has been an extensive study developing on the quantum
Gauss distributions which has been recently discussed in details for instance by Wolf
et al. [30]. These Gauss distributions are in fact Wigner functions with a Hilbert
space background of quantum states. Nevertheless, as we have seen in Section 5,
the quantum excitations discussed by us can be represented by a classical σ-algebra
yielding the same probabilities as the application of the usual quantum projectors
of photon number states.
In Section 6, discussing the infinite divisibility of the Planck–Bose distribution,
we derived the complete statistics of the photo-molecules, proposed by de Broglie,
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Wolfke and Bothe. According to this analysis, the black-body radiation in any
narrow spectral range can be considered as a mixture of infinitely many statistically
and thermodynamically independent classical photon gases consisting of “photomolecules” or “photo-multiplets” of energies hν, 2hν, 3hν, mhν, . . . . We note that
each Poissonian component can be divided further to Poisson variables again, that
is, the Poisson distribution is not an irreducible distribution.
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1. L. Boltzmann, Über die Beziehung zwischen dem zweiten Hauptsatze der
mechanischen Waermetheorie un der Wahrscheinlichkeitsrechnung, respective
den Saetzen über das Waermegleichgewicht, Sitzungsberichte der
math.-naturwiss. Classe der kaiserlichen Akademie der Wissenschaften zu
Wien, LXXVI, II. Abt. (1877) 373–435.
2. M. Planck, Ueber das Gesetz der Energieverteilung im Normalspektrum,
Ann. der Phys. 4 (1901) 553–563, Appeared first: M. Planck, Zur Theorie des
Gesetzes der Energieverteilung im Normalspectrum, Verhandlungen der
Deutsch. Phys. Ges. 2 (1900) 237–245.
3. E. Lummer und O. Pringsheim, Kritisches zur schwarzen Strahlung, Ann. der
Phys. 6 (1901) 192–210.
4. H. Rubens und F. Kurlbaum, Anwendung der Methode der Reststrahlen zur
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spezifischen Wärme, Ann. der Phys. 22 (1907) 180–190.
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24. G.J. Székely, Paradoxes in Probability Theory and Mathematical Statistics,
Reidel–Kluwer, Dordrecht–Boston, Mass., 1986.
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